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Preface 


In view of the exciting developments in our understanding of those partic- 
ular aspects of fundamental physics that string theory seems to capture, 
it seems appropriate to collect together some of the key tools and ideas 
which helped move things forward. The developments included a true 
revolution, since the physical perspective changed so radically that it un- 
dermined the long-standing status of strings as the basic fundamental 
objects, and instead the idea has arisen that a string theory description 
is simply a special (albeit rather novel and beautiful) corner of a larger 
theory called ‘M-theory’. This book is not an attempt at a history of the 
revolution, as we are (arguably) still in the midst of it, especially since we 
are in the awkward position of not knowing even one satisfactory intrin- 
sic definition of M-theory, and have implicit knowledge of it only through 
interconnections of its various limits. 

All revolutions are supposed to have a collection of characters who 
played a crucial role in it, ‘heroes’ if you will. Hence, one would be ex- 
pected to proceed to list here the names of various individuals. While 
I was lucky to be in a position to observe a lot of the activity at first hand 
and collect many wonderful anecdotes about how some things came to be, 
I will decline to start listing names at this juncture. It is too easy to yield 
to the temptation to emphasise a few personalities in a short space (such 
as this preface), and the result can sometimes be at the expense of others, 
a practice which happens all too often elsewhere. This seems to me to be 
especially inappropriate in a field where the most striking characteristic 
of the contributions has been the collective effort of hundreds of thinkers 
all over the planet, often linked by e-mail and the web, often never having 
met each other in person. 

There were marvellous weeks, back in 1995 and 1996 especially, where 
there was one key paper after another, from all over the world, driven by 
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the fact that new ideas were pouring in from conversations everyone was 
excitedly having at blackboards, in the sand, over lunch, via e-mail, on the 
back of an envelope, etc. However, when one is speculating about aspects 
of fundamental physics which are not yet in the directly testable realm it 
should be noted that ideas — even radical ones — are cheap. Computational 
tools are needed to test them, and to provide access to the new regimes 
to which the ideas beckon. The collection of tools which filled this crucial 
role in this context was built around ‘D-branes’, and it was the change 
of perspective and computational power that they brought that unlocked 
that steady flow of marvellous papers. In my mind, they can indisputably 
be placed high on list of characters cast as heroes of the revolution. Indeed, 
many will speak of the feeling that often arose after working with them 
for a while in those exciting days, that the D-branes simply had a life and 
character of their own. ‘They shaped the ideas and language of the field in 
a way that was directed by no single personality, and — most importantly — 
were a wonderful and sharp tool for investigating in detail the nature of 
the many bold conjectures which were made. 

D-branes were discovered well before the revolution, of course, but 
in the Summer of 1995 it was shown by Joseph Polchinksi that they 
were relevant to strongly coupled string theory. I arrived as a postdoc- 
toral researcher at the Institute for Theoretical Physics (Santa Barbara, 
California) in the following Autumn, and by then it was already clear that 
there were many people, both young and old, who could benefit from a 
refresher course on issues outside the realm of heterotic string theory 
(on which much of the focus had been up to then, with an eye on phe- 
nomenology) and an introduction to D-branes. Furthermore, there was 
some need for an agreement about language and conventions, since there 
had not been much in the way of texts or other notes which focused on 
the relevant aspects. (Polchinski’s modern textbook! was still only par- 
tially written, and the manuscript had been seen only by a privileged 
few. ) 

Some of us begged Joe to give us some lectures at the ITP, and I (and 
probably others) quickly had the idea for a written set of notes that could 
be circulated to the world at large, as a basic toolbox. I suggested this to 
him, and he eventually agreed. During the lectures, I took such notes as 
I could and then together with Shyamoli Chaudhuri, we produced some 
notes with Joe, which we released? with his name listed as first author — 
breaking the strict alphabetical convention in this field — as it seemed to 
me highly inappropriate, given our roles as scribes, that his name might 
come last. Happily, the ‘D-notes’ (as I liked to call them) seemed to be 
well received by very many, and proved to be useful in forming a common 
point of departure for almost everyone working in the field. 
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I was fortunate enough to be asked to give introductory lectures on D- 
branes over the following months and years, and this led me to write more 
notes to embellish the D-notes, finding new ways of explaining things, 
sometimes making illustrative links between different aspects, depending 
on the theme of the lecture series in which I was participating. 

This book grew out of such lecture notes® 4, and contains my own bi- 
ased perspective on what aspects of D-branes ought to be included in an 
introductory text. Pressures of space mean that I have omitted a large 
number of remarkably interesting and useful material, and my choices 
will no doubt not suit everyone. | have made many efforts for it to be 
a stand alone handbook. It is intended that the person who knows little 
or no string theory (but with some background in quantum field the- 
ory and relativity) can open this book, and upon working through it, 
learn many things about string theory, and become adept at computing 
with D-branes, making no reference to another string theory text. Per- 
haps as a bonus, they will even learn various aspects of advanced topics 
in relativity, geometry and quantum gravity and quantum field theory 
since those are the meat and drink of D-brane physics. However, if they 
want a deeper knowledge of many aspects of string theory which are only 
sketched here due to lack of space, then they can consult the excellent 
text of Polchinski!, and also that of Green, Schwarz and Witten”, which 
is still an excellent text for many aspects of the subject. There are also 
many other sources, on the web (e.g., www.arXiv.org) and elsewhere, of 
detailed reviews of various specialised topics, even other string theory 
books?. 

So, this is not intended to be a string theory textbook. It is instead 
a handbook or toolbox for concepts concerning branes in string theory, 
with emphasis on D-branes. However, since many of the applications are 
in what I like to call ‘extreme string theory’ — taking limits like strong 
coupling, low energy, large N, etc. — the reader will also learn important 
physics of those regimes and others, which are not covered in any other 
text at this time. 

Over the years I have had the great benefit of lengthy conversations 
about string theory and D-branes with many people, out of which my 
intuition for these matters developed, and I would like to thank them 
all. Chief among these are Robert Myers, Joseph Polchinski, and Edward 
Witten, all of whose patience (and refreshing open-mindedness in the early 
days) is much appreciated. I also thank all of the people with whom I have 
collaborated in very many exciting research projects, and from whom I 
learned a great deal. Aspects of some of that work will appear in this 
text, and I would like it made clear that any inaccuracies in presenting 
the results are my own. 
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the two-volume texts in references |1] and [5]. 
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Overview and overture 


Einstein’s theory of the classical relativistic dynamics of gravity is remark- 
able, both in its simple elegance and in its profound statement about the 
nature of spacetime. Before we rush into the diverse matters which concern 
and motivate the search which leads to string theory and beyond, such 
as the nature of the quantum theory, the unification with other forces, 
etc., let us remind ourselves of some of the salient features of the classical 
theory. This will usefully foreshadow many of the concepts which we will 
encounter later. 


1.1 The classical dynamics of geometry 


Spacetime is of course a landscape of ‘events’, the points which make 
it up, and as such it is a classical (but of course relativistic) concept. 
Intuition from quantum mechanics points to a modification of this picture, 
and there are many concrete mechanisms in string theory which support 
this expectation and show that spacetime is at best a derived object or 
effective description. We shall see some of these mechanisms in the sequel. 
However, since string theory (as currently understood), seems to be devoid 
of a complete definition that does not require us to refer to spacetime, 
the language and concepts we will employ will have much in common 
with those used by professional practitioners of General Relativity, and 
of classical and quantum Field Theory. In fact, it will become clear to the 
newcomer that success in the physics of string theory is greatly aided by 
having technical facility in both of those fields. It is instructive to tour 
a little of the foundations of our modern approach to classical gravity 
and observe how the Relativist’s and the Field Theorist’s perspective are 
muddled together. String theory makes good and productive use of this 
sort of conflation. 
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It is useful to equip a description of spacetime with a set of coordinates 
a’, u = 0,1,...,D — 1, where x° = t (the time) and we shall remain 
open-minded and work in D dimensions for much of the discussion. The 
metric, with components g,,(x), is a function of the coordinates which 
allows for a local measure of the distance between points separated by an 
interval dx": 


ds” = gu (£)dz” dz”. 
The metric is a tensor field since under an arbitrary change of variables 
x” — x” (x) it transforms as 


f Ox® Ox? 
Juv > Gu = Jap pyn rr ' (1.1) 


Of course, ‘distance’ here means the more generalised Special Relativistic 
interval characterising how two events are separated, and it is negative, 
zero or positive, giving us timelike, null or spacelike separations, according 
to whether if it possible to connect the events by causal subluminal motion 
(appropriate to a massive particle), or by moving at the speed of light 
(massless particles), or not. This of course defines the signature of our 
metric as being ‘mostly plus’: {— +++.---} henceforth. 

As a particle moves it sweeps out a path or ‘world-line’ x"(7) in space- 
time (see figure 1.1), which is parametrised by 7. The wonderful thing is 
that what we would have said in pre-Einstein times was ‘a particle moving 
under the influence of the gravitational force’ is simply replaced by the 
statement ‘a particle following a geodesic’, a path which is determined by 
the metric in terms of the second order geodesic equation: 


Pax A ( an aa” 
d2? UMS ap? 


(1.2) 


Fig. 1.1. A particle’s world-line. The function «“(7) embeds the world- 
line, parametrised by 7, into spacetime, coordinatised by x”. 
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where the affine connection ['(g) is made out of first derivatives of the 
metric: 


1 
rà (g) = 59" (On Gecv + Ov Grp — OkJuv) . 


Here and everywhere else, when working with curved spacetime we lower 
and raise indices with the metric and its inverse, (which has components 
g”” such that gu\g”®“ = 6%). Also note that ð, = 0/ðx”. 

Switching language again we see that since the term on the left hand 
side of the equation (1.2) is what we think of as the ‘acceleration’, our 
Newtonian intuition determines the right hand side to be the ‘applied 
force’, attributed to gravity. In such language, guu (x) is interpreted as a 
potential for the gravitational field. 

In the purely geometrical language, there are no forces. There is only 
geometry, and the particle simply moves along geodesics. The above state- 
ment in equation (1.2) about how a particle moves in response to the 
metric is derivable from a simple action principle, which says that the 
motion minimises (more properly, extremises) the total path length that 
its motion sweeps out: 


S = —m | (—guy(x)det'dr’)\/? = —m -gu (x) Pdr, (1.3 
H - H 


where a dot denotes a derivative with respect to 7. (The reader might 
consider checking this by application of the Euler-Lagrange equations or 
by direct variation.) 

The only question (which is of course one of the biggest) remaining 
is the nature of what determines the metric itself. This turns out to be 
governed by the distribution of stress-energy-momentum, and we must 
write field equations which determine how the one sources the other, 
just as we would in any field theory like Maxwell ’s electromagnetism (see 
insert 1.1). 

The stress-energy-momentum contained in the matter is captured in 
the elegant package that is the tensor T#” (x), a second rank, symmetric, 
divergence-free tensor which for an observer with four-velocity u, encodes 
the energy density as T,,u"u", the momentum density as —T,,u"x", and 
shear pressures (stresses) as Tyu x”y”, where the unit vectors x and y are 
orthogonal to u. 

Einstein’s field equations are: 


1 
Ruw — gImvh = STGNT uv ; (1.6) 


where Gy is Newton’s constant. As one would expect, the quantity on the 
left hand side is made up of the metric and its first and second derivatives, 
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Insert 1.1. A reminder of Maxwell’s field equations 


‘Maxwell’s equations’ are second order partial differential equations 
for the electromagnetic potentials A (x,t), (x,t) from which the 
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magnetic (B(x,t)) and electric (E, t)) fields can be derived: 


E(a,t)=-Vo(#-t)- 


OA (T, t) 
ot 


B(z,t)=V x A(z,t). 


In terms of the fields, Maxwell’s equations are: 


(1.5) 


Here, the functions JŒ, t) and p(a,t), the current density and the 
charge density are the ‘sources’ in the field equations. 

We have written the equations with the sources on the right hand 
side and the expression for the derivatives of the resulting fields 
(to which the sources give rise) on the left hand side. We will write 
these much more covariantly in insert 1.3. 


where the Ricci scalar and tensor, 


R= g9” Rw, Rw = g’ gy RÀ (1.7) 


UKV? 


are the only two contentful contractions of the Riemann tensor: 


— A 
Ro ev = ð, rÀ, - OTs, 4 re Ts, — T T) (1.8) 


Except for the metric itself, the quantity on the left hand side of equa- 
tion (1.6) is the unique rank two, divergenceless and symmetric tensor 
made from the metric (and its first and second derivatives), and hence 
can be allowed to be equated to the stress tensor. 

When the stress tensor is zero, i.e. when there is no matter to act as a 
source, the vanishing of the left hand side is equivalent to the vanishing 
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Riv = 0, and solutions of this equation are said to be ‘Ricci-flat’. This 
includes highly non-trivial spacetimes such as Schwarzschild black holes, 
which follows from the non-linearity of the left hand side, representing 
the fact that the stress-energy in the gravitational field itself can act as 
its own source (‘gravity gravitates’). 

The physical foundation behind the geometric approach is of course 
the Principle of Equivalence, which begins by observing that gravity is 
indistinguishable from acceleration, and tells one how to find a locally 
inertial frame: one must simply ‘fall’ under the influence of gravity (i.e. 
just follow a geodesic) and one does not feel one’s own weight, and so 
one is in an inertial frame where the Laws of Special Relativity hold. See 
insert 1.2 for a reminder of this in equations. The sourceless field equations 
then follow from the recasting of the relative motion observed between 
frames on neighbouring geodesics in terms of an apparent ‘tidal’ force. 

The full statement of the field equations to include sources is also guided 
by covariance, which means that it is a physical equation between ten- 
sors of the same type, and with the same divergenceless property (which 
is a physical statement of continuity). The equations are therefore true 
in all coordinate systems obtained by an arbitrary change of variables 
cH — x(x), since they transform as tensors in a way generalising the 
transformation of the metric in equation (1.1). 

Note that the statement of divergencelessness is a covariant one too, 
i.e. V T”” = 0 uses the covariant derivative*, which is designed to yield 
a tensor after acting on one, say V: 


VVE = KVET + TK VAT po TAVE a eee, (1.9) 


Finally, note that the field equations themselves may be derived from 
an action principle, the extremising of the EKinstein—Hilbert action coupled 
to matter: 


S = SM + SEH 
— 1 D 
SEH = ma |e x/—-g R 
pry = 2 09M (1.10) 


oy =g guv 


where g is the determinant of the metric. 


* In fact, this (not entirely unambiguous) procedure of replacing the ordinary derivative 
by the covariant derivative, together with the replacement of the Minkowski metric 
Nuv by the curved spacetime metric guy (£) is often called the principle of ‘minimal 
coupling’ as a procedure for how to generalise Special Relativistic quantities to curved 
spacetime. 


Insert 1.2. Finding an inertial frame by freely falling 


In order to find an inertial frame, we must find coordinates so that 
at least locally, at a point xý, say, we can can do special relativity. 
This means that we perform a change of coordinates z” — x” (x) so 
that when the metric changes, according to (1.1), the result is 


Juv (£o) = Nw, 


where Nuy is the Minkowski metric, diag(—1,+1,...,). How accu- 
rately can we achieve this? In our coordinate transformation, we have 
in the neighbourhood of xý: 


ox” 


x(x”) = x” (ac) Fal 


O 
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so we have, at first order, D? coefficients to adjust. Since Tu has 
D(D + 1)/2 components, we are left with 
p2 D(D +1) _ D(D —-1) 
2 2 

transformations at our disposal. Happily, this is precisely the dimen- 
sion of the Lorentz group, SO(D — 1, 1) of rotations and boosts avail- 
able in our inertial frame. At second order, we have D*(D + 1)/2 
coefficients to adjust, which is precisely the same number of first 
derivatives OG /Ox'* of the metric that we need to adjust to zero, 
cancelling all of the ‘forces’ in the geodesic equation (1.2). At third 
order, we have D?(D+1)(D+2)/6 coefficients to adjust, while there 
are D?(D + 1)?/4 second derivatives of the metric, 0°g/,,,/Ox/"Ox" , 
to adjust, which is rather more. In fact, this failure to adjust 


D*(D+1)? D*(D+1)\(D+2) | D*(D*- 1) 
o A G Ve 


second derivatives is of course a statement of physics. This is pre- 
cisely the number of independent components of the Riemann tensor 
Raw which appears in the field equations determining the metric. 
So everything fits together rather nicely. 
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A favourite example of a stress tensor for a matter system is the Maxwell 
system of electromagnetism. Combining the electric potential ¢ and vector 


potential A into a four-vector A(x) = (Q, A), with components A,,, the 


magnetic induction B and electric field E are captured in the rank two 
antisymmetric tensor field strength: 


Fiy = O,Ay — Ag, 
and an observer with four-velocity u reads the fields as: 
E, = Fuvu”, B, =€ 


a Feau”, (1.11) 


where €,,,\ 18 the totally antisymmetric tensor in four dimensions, with 
€9123 = —1. (See insert 1.3 for more on this covariant presentation of 
electromagnetism.) The action is: 


1 
SM = f Pze T f0) Eu E" dPe, (1.12) 


and so it is easily verified that the Euler-Lagrange equations 


oL Ə f_ C8 \ o 
ðA, dx” | ƏBA] ” 


give the field equations 
V, F” = 0, 


where we have used a very useful identity which is easily derived: 
ê(—9)? = $(—9)" g gw. (1.13) 


On the other hand, since 


OL (=g)? N 
—_ FPA FE — lou F, pop 1.14 
OJuv Sr (a9 49 P ) ( ) 
the stress tensor is 
1 
TH — FHA RYB _ low F FOP 


1.2 Gravitons and photons 


The quantum Field Theorist’s most sacred tool is the idea of associating 
a particle to every sort of field, whether it be matter or force. So a force is 
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Insert 1.3. Maxwell written covariantly 


Probably most familiar is the flat space writing: 


0 Ei Es E3 
— F; 0 B3 —Bo 
-bs —B3 0 Bı 
-bs B —B, 0 


Fu = (1.16) 


for the Maxwell tensor. In addition to the four-vector A(x) = (4, A), 
one in general will have a four-current for the source, which com- 
bines the current and electric charge density: J(x) = (p, J). With 
these definitions, Maxwell’s equations take on a particularly simple 
covariant form: 


VF” = —4r J", Ou Fyr + OF ep + kFuv = 9, (1.17) 


for the equations with sources, and the source-free equations (Bianchi 
identity). The energy-momentum tensor for electromagnetism is 
given in terms of F in equation (1.15), and is subject to the con- 
servation equation (when the sources J“ = 0): V T”” = 0. This 
contains familiar physics. Specialising to flat space: 


Loo = (E) + (B)?), 


which is the familiar expression for the energy density and the mo- 
mentum density (Poynting vector) of the electromagnetic field 


mediated by a particle which propagates along in spacetime between ob- 
jects carrying the charges of that interaction. There is great temptation to 
do this for gravity (by allowing all sources of stress-energy-momentum to 
emit and absorb appropriate quanta), but we immediately run into a con- 
ceptual log jam. On the one hand, we have just reminded ourselves of the 
beautiful picture that gravity is associated to the dynamics of spacetime 
itself, while on the other hand we would like to think of the gravitational 
force as mediated by gravitons which propagate on a spacetime back- 
ground. A technical way of separating out this problem into manageable 
pieces (up to a point) is to study the linearised theory. 

The idea is to treat the metric as split between the background which is 
say, flat spacetime given by the Minkowski metric 7,,,, diag(—1,+1,...,), 
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and some position dependent fluctuation h y(x) which is to be small 
hyv(@) « 1. Then the equations determining h,,(x) are derived from 
Einstein’s equations (1.6) by substituting this ansatz: 


Juv = Nw + hy (x), 


and keeping only terms linear in hyp. 

Let us carry this out. We will raise and lower indices with nuv, and 
note that g*” will continue to be the inverse metric, which is distinct 
from nen’? Jag. Note also that g” = nh” —h*", to the accuracy to which 
we are working. The affine connection becomes: 


rA, = 30°? (Ouhva + Ovhpa — Oahp) ; (1.18) 
and to this order, the Ricci tensor and scalar are: 


Ruv = OUR a — 50° Ooh — SOM Oh + O(h?), 
R = OO’ hag — O° Oh + O(h’), (1.19) 


where h = hi. Thus we learn that 
Ruw — nu R = Ohya — 50° Ooh — 40“ 3 h 
-inv (OO hag — Woh) + O(h’). 


Defining Yuv = huv — Enuh, we find our linearised field equations: 


— 50° Pahv + OP Ouhy a _ zno hey = 8tGnTw. (1.20) 


There is an explicit gauge degree of freedom (recognisable from equa- 
tion (1.1) as an infinitesimal coordinate transformation) 


huv > huv + Ong + yEy, (1.21) 


for arbitrary an arbitrary vector €,. Using this freedom, we choose the 
gauge huv =0 (using a gauge transformation satisfying O”OL&, + 
o” huy = 0), which implies 


O° Oohy = —160GNT uv. (1.22) 


This is highly suggestive. Consider the system of electromagnetism, with 
equations of motion (1.17). The equations are invariant under the gauge 
transformation 


Ay > Ay + OLA, 
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where A is an arbitrary scalar. We can use this freedom to choose a gauge 
0, AY = 0, (with a parameter satisfying 0,0¥A + 0” A, = 0), which gives 
the simple equation 


ð o" A, = —4r J). 


This is of a very similar form to what we achieved in equation (1.22) 
for the system of linearised gravity. The analogy is clear. The Maxwell 
system has yielded a field equation for a vector (spin one) particle (the 
photon A„(x)) sourced by a vector current (J,,(a)), while the gravitational 
system yields the precisely analogous equation for a spin two particle (the 
graviton h,,,(x)) sourced by the stress tensor Tuy (x). 

This is the starting point for treating gravity on the same footing as 
field theory, and in many places later we will have cause to use the word or 
idea ‘graviton’, and it is in this sense (a spin two particle propagating on 
a reference background) that we will mean it. We have seen how to make 
the delicate journey from the Relativist’s geometrical understanding of 
gravity to a perturbative Field ‘Theorist’s. To make the return journey, 
reconstructing a picture of, say the non-trivial spacetime metric due to 
a star by starting from the graviton picture is a bit harder, but roughly 
it is conceptually similar to the same problem in electromagnetism. How 
does one go from the picture of the photon moving along in spacetime 
to building up a picture of the strong magnetic fields around a pair of 
Helmholtz coils? Words and phrases which are offered include ‘coherent 
state of photons’, or ‘condensation of photons’, and these should invoke 
the idea that the coils’ field cannot be constructed using only the per- 
turbative photon picture. One can instead use the photon description to 
describe processes in the background of the Helmholtz field, and we can 
similarly do the same thing for gravity, describing the propagation of 
gravitons in the background fields produced by a star. In this way, we see 
that there is a possibility that there are situations where the conceptual 
separation between particle quanta and background in principle needs be 
no more dangerous in gravitation than it is in electromagnetism. 

Eventually, however, we would like to compute beyond tree level, and 
the celebrated problems of the theory of gravity treated as a quantum 
theory will be encountered. Then, the linearised Einstein—Hilbert action 


— 1 D a Ql QQ 
S= T fa x (00° hag — I Aah), (1.23) 


will eventually reveal itself to be non-renormalisable once we add interac- 
tions coming from the next order above linear. In particular, the process 
of recursively adding counterterms to the bare action in order to define 
physically measurable quantities does not terminate. As Field Theorists 
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(and perhaps as Relativists) we would have cause to be discouraged, and 
it is a much celebrated statement that as String Theorists, we won’t be. 


1.3 Beyond classical gravity: perturbative strings 


A reason for dwelling on some of the previous points is that it is custom- 
ary to do a lot of moving back and forth between the picture of quanta 
moving on a flat background and other pictures, for example ones in- 
volving considerably curved background fields. This is not because string 
theorists have a clever collection of new technological tools for seeing how 
to move from one to the other (although as we shall see with the aid of su- 
persymmetry, in some cases we can often keep track of many properties of 
objects in moving between pictures) but because as was said before, string 
theory is a developing subject which has borrowed and hybridised intu- 
ition from the Relativist’s and the (perturbative and non-perturbative) 
quantum Field Theorist’s worlds. 

This borrowing is not to be taken as a sign of intellectual bankruptcy, 
but quite the opposite. The adoption of terminology and concepts from a 
wide range of other fields is as a result of the richness of genuinely novel 
physical phenomena, with (as a whole) no precise precedent or analogue, 
which the theory appears to be revealing. This is very similar to what 
happened almost precisely a century ago. The treatment of quanta in a 
context dependent manner either as a wave or as a particle, an under- 
standing still called ‘Wave-Particle Duality’ by many, grew out of the 
attempt to grasp a new physical phenomenon — Quantum Mechanics — by 
reference to established physical concepts from the century before. 

In the next chapter we will review how one proceeds to describe the 
relativistic string propagating in a flat background. There are two very 
broad categories, open strings which have end-points, and closed strings 
which do not. The basic input parameter is the mass per unit length of 
the string, its tension: 


1 1 
= ma! ml? 
As is well known, the characteristic length scale of the string, 4, is tradi- 
tionally very small compared to scales on which we do current-day physics. 
This means that string excitations will have a good description as point- 
particle-like states on scales much longer than ¢,. After quantisation, it 
rapidly becomes clear that the spectrum of string theory is rather rich 
and demands application. Since finite masses in the spectrum are set by 
the inverse of 4, the infinite tower of massive excitations of the string 
(see figure 1.2) will be very inaccessible at low energy (long distance, or 
infra-red (IR)). The tower is of course crucial to the properties of the 
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Fig. 1.2. The string spectrum has a massless sector separated by a gap 
(set by the tension) after which there is an infinite tower of massive states. 


high energy (short distance, or ultra-violet (UV)) physics of the string. It 
is the massless part of the spectrum which is accessible at low energy and 
hence relevant to phenomenology. 

For example, closed string theories describe a massless spin two particle 
which is identified with the graviton. The questions of non-renormalisa- 
bility which arose in quantum field theory turn out to be circumvented 
by the remarkable ultra-violet properties of string theory, which give rise 
to an extremely well-behaved perturbative description of multi-loop pro- 
cesses involving gravitons’. The simple fact is that string theory is very 
unlike field theory at short distances, since it assembles together an in- 
finity of increasingly massive excitations (in a particular way) which all 
play a role in the UV. The theory’s supplying a satisfactory perturba- 
tive quantum theory of gravity is just the beginning of the many phe- 
nomena which arise from its properties as an extended object, as we 
shall see. 

Other massless fields which arise in string spectra are Abelian and non- 
Abelian gauge fields, and various fermions and scalars, some of which one 
might expect give rise to the observed gauge interactions and matter fields. 
There is also a family of higher rank antisymmetric tensor fields general- 
ising the photon on which we will focus in some detail. Remarkably, the 
value of one scalar excitation of interest, the dilaton ®, determines the 
strength of the string self-interaction, gs = e®, and hence (since closed 
strings excitations can be gravitons) the value of Gy. It is a striking fact 
that string theory dynamically determines its own coupling strength. (See 
figure 1.3.) 


' Sadly, lack of space will prevent us from describing this here, and we refer the reader 
to a textbook on this! °. 
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Fig. 1.3. The basic three-string interaction for closed strings, and its ana- 
logue for open strings. Its strength, gs, along with the string tension, 
determines Newton’s gravitational constant Gy. 


Just as with the particle, it is straightforward to generalise the treat- 
ment of the string to motion in a curved background with metric guu (x), 
and one can derive the analogue of classical geodesic equations of motion 
(if desired) for the string. 

The string sweeps out a ‘world-sheet’ with coordinates (ot, o°?) = (7,0). 
The string’s path in spacetime is described by X” (rT, o), giving the shape 
of the string’s world-sheet in target spacetime (see figure 1.4). There is 
an ‘induced metric’ on the world-sheet given by (ô, = 0/00°): 


hab = Og X# OX” guy, (1.24) 


with which we can perform meaningful measurements on the world-sheet 
as an object embedded in spacetime. Using this, we can define an action 
analogous to the one we thought of first for the particle, by asking that 


Fig. 1.4. A string’s world-sheet. The function X“(7, o) embeds the world- 
sheet, parametrised by (7,0), into spacetime, coordinatised by X”. 
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we extremise the area of the world-sheet: 


S = -T | dA = -T | drdo (—detha) = | drao L(X,X';0,T). 


(1.25) 
Expanded, this is 
OXHAXH\2?  /ƏXHN? fax, 2] 
s=- f ara |( Oo =) - (5) ea) 
1 y7\2 12 yr 2 1/2 
_ -T | drdo (xt xP xx], (1.26) 


where X’ means 0X /0Oc. 

This is very analogous to the case of the particle, and we will analyse 
it further in the next chapter. However, there is much more to the story 
than this. The thorny question arises concerning what dynamics govern 
the allowed metrics, and it is a riddle of considerable depth: the string 
has revealed itself as generating the basic quantum of gravity as one of its 
modes of oscillation. Our experience from before allows us to trust that 
there ought to be a manner in which one can treat the graviton (and hence 
the string that carries it) as a small disturbance on a fixed background, 
but there is an additional problem which we did not have last time. Since 
the string is also the source of gravity, and if it dynamically generates 
the strength of the coupling, it ought to also determine gravitational dy- 
namics. How does it go about determining the gravitational background 
in which it is supposed to propagate? In the terms we used previously, 
where do the field equations governing the background come from? 

The surprise turns out to be that internal quantum mechanical consis- 
tency of the string theory does make certain demands on the properties of 
spacetime, in ways that no previous theory has managed before. First of 
all, it requires that it only propagates in spacetimes of certain dimension- 
ality (for example, 26 for bosonic strings, 10 for superstrings). Secondly, 
it demands that at low energy the background metric satisfies Einstein’s 
equations (sourced by the stress tensor due to the other massless fields)! 
This should be contrasted with the case of a particle where the issue of 
how it propagates in a metric is completely divorced from whether the 
metric satisfies Einstein’s equations. 

Somehow, the simple generalisation of a particle to a string has captured 
something very new. Is there an analogue of the Equivalence Principle at 
work which gives Einstein’s equations at low energy and then new physics? 


t It is hoped that this new physics will cure a number of problems in strongly coupled 
gravity, like the loss of predictability of relativistic physics at spacetime singularities 
such as in black holes or at the Big Bang. 
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at high energy? Even though this remarkable fact is relatively old by now, 
there is no simple thought experiment which explains why a generalisation 
from a particle to a string quantum-mechanically demands the solution 
of field equations for which the underlying principle is covariance and 
equivalence. 


1.4 Beyond perturbative strings: branes 


The reader may have noticed that the word ‘perturbative’ was used a 
lot in the last section, even when describing the remarkable successes of 
string theory in the arena of quantum gravity. The Second Superstring 
Revolution gets its name from the remarkable change of perspective which 
occurred with breakthroughs in understanding of this very issue, and the 
resulting flow of ideas and results. A great deal of quite surprising insight 
was gained about the supersymmetric string theories (whose existence and 
consistency followed from discoveries in the First Superstring Revolution) 
in the limit of very strong coupling, much of which we will cover later. 
The big question which arose time and again in string theory over the 
years before the revolution was the issue of its description beyond pertur- 
bation theory. Actually, there were possibly two problems and not just 
one, however they usually are discussed together, although they may be 
logically distinct. Motivated by analogy with field theory, string theorists 
sought for something like a field theory of strings, which would allow for 
the non-perturbative exploration of the landscape in which vacua lie, in 
a way which is familiar in field theory, allowing the study of important 
phenomena like tunnelling, instantons, solitons, etc. The idea was that 
there would be a ‘string field’ X whose role was to create and destroy 
a string in a particular configuration. This begins by being conceptually 
on a par with the successful ordinary field theory concept about the role 
of a field in creating and destroying particle quanta, but this view soon 
changes when one remembers that the string is like an infinite number of 
particles from the point of view of field theory. The ideally next simplest 
step would be to find a simple way of writing a kinetic energy and po- 
tential V(X), which would allow a study of dynamics and hence ‘second 
quantised’ strings (to use another old misnomer). See figure 1.5. In prin- 
ciple, some type of field theory is not an altogether crazy thing to want 
to find. Given the success of the field theory framework, it would be an 
understatement to say that it would have been neglectful if the possibil- 
ity had not been explored. ‘There is another problem, however, into which 
experience with field theory seems to offer little insight. ‘This is ‘back- 
ground independence’. In ordinary quantum field theory, a Lagrangian 
for the theory is defined with reference to a spacetime background. ‘This 
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Fig. 1.5. A fanciful view of a slice through the infinite dimensional land- 
scape of non-perturbatively accessible string vacua. X represents the en- 
tire field content of a string theory, and V(%) is a potential. Locations 
(1) and (8) represent perturbatively stable vacua, while (2) is unstable. 
Important physics may be found in the non-perturbative effects relating 
these vacua. 


is of course fine, since the fields are supposed to propagate on this back- 
ground. However, it is not clear that this luxury should be available to 
us in the string theory, since it is supposed to determine the background 
upon which it is propagating, given that it generates gravity and the value 
of GN. 

The search for string field theories were not entirely unsuccessful, but 
since they are very difficult to work with, at the time of writing, it is not 
clear what they have taught us. It is a remarkable achievement in itself 
that one could define a string field X, and find a sensible Lagrangian. 
Both the kinetic and potential are on the face of it, written in such a way 
that there is a chance of background independence since the ‘derivative’ 
and the means of multiplying together string fields do not seem to di- 
rectly refer to spacetime. Sadly, the means of unpacking the Lagrangian 
to perform a computation require one to make reference to objects which 
originally were defined with perturbative intuition about backgrounds 
again, and so background independence is still not apparent. 

This is not really a failure, if one reduces ones expectations about what 
a string field theory is supposed to do for us. It is possible to imagine 
that such a theory can tell us interesting physics involving various types 
of string vacua, and how they are inter-related, without ever addressing 
the background independence issue. 

This possibility was regarded as unsatisfactory for a long time, since it 
made string theory seem logically incomplete, with no physical principle 
or mechanism to appeal to, given that it was supposed to be the theory 
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of everything. Happily, the Second Revolution happened, and now we 
have a new possibility. String theory is not a theory of strings after all. 
There are two clear signs of this (which we will discuss later in detail). 
One is that there are extended objects in the theory (‘D-branes’) which 
carry*°°? the basic charges of a special class of higher rank antisymmet- 
ric fields which the string theory necessarily describes, but cannot it- 
self source. Coupled with this fact is that at arbitrarily strong coupling, 
these objects can become arbitrarily light (see insert 1.4), indeed lighter 
that the string itself, and so their behaviour dominates the low energy 
physics, undermining the fundamental role of the strings. A second sign 
is that some string theories are directly related at strong coupling (some- 
times by a condensation of a tower of increasingly light D-particles) to a 
field theory — at low energy — which includes gravity. The short-distance 
completion of this gravitational theory does not seem to involve the dy- 
namics of strings, and the new degrees of freedom are unknown. This 
unknown theory, whose existence is strongly suggested by the intricate 
web of strong/weak coupling dualities between the superstrings in diverse 
situations!?) 152, 153 is often called ‘M-theory’, and it seems that all of 
the superstring theories that we know of may be obtained as a limit of it. 
In this sense, we see that string theory is itself an effective theory, albeit 
a remarkably interesting one. All of the various string theories that we 
know are perturbative corners of a larger coupling space. See figure 1.6. 
From this new picture (in which in some cases the extended objects 
which become light at strong coupling are weakly coupled strings of an 
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Fig. 1.6. A schematic diagram of the statement that all superstring the- 
ories, and eleven dimensional supergravity, are effective descriptions of 
certain dynamical corners of a larger theory, called ‘M-theory’. 


Insert 1.4. Soliton properties and the kink solution 


Everybody’s favourite soliton example is the kink solution of 4 the- 
ory in 1+1 dimensions. The mass m and the coupling À combine into 
a dimensionless coupling g = \/m7, and we write: 


c——19"6a,6—U vie) > (my 
= —50"bd,0-U(), Us) = [e - 


The kink (or anti-kink) solution is 


+(x) = +- tanh (2e) 


and so it is clearly an interpolating solution between the two vacua 
(located at +o = £1/,/g) of the double well potential. 


P(x) 


—Po P Q 


The parameter xo is a constant, corresponding to the ability to trans- 
late the solution. The configuration’s mass-energy is: 


E= J E (ex) tUa) ) de = 2 


ð 9g 


which is inversely proportional to the dimensionless coupling. So at 
weak coupling, this is a very heavy localised lump of energy. If we 
could trust this formula at strong coupling (and for various types 
of soliton in e.g. supersymmetric theories, we can), it is clear that 
for large g this solution becomes a light, sharply localised particle. In 
fact, it has a conserved charge, due to the existence of the topological 
current ju = (,/g/2)€y0" Q, which is: 


Q = J its = {s +00) — ġ(—œ)) = 1. 


All of these properties will appear for solitons of theories which we 
shall study. The validity of the mass formula at strong coupling will 
allow various ‘dualities’ of supersymmetric theories to be uncovered. 
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entirely different type from the starting theory, giving a ‘string—string’ 
strong/weak coupling duality), it is clear that the string field theory 
approach would have had to produce a completely unlooked-for phe- 
nomenon, and convert the world-sheet expansion of one type of string 
(say a closed one) into the completely different type of world-sheet ex- 
pansion of another type of string (say an open one). It would also have 
to point to new directions in which there is a perturbation theory not 
involving strings at all. Lastly, it would also have to be background 
independent. 

Of course, this may yet happen (but we might not call it a field theory 
any more!), but another possibility is that string field theory (at least in 
the intuitive form in which it was conceived) will be useful as an effective 
theory (arising from M-theory) useful for the study of a restricted but 
important set of non-perturbative effects. 


1.5 The quantum dynamics of geometry 


The issue of background independence may be tied up with matters which 
the theory is only really still just touching on, and so it may have been 
premature to worry about it previously. This is the fact that there are 
dynamical signs that clearly show that string theory avoids a definite pic- 
ture of some of the properties of spacetime which we would have thought 
were fixed, if we were field theorists. 

Scattering of strings seems to show that attempts to confine the string 
to a small domain of spacetime are defeated by the strings’ tendency to 
increasingly extend itself and spread out. From T-duality'* (to be first 
encountered in chapter 4, but probably in every chapter beyond that), 
we learn that when a string theory is compactified on a circle, there is 
an ambiguity in the spectrum about whether the propagation is on a 
circle of radius R or radius @2/R. The standard ‘momentum’ states with 
energy in multiples of 1/R are joined by ‘winding’ states whose energy is 
in multiples of R/¢2, coming from winding around the circle. The ‘duality’ 
exchanges these two types of mode. This is remarkable, especially if one 
considers the limit that R — 0, since it says that an arbitrarily small circle 
compactification (reducing an effective spacetime dimension) is physically 
equivalent to having an arbitrarily large dimension (restoring an effective 
dimension). The outcome of this reasoning is that there appears to be 
an effective minimum distance arising in the dynamics of (perturbative) 
strings, of order the string scale 4. This is qualitatively just the sort of 
granularity of spacetime which one might have anticipated (and indeed it 
was) in thinking about expectations for a quantum theory of gravity. We 
can go even further, however. 
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As already mentioned, at strong coupling some string theories turn into 
something which at low energy is a field theory in one dimension higher 
than the target spacetime of the weakly coupled string. Since the string 
coupling is dynamically generated by the string itself, we arrive at the 
result that the dimension of spacetime itself is dynamical. 

Also, the coordinates describing various objects like D-branes located 
in string theory’s target space arise as not just numbers, but matrices”°. 
For example, in superstring theory for N pointlike D-branes (known as 
D0-branes or D-particles), there are nine N x N matrices, X‘(r), de- 
scribing their world-lines parametrised by r. When the D-branes are 
widely separated from each other, it is dynamically favourable for these 
matrices to be diagonal, and we have N copies of the usual coordi- 
nates x” describing the positions of N pointlike objects in nine spatial 
directions: 


x (T) 0 0 
0 xi(r) 0 a aa 
X'"(r)=] 0 O aT) e o (1.27) 


wily (7) 


When the branes are close together, there are dynamically favourable re- 
gimes when these matrices are non-commuting, and correspondingly, the 
spacetime coordinate interpretation is now in terms of a non-commutative 
picture. There is more here, actually. Since DO-branes turn out to be mo- 
mentum modes, in a compact direction, of an eleven dimensional graviton, 
this picture turns out to be a sort of light cone formulation of the eleven 
dimensional theory. This is the beginning of the Matriz Theory!" formu- 
lation of M-theory. 

Spacetime is clearly a far more interesting place when the dynamics of 
string/M-theory are explored, and so it may be a while before we know 
even if we are asking the right sorts of questions about its nature. ‘This 
includes the issue of background independence, and it may be that we 
have to wait for a complete formulation of M-theory (which may well 
have nothing to do with spacetime at all) before we get an answer. 


1.6 Things to do in the meantime 


While we wait for a complete formulation of M-theory to show up, there is 
a lot to do in the meantime. String theory’s second revolution has provided 
us with a large number of tools to explore many regimes of fundamental 
physics, both old and new. 
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Gauge theories arise in string theories in many different (and often in- 
terrelated) ways, for example by dimensional reduction and the Kaluza-— 
Klein mechanism (described in section 4.1.1), or as the collective dynamics 
on the world-volume of branes (described in section 4.10), or from gauge 
fields intrinsic to the structure of a closed string theory (described in sec- 
tion 7.2). So string theory is an arena for studying gauge theories. The 
very geometrical way in which string theories treat gauge fields allows 
for many gauge theory phenomena to be usefully recast in geometrical 
terms. This also means that known gauge theory phenomena, correctly 
interpreted in this context, can also teach us new things about the ge- 
ometry of string theories. Many of the applications of D-branes which we 
will discuss later in this book are concerned with this powerful dialogue. 

In this way, useful tools can be extracted for application to very concrete 
and pragmatic questions in the dynamics of strongly coupled gauge theory, 
of great concern to us of course in the physics being explored or shortly 
to be explored in experiments. 

Since string theory is also a theory of gravity, it is exciting to learn 
that there are regimes where much progress may be made in the study 
of situations where hard questions about quantum gravity arise. The 
most celebrated example of this is the precise statistical interpretation 
of Bekenstein’s thermodynamical black hole entropy*°’, for a large class 
of black holes. This thermodynamical quantity can arise as the inevitable 
conclusion of semi-classical treatments of quantum gravity, where quan- 
tum fields are studied in a classical black hole background (a useful con- 
ceptual and technical compromise alluded to earlier). Such a treatment 
led Hawking*®! to realise that there is thermal radiation (at a specific 
temperature) from a black hole, after other suggestive properties*®” 292 
led Bekenstein to the realisation that there is an entropy associated to 
the area of the horizon. The universal Bekenstein—Hawking entropy for a 
black hole is: A 


S = IGR (1.28) 
and is at the heart of the laws of black hole thermodynamics. This was 
a bit awkward, since there was no underling theory of quantum gravity 
to supply the ‘statistical mechanics’ which account for the precise rela- 
tion between the entropy and the properties of the black hole. As we will 
describe in detail, for a large class of black holes, string theory provides 
the precise answer, in terms of D-brane constituents, and the gauge the- 
ories which describe them. In fact, (for a smaller class of black holes) the 
spacetime dynamics of individual D-branes conspires to provide a micro- 
scopic mechanism for the operation of the second law of thermodynamics 
as well’. 
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One of the most profound insights of the revolution which might have 
the furthest-reaching consequences, is the identification of tractable 
regimes where a duality between gravitation and gauge theory can be 
found. This grew out of the above results concerning black holes, and 
even the ideas concerning the translation of gauge theory phenomena 
into geometry, but it is in some sense logically distinct from those. There 
is a very striking and intricate dynamical duality between the two, which 
again crosses dimensionality and is indicative of a very rich underlying pic- 
ture. The ‘AdS/CFT correspondence’? 271, 272 the title under which the 
simplest examples are known, is also the sharpest known example of what 
is known as the ‘Holographic Principle’?°® 7°", which states (roughly) that 
there should be a lower dimensional non-gravitational representation of 
the degrees of freedom of any quantum theory of gravity. Matrix theory 
is another example!°®. 

The idea of the principle arises from the realisation that any high energy 
density scattering used to probe the short distance degrees of freedom in 
a theory including gravity will ultimately create black holes. Black holes 
seem to exhibit all of their degrees of freedom on their horizon, an object 
which is of one dimension fewer than the parent theory. This suggests (but 
of course does not supply a definite constructive tip for how to find it) that 
there is a more economical description of theories of D-dimensional gravity 
in terms of a theory in D — 1 dimensions. The AdS/CFT correspondence 
manages this by relating a theory of gravity in an anti-de Sitter back- 
ground (a highly symmetric spacetime with negative cosmological con- 
stant, reviewed in section 10.1.7) to a strongly coupled SU(N) gauge 
theory (of large N) in one dimension fewer. This is remarkable, since the- 
ories of gravity and gauge theory are so very different in crucial dynamical 
respects, and we explore this in detail in chapter 18, showing how it arises 
from our study of D-branes, and exploring some of the consequences for 
new descriptions of strongly coupled gauge theory phenomena. 

Exploring the correspondence in more complicated cases is of great 
interest, as it might give us insights and new tools which we can apply 
to more phenomenologically relevant gauge theories, and we spend some 
time discussing some examples of this. 


1.7 On with the show 


It is apparently an Irish saying that one will never plough a field by turning 
it over in one’s mind, and so we should now begin the task of exploring 
things more carefully. In setting the scene, we have begun to unpack some 
of the more difficult concepts and some of the language which we will 
encounter many times as we go along. We will proceed by developing the 
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basic language of string theory, uncovering many remarkable phenomena 
and vacua, using perturbation theory only. Certain perturbative hints of 
non-perturbative physics will appear from time to time, and with the help 
of D-branes and supersymmetry, we later uncover such physics using many 
‘duality’ relations. Much later, we combine these techniques and ideas to 
probe and map out aspects of M-theory, and also to study certain aspects 
of duality in field theory. It will be an exciting journey. 


2 


Relativistic strings 


This chapter is devoted to an introduction to bosonic strings and their 
quantisation. There is no attempt made at performing a rigourous or 
exhaustive derivation of some of the various formulae we will encounter, 
since that would take us well away from the main goal. That goal is to 
understand some of how string theory incorporates some of the familiar 
spacetime physics that we know from low energy field theory, and then 
rapidly proceed to the point where many of the remarkable properties 
which make strings so different from field theory are manifest. ‘That will 
be a good foundation for appreciating just what D-branes really are. The 
careful reader who needs to know more of the details behind some of what 
we will introduce is invited to consult texts devoted to the study of string 
theory. 


2.1 Motion of classical point particles 


Let us start by reminding ourselves about a description of a point particle. 
We already touched on it in section 1.1, but we want to take it a bit further 
now, in preparation for doing the same thing for the analogous formula- 
tion for strings. The particle moves in the ‘target spacetime’ (with coordi- 
nates (t = X°, X!,...,X?~')) sweeping out a ‘world-line’ (see figure 1.1, 
page 2) parametrised by 7. We want to write an action principle which 
yields equations of motion for the allowed paths, X# (r). 


2.1.1 Two actions 


The most obvious action is the total path length swept out in spacetime. 
The infinitesimal path length traversed is: 


dé = (—ds”)'/? = (—dX"dX" nu)? = (—dX"dX,)/?, (2.1) 
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and we have assumed that the particle is massive and hence that ds? < 0. 
The massless case will be discussed below. So the action is 


So = -m J dé = —m J dr(—X#X,,) "2 (2.2) 


where a dot denotes differentiation with respect to 7. Let us vary the 
action: 


6S, =m J dr(-X" X, 2 X”6*, =m J dru’6X,, 
— m J drù” ôX,, (2.3) 


where the last step used integration by parts, and 
u” = (-X"X, VAX”, (2.4) 
So for 6X arbitrary, we get ù” = 0, which is Newton’s Law of motion: 
d’ X” 
dr? 
where we have used dé/dr = (—X"X,,)'/?. There is another action from 
which we can derive the same physics. Consider the action 


(2.5) 


S = 5 far (m'X"“X, — nm), (2.6) 


for some independent function (7) defined on the world-line. 


N.B. In preparation for the coming treatment of strings, think 
of the function 7 as related to the particle’s ‘world-line metric’, 
Ver, as W(T) = [—777(7)]/?. The function y(T) ensures world-line 
reparametrisation invariance: 


ds? = 4,,dtdt = yyydr'dr. 


This is all a bit redundant in 0+ 1 dimensions, but the structure 
will make more sense when we consider the 1+1 dimensions of the 
string’s world-sheet. 


If we vary S with respect to n: 


6S = 5 far | XX, — m?| ôn. (2.7) 
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So for 67 arbitrary, we get an equation of motion 
nm?” + X¥X, = 0, (2.8) 


which we can solve with 7 = m-1(—X#X,) 1/2. Upon substituting this 
into our expression (2.6) defining S, we get: 


S= -5 [dr {m X" XV? + (X6) mm?) = 85, (2.9) 


showing that the two actions are equivalent. 

Notice, however, that the action S' allows for a treatment of the mass- 
less, m = 0, case, in contrast to So. Another attractive feature of S is that 
it does not use the awkward square root that So does in order to compute 
the path length. The use of the ‘auxiliary’ parameter 7 allows us to get 
away from that. 


2.1.2 Symmetries 


There are two notable symmetries of the action. 
e Spacetime Lorentz/Poincaré: 


XH XH = AH X” + AM, 


where A is an SO(1,3) Lorentz matrix and A” is an arbitrary con- 
stant four-vector. This is a trivial global symmetry of S (and also 
So), following from the fact that we wrote them in covariant form. 


e world-line reparametrisations: 


for some parameter ¢(7). This is a non-trivial local or ‘gauge’ sym- 
metry of S. This large extra symmetry on the world-line (and its 
analogue when we come to study strings) is very useful. We can, for 
example, use it to pick a nice gauge where we set n = m~t. This 
gives a nice simple action, resulting in a simple expression for the 
conjugate momentum to X*?: 


TI! = — = mX". (2.10) 


We will use this much later. 
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2.2 Classical bosonic strings 


Turning to strings, we parametrise the ‘world-sheet’ which the string 
sweeps out with coordinates (ot, o?) = (t,o). The latter is a spatial coor- 
dinate, and for now, we take the string to be an open one, with O < o < m 
running from one end to the other. The string’s evolution in spacetime is 
described by the functions X"(7,0), u = 0,..., D — 1, giving the shape 
of the string’s world-sheet in target spacetime (see figure 1.4, p. 18). 


2.2.1 Two actions 


As we already discussed in section 1.3, using the induced metric on the 
world-sheet which we recall here: 


hab = aX “DX” nv, (2.11) 


we can measure distances on the world-sheet as an object embedded in 
spacetime, and hence define an action analogous to the one for the particle: 
the total area swept out by the world-sheet (equation (1.25)), which we 
repeat here: 


So = -T | dA = -T | drdo (—deth,p)/? = | arac L(X, X's0,7). 


(2.12) 
-T | drdo es oxy 7 (exe (Bn) 
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(2.13) 


-T | drdo (X-X)? — X? X? 


where X’ means 0X/ðc and a dot means differentiation with respect to 7. 
This is the Nambu-Goto action. 
Varying the action, we have generally: 


ƏL yu L 
H Iu 
6 So | irdd ÂX" + ÂX \ 


QO OL QO OL 
= — — —— H 
| arac { Or AX- Oo Sr pox 


OL Wo 
u 
+ far axe \ 
Requiring this to be zero, we get: 


ðO OL O OL OL 
Drog. * doaxm TÀ Wd gym TÀ a e= Om (215) 


(2.14) 


o=0 
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Fig. 2.1. The infinitesimal momenta on the world sheet. 


which are statements about the conjugate momenta: 


© pu + © pu =0 and P’=0 at o=0,7. (2.16) 
OT Oo 
Here, P# is the momentum running along the string (i.e. in the a di- 
rection) while P* is the momentum running transverse to it. The total 
spacetime momentum is given by integrating up the infinitesimal (see 
figure 2.1): 


dP! = Pdo + Pldr. (2.17) 


Actually, we can choose any slice of the world-sheet in order to compute 
this momentum. A most convenient one is a slice T = constant, revealing 
the string in its original paramaterisation: P# = f P#do, but any other 
slice will do. 

Similarly, one can define the angular momentum: 


Muy = J (PEXY — P” Xd. (2.18) 


It is a simple exercise to work out the momenta for our particular 
Lagrangian: 
; 2 MX / 
pr = p xix! — X'H(X - X’) 
(X , X')2 — VY2y?2 
X'HX? — XH(X - X! 
Pr=T XUXO ANU) (2.19) 
(X - xX’)? — X2X?2 


It is interesting to compute the square of PË from this expression, and 
one finds that 


P? = P!P o = —2T°X”. (2.20) 
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This is our first (perhaps) non-intuitive classical result. We noticed that 
P, vanishes at the endpoints, in order to prevent momentum from flow- 
ing off the ends of the string. The equation we just derived implies that 
X? = 0 at the endpoints, which is to say that they move at the speed of 
light. 

Just like we did in the point particle case, we can introduce an equiva- 
lent action which does not have the square root form that the current one 
has. Once again, we do it by introducing a independent metric, Yabl0, T), 
on the world-sheet, and write the ‘Polyakov’ action: 


S = — 


= we 1/24 h a. (2.21) 


~ Adal 


a) ll? 8 aX OLX” Tw 


If we vary y, we get 


6S = 


o f- =) 28yo hy, p + (— V) 284 ha l (2.22) 


Using the fact that 6y = yy fyab = —YYabð 7%, (which we already used 
in higher mesons see equation (1.13)) we get 


1 
— 2 ~y) t/? ab L cd 2 2 
~ Anal — fto by [ha b g tab) hea} ( . 3) 
‘Therefore we have ' 
hab — 5 Vab hea = 0, (2.24) 


from which we can derive 
9’ hap = (=h)? (=) "?, (2.25) 


and so substituting into S, we recover (just as in the point-particle case) 
that it reduces to the Nambu—Goto action, So. 


2.2.2 Symmetries 


Let us again study the symmetries of the action. 
e Spacetime Lorentz/Poincaré: 


XH XH = AHX” + AM, 


where A is an SO(1,3) Lorentz matrix and A” is an arbitrary con- 
stant four-vector. Just as before this is a trivial global symmetry 
of S (and also So), following from the fact that we wrote them in 
covariant form. 
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e world-sheet reparametrisations: 


6X! = "aX" 
bye — Cey — ð Cory cb dety ac (2.26) 


for two parameters ¢°(7,0). This is a non-trivial local or ‘gauge’ 
symmetry of S. This is a large extra symmetry on the world-sheet 
of which we will make great use. 


e Weyl invariance: 


Yab > Vab — evap, (2.27) 


specified by a function w(7, a). This ability to do local rescalings of 
the metric results from the fact that we did not have to choose an 
overall scale when we chose 7 to rewrite Sù in terms of S. This can 
be seen especially if we rewrite the relation (2.25) as (~h)! ?hab = 


(—y) ab. 


N.B. We note here for future use that there are just as many pa- 
rameters needed to specify the local symmetries (three) as there are 


independent components of the world-sheet metric. This is very use- 
ful, as we shall see. 


2.2.8 String equations of motion 


We can get equations of motion for the string by varying our action (2.21) 
with respect to the X*?: 


o ôa 4 y) 1/2 PX, Lox" 


y) IX EX", 22 
DA M79, XXT, (2.28) 


which results in the equations of motion: 


ða ((=7) PPX") = (7) PVX" =0, (2.29) 
with either: 
X'¥(7,0) = 0 Open string (2.30) 
X" (7,7) =0 (Neumann b.c.s) l 
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Or: 


Closed string 


X"(7,0) = X"(7, 71) periodic b.c.s) 


YablT, 0) — Vab(T; T) 
We shall study the equation of motion (2.29) and the accompanying 
boundary conditions a lot later. We are going to look at the standard 
Neumann boundary conditions mostly, and then consider the case of 
Dirichlet conditions later, when we uncover D-branes, using T-duality. 
Notice that we have taken the liberty of introducing closed strings by 
imposing periodicity (see also insert 2.1 (p. 32)). 


X' (7,0) = X(T, 7) 
(2.31) 


2.2.4 Further aspects of the two dimensional perspective 


The action (2.21) may be thought of as a two dimensional model of D 
bosonic fields X"(7,0). This two dimensional theory has reparameterisa- 
tion invariance, as it is constructed using the metric yap(T, 7) in a covariant 
way. It is natural to ask whether there are other terms which we might 
want to add to the theory which have similar properties. 

With some experience from General Relativity two other terms spring 
effortlessly to mind. One is the Einstein—Hilbert action (supplemented 
with a boundary term): 


y= -f d% (—7)!? R + — ek (2.32) 
Aq 2a 
where R is the two dimensional Ricci scalar on the world-sheet M and K 
is the trace of the extrinsic curvature tensor on the boundary OM. This 
latter quantity may be less familiar to some, and we will use it a lot in 
diverse dimensions much later in this book. (There is a discussion of it in 
insert 10.2 (p. 229), and we will not worry about it in detail here lest we 
get sidetracked.) 
The other term is: 


Lf boy 233) 


which is the cosmological term. What is the role of these terms here? 
Well, under a Weyl transformation (2.27), it can be seen that (—y)"? > 
e% (—y)!/? and R > e7% (R — 2V°w), and so y is invariant, (because R 
changes by a total derivative which is cancelled by the variation of K) 
but © is not. 

So we will include y, but not © in what follows. Let us anticipate some- 
thing that we will do later, which is to work with Euclidean signature to 
help make sense of the topological statements to follow: Yap with signa- 
ture (—+) has been replaced by gab with signature (++). Now, since as 


— Ama! 


Insert 2.1. T is for tension 


As a first non-trivial example (and to learn that T, a mass per unit 
length, really is the string’s tension) let us consider a closed string 
lying in the (Xt, X?) plane. 


X? = 2Rr; 
X! = Rsin 20 
X? = Roos 2e. 


We have made it by arranging that the o = 0, m ends meet, that 
momentum flows across that join. An examination of the equations 
of motion shows that this configuration is not a solution, and there 
are terms which do not vanish corresponding to the fact that the 
string does not want to stay at rest: since the string has tension, it 
is likely to want to shrink its length away if put into this shape. So 
let us think of this as a snapshot of such a situation, ignoring the 
non-vanishing terms which involve time derivative. It is worth taking 
the time to use this to show that one gets 


P? = T (2R,0,0), PË? = T (0, —2R cos 20, 2R sin 20), 


which is interesting, as a sketch shows. 


x? 


y! 


There is momentum flowing around the string (which is lying in a 
circle of radius R). The total momentum is 


T 
Pre / do PË. 
0 


The only non-zero component is the mass-energy: M = 27RT = 
length xT. 


Insert 2.2. A rotating open string 


As a second non-trivial example consider the following open string 
rotating at a constant angular velocity in the (Xt, X?) plane. Such 
a configuration is: 


X’ =7; X'=A (o - z) coswT, X*=A (o - =) sin WT, 


where it should be checked that the equations of motion fix A = 4. 


TW 
This is what it looks like (the spinning string is shown in frozen 


snapshots). 


It is again a worthwhile exercise to compute P”, and also M?”. With 
J = M” and M = P®, some algebra shows that 


ICAI == t => a! 
M2 mT l 


This parameter, a’, is the slope of the celebrated ‘Regge’ trajectories: 
the straight line plots of J vs. M? seen in nuclear physics in the 1960s. 
There remains the determination of the intercept of this straight line 
graph with the J-axis. It turns out to be one for the bosonic string 
as we shall see. 
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we said earlier, the full string action resembles two dimensional gravity 
coupled to D bosonic ‘matter’ fields X”, and the equations of motion are, 
of course, , 
Rap — zabh = Taob. (2.34) 

The left hand side vanishes identically in two dimensions, and so there 
are no dynamics associated to (2.32). The quantity x depends only on 
the topology of the world-sheet (it is the Euler number) and so will only 
matter when comparing world sheets of different topology. This will arise 
when we compare results from different orders of string perturbation the- 
ory and when we consider interactions. 

We can see this in the following. Let us add our new term to the action, 
and consider the string action to be: 


1 
S = I do g?g% XOX, 


Amal 
1 1 
trie | dog R+ = | isk}. (2.35) 
Am JM 27 JAM 


where A is — for now — and arbitrary parameter that we have not fixed to 
any particular value. 


N.B. It will turn out that A is not a free parameter. In the full 
string theory, it has dynamical meaning, and will be equivalent to 


the expectation value of one of the massless fields — the ‘dilaton’ — 
described by the string. 


So what will A do? Recall that it couples to Euler number, so in the 
full path integral defining the string theory: 


Z= J DXDg e5, (2.36) 


resulting amplitudes will be weighted by a factor e~**, where y = 2—2h— 
b—c. Here, h, b,c are the numbers of handles, boundaries and crosscaps, 
respectively, on the world sheet. Consider figure 2.2. An emission and 
reabsorption of an open string results in a change dy = —1, while for 
a closed string it is óy = —2. ‘Therefore, relative to the tree level open 
string diagram (disc topology), the amplitudes are weighted by eò and 
ec?’ respectively. The quantity gs = eò therefore will be called the closed 
string coupling. Note that it is the square of the open string coupling, 
which justifies the labelling we gave of the two three-string diagrams in 
figure 1.3. 
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oy =-—1 


doy = —2 


Fig. 2.2. World-sheet topology change due to emission and reabsorption 
of open and closed strings. 


2.2.5 The stress tensor 


Let us also note that we can define a two dimensional energy-momentum 
tensor: 


27 09 1 1 
ab =e ae a byu __ „ab c dyu 
T” (7,0)= E x fo X OX A Yed XO X \. 
(2.37) 
Notice that 
T? = aT” =0. (2.38) 


This is a consequence of Weyl symmetry. Reparametrisation invariance, 
65° = 0, translates here into (see discussion after equation (2.34)) 


Pre, (2.39) 


These are the classical properties of the theory we have uncovered so far. 
Later on, we shall attempt to ensure that they are true in the quantum 
theory also, with interesting results. 


2.2.6 Gauge fixing 


Now recall that we have three local or ‘gauge’ symmetries of the action: 


2D reparametrisations : 0,7 — d(0,T),7(0,T), 


Weyl: Yab — exp(2w(o,T)) Yap. (2.40) 
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The two dimensional metric Yap is also specified by three independent 
functions, as it is a symmetric 2 x 2 matrix. We may therefore use the 
gauge symmetries (see equations (2.26) and (2.27)) to choose Yap to be a 
particular form: 


—1 0 
Yab = Nabe? = ( 0 1) e, (2.41) 


i.e. the metric of two dimensional Minkowski, times a positive function 
known as a conformal factor. In this ‘conformal’ gauge, our X} equations 
of motion (2.29) become: 


0? 0? 


the two dimensional wave equation. (In fact, the reader should check that 
the conformal factor cancels out entirely of the action in equation (2.21).) 
As the wave equation is 0,+0,-X" = 0, we see that the full solution to 
the equation of motion can be written in the form: 


X"(0,T) = XP (aT) + XE(o_), (2.43) 


+ 


where o> = T 0. 


N.B. Write ot = r 40. This gives metric ds? = —dr? + do? —> 


—dotdo—. So we have n-+ = n+- = —1/2, nt = nt” = —2 and 
N+ = N- = ntt = no =Q. Also, O, = o, +0_ and Os = 01 -O_. 


Our constraints on the stress tensor become: 


1. 
Tro = Tor = —X"X), = 0 

Q 
Tro =T. = — (x"Xx X"X/,) =0 (2.44) 
oo — TT Oa! u + uJ TY . 


or 


1 1 1. 
Ty = 5 (dar + Tro) = Ot XP O4Xy = — x? = 0 


Q 
1 1 l os 


and T_, and T}— are identically zero. 
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2.2.7 The mode decomposition 
Our equations of motion (2.43), with our boundary conditions (2.30) and 
(2.31) have the simple solutions: 
1 l 
X¥ (7,0) = x! + 2a'p”T + il2a)!? D —ahe "T cosno, (2.46) 
n 
nÆ0 


for the open string and 


X"(r,0) = XH) + XECH) 


1 Aal no- 
XP(o) = aT +a pto +i ($) D mape” 


nÆ0 
1 AP] aot 
X? (ot) = aT +a pot +i ($) D -åpen , (2.47) 
nÆ0 


for the closed string, where, to ensure a real solution we impose a", = 
(a#)* and a", = (at)*. Note that r“ and p“ are the centre of mass 
position and momentum, respectively. In each case, we can identify p“ 
with the zero mode of the expansion: 


open string: ali = (2a)! Pp"; 
a! 1/2 
closed string: ah = (5) p”. (2.48) 


N.B. Notice that the mode expansion for the closed string (2.47) is 
simply that of a pair of independent left and right moving travelling 
waves going around the string in opposite directions. The open string 


expansion (2.46) on the other hand, has a standing wave for its solu- 
tion, representing the left and right moving sector reflected into one 
another by the Neumann boundary condition (2.30). 


2.2.8 Conformal invariance as a residual symmetry 


Actually, we have not gauged away all of the local symmetry by choosing 
the gauge (2.41). We can do a left-right decoupled change of variables: 


o™ > flot) =o"; o —> glo) = 0^. (2.49) 
Then, as 


f ðt Jat 
Vab — Oo!@ g!!! Yed; 


(2.50) 
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we have 


a (2tte" ae) a ost 


t= Oot Oa7 


However, we can undo this with a Weyl transformation of the form 
J, = exp(2u1 (ot) + 2wr(07)) y4- (2.52) 


if exp(—2wy(ot)) = 0, f(o7) and exp(—2wr(o)) = O_g(a7). So we 
still have a residual ‘conformal’ symmetry. As f and g are independent 
arbitrary functions on the left and right, we have an infinite number of 
conserved quantities on the left and right. This is because the conserva- 
tion equation VaT® = 0, together with the result T- = T_, = 0, turns 
into: 


OT 14 =( and O1T__ = 0, (2.53) 
but since O_ f = 0 = 01g, we have 


O0_(f(o")Ty4+) =0 and d;(g(o-)T__) =0, (2.54) 


resulting in an infinite number of conserved quantities. The fact that we 
have this infinite dimensional conformal symmetry is the basis of some 
of the most powerful tools in the subject, for computing in perturbative 
string theory. We will return to it not too far ahead. 


2.2.9 Some Hamiltonian dynamics 
Our Lagrangian density is 


1 


L = Teal (Og X ðs X u — 0, X"O-X 1), (2.55) 
from which we can derive that the conjugate momentum to X” is 
óL 1 | 
TT? = —— = — XxX", (2.56) 


6(0,X")  2ma 
So we have the equal time Poisson brackets: 


IX"(o), (o) pp = 18l — 0’), (2.57) 
(0), I (o')]p p = 0, (2.58) 


with the following results on the oscillator modes: 


car On|p.B. — [ah ÕnlP.B. — iMbmtnn 
PY. x" ]p p. ="; [ah An|p.p, = 0. (2.59) 
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We can form the Hamiltonian density 


1 
H = X", — L = Taa oX" 0o X p + 0r X" OX), (2.60) 
from which we can construct the Hamiltonian H by integrating along the 
length of the string. This results in: 


T _ 
H = | do H(o) = 5 2 a-n -Qn (open) (2.61) 
H 2T _ 7 7 
= | do H(o) = 5 d (a-n an + A_n- An) (closed). 


(We have used the notation an : an = Qanu.) The constraints Ty. = 
0 = J__ on our energy-momentum tensor can be expressed usefully in 
this language. We impose them mode by mode in a Fourier expansion, 
defining: 


T [7 , 1< 
Lm = zl e MrT dg = 5 Ss Am—n* An; (2.62) 
0 —oo 


and similarly for Lm, using T}+. Using the Poisson brackets (2.59), these 
can be shown to satisfy the ‘Virasoro’ algebra: 


[Lm, Lnlp g = um — n)Lm+n; [Lm, In| pp. — i(m — n)Lm+n; 

Lm, Ln|pp = 0. (2.63) 
Notice that there is a nice relation between the zero modes of our expan- 
sion and the Hamiltonian: 


H = Lọ (open); H=LIo+Lo (closed). (2.64) 


So to impose our constraints, we can do it mode by mode and ask that 
Lm = 0 and Lm = 0, for all m. Looking at the zeroth constraint results 
in something interesting. Note that 


Lo 


1 TETESI 
5% 5 Qn + An 


n=l 


CO 
a'pP py + Yan An 


n=l 


OO 
—alM* + X` ain: On. (2.65) 


n=l 
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Requiring Lo to be zero — diffeomorphism invariance — results in a (space- 
time) mass relation: 


1 OO 
M? = 7 Ss An + An (open), (2.66) 
n=1 


where we have used the zero mode relation (2.48) for the open string. A 
similar exercise produces the mass relation for the closed string: 
9 OO 
M? = 7 Ss (a-n An + An + An) (closed). (2.67) 
n=l 
These formulae (2.66) and (2.67) give us the result for the mass of a state 
in terms of how many oscillators are excited on the string. The masses 
are set by the string tension T = (27a’)~', as they should be. Let us not 
dwell for too long on these formulae however, as they are significantly 
modified when we quantise the theory, since we have to understand the 
infinite constant which we ignored. 


2.3 Quantised bosonic strings 


For our purposes, the simplest route to quantisation will be to promote 
everything we met previously to operator statements, replacing Poisson 


Brackets by commutators in the usual fashion: [ , |p.p.— —i[ , |. 
This gives: 
X” (7,0), I(T, o] = in” (o — o); [O"(r, o), II’ (7, 0’) | = 0 
[am Anl = [Am An] = Mmt” 
je’, p] = in”; [af àn] = 0. (2.68) 


N.B. One of the first things that we ought to notice here is that 
/mat,,,, are like creation and annihilation operators for the harmonic 


oscillator. There are actually D independent families of them — one 
for each spacetime dimension — labelled by pu. 


In the usual fashion, we will define our Fock space such that |0; k) 
is an eigenstate of p” with centre of mass momentum k”. This state is 
annihilated by ay. 

What about our operators, the Lm? Well, with the usual ‘normal or- 
dering’ prescription that all annihilators are to the right, the L,, are all 
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fine when promoted to operators, except the Hamiltonian, Lo. It needs 
more careful definition, since a and a“,, do not commute. Indeed, as an 
operator, we have that 


1 OO 

Lo = 5% + Ss Q_n* Qn + constant, (2.69) 
n=l 

where the apparently infinite constant is composed of the infinite sum 

(1/2) So°°., for each of the D families of oscillators. As is of course 

to be anticipated, this infinite constant can be regulated to give a finite 

answer, corresponding to the total zero point energy of all of the harmonic 


oscillators in the system. 


2.8.1 The constraints and physical states 


For now, let us not worry about the value of the constant, and simply 
impose our constraints on a state |) as*: 


(Lo —a)|¢) =0; = Lm|d) =0 for m > 0, 
(Lo — a)|¢) = 0: Lim|¢) =0 for m >O, (2.70) 
where our regulated constant is set by a, which is to be computed. There 


is a reason why we have not also imposed this constraint for the L_ »s. 
This is because the Virasoro algebra (2.63) in the quantum case is: 


[Lm, Ln] = (m — n)Lm+n + 75 (mr — m)bm+n3 [Lm Ly | = 0; 
- > - D 
[Lm, Ln| = (m — n)Lmen + T —m)bm+n- (2.71) 


There is a central term in the algebra, which produces a non-zero constant 
when m = n. Therefore, imposing both Lm and L_,, would produce an 
inconsistency. Note now that the first of our constraints (2.70) produces 
a modification to the mass formulae: 


1 OO 
M°’ = — ($ Qn ` An — a) (open) (2.72) 
Q 
n=1 
2 2/5 ~ - 
M! = — D (a-n An + A-n ` An) — 2a (closed). 
Q 
n=1 


* This assumes that the constant a on each side are equal. At this stage, we have no 
other choice. We have isomorphic copies of the same string modes on the left and the 
right, for which the values of a are by definition the same. When we have more than 
one consistent conformal field theory to choose from, then we have the freedom to 
consider having non-isomorphic sectors on the left and right. This is how the heterotic 
string is made, for example, as we shall see later. 
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Notice that we can denote the (weighted) number of oscillators excited as 
N = a-n: Qn (= >>nNp) on the left and N = > ã-n Gn (= > nN) 
on the right. Nn and Nn are the true count, on the left and right, of the 
number of copies of the oscillator labelled by n is present. 

There is an extra condition in the closed string case. While Lo + Lo gen- 
erates time translations on the world sheet (being the Hamiltonian), the 
combination Lo — Lo generates translations in ø. As there is no physical 
significance to where on the string we are, the physics should be invari- 
ant under translations in o, and we should impose this as an operator 
condition on our physical states: 


(Ly — Lo) |4) = 0, (2.73) 


which results in the ‘level-matching’ condition N = N, equating the num- 
ber of oscillators excited on the left and the right. This is indeed the 
difference between the two equations in (2.70). 

In summary then, we have two copies of the open string on the left and 
the right, in order to construct the closed string. The only extra subtlety 
is that we should use the correct zero mode relation (2.48) and match 
the number of oscillators on each side according to the level matching 
condition (2.73). 


2.8.2 The intercept and critical dimensions 


Let us consider the spectrum of states level by level, and uncover some 
of the features, focusing on the open string sector. Our first and simplest 
state is at level 0, i.e. no oscillators excited at all. There is just some 
centre of mass momentum that it can have, which we shall denote as k”. 
Let us write this state as |0; k}. The first of our constraints (2.70) leads 
to an expression for the mass: 
17,2 2 a 

(Lo — a)l0; k} = 0 > a kf =a, so M =- (2.74) 
This state is a tachyonic state, having negative mass-squared (assuming 
a> 0. 

The next simplest state is that with momentum sk", and one oscillator 
excited. We are also free to specify a polarisation vector ¢”. We denote 
this state as |Ç, k} = (Ç - a_1)|0;&); it starts out the discussion with D 
independent states. The first thing to observe is the norm of this state: 


(C; k|l¢; k} = (0; k|¢* - ag - a_1|0; k’) 
= Ç%& (0; klay a” ]0; k) 
= €-¢(0;k|0;k’) = C- C(27)” 86” (k — k'), (2.75) 
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where we have used the commutator (2.68) for the oscillators. From this 
we see that the timelike Cs will produce a state with negative norm. Such 
states cannot be made sense of in a unitary theory, and are often called! 
‘chosts’. 

Let us study the first constraint: 


(Lo—a)|\G;k)=0 = ak? +1=a, M’= 


The next constraint gives: 


LIGA) = korea ash) =0 > k-C=0. (2.77) 


Actually, at level one, we can also make a special state of interest: 
lY} = L_,|0;k). This state has the special property that it is orthogonal 
to any physical state, since (¢|W) = (Wld)* = (0; k|L£1|¢) = 0. It also has 
Lily) = 2L0|0;k) = a'k?|0; k). This state is called a ‘spurious’ state. 

So we note that there are three interesting cases for the level one 
physical state we have been considering. 


la<1=>3M?’>0: 


e momentum k is timelike, 
e we can choose a frame where it is (k,0,0,...), 
e spurious state is not physical, since k? Æ 0, 


e &-¢ =O removes the timelike polarisation; D — 1 states left. 
2.a>1>M* <0: 


e momentum k is spacelike, 

e we can choose a frame where it is (0, k1, ko,...), 

e spurious state is not physical, since k? Æ 0, 

e &-¢ = 0 removes a spacelike polarisation; D — 1 tachyonic 
states left, one which is including ghosts. 


3.a=1>M*=0: 


e momentum f is null, 
e we can choose a frame where it is (k,k,0,...), 


e spurious state is physical and null, since k? = 0, 


' These are not to be confused with the ghosts of the friendly variety — Faddeev—Popov 
ghosts. These negative norm states are problematic and need to be removed. 
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e k-¢ = 0 and k? = 0 remove two polarisations; D — 2 states 
left. 


So if we choose case (3), we end up with the special situation that we 
have a massless vector in the D dimensional target spacetime. It even has 
an associated gauge invariance: since the spurious state is physical and 
null, and therefore we can add it to our physical state with no physical 
consequences, defining an equivalence relation: 


Io) ~ 10) FAY) ES CE HE ARE, (2.78) 


Case (1), while interesting, corresponds to a massive vector, where the 
extra state plays the role of a longitudinal component. Case (2) seems 
bad. We shall choose case (3), where a = 1. 

It is interesting to proceed to level two to construct physical and spu- 
rious states, although we shall not do it here. The physical states are 
massive string states. If we insert our level one choice a = 1 and see what 
the condition is for the spurious states to be both physical and null, we 
find that there is a condition on the spacetime dimension?: D = 26. 

In summary, we see that a = 1, D = 26 for the open bosonic string 
gives a family of extra null states, giving something analogous to a point 
of ‘enhanced gauge symmetry’ in the space of possible string theories. 
This is called a ‘critical’ string theory, for many reasons. We have the 24 
states of a massless vector we shall loosely called the photon, A,,, since it 
has a U(1) gauge invariance (2.78). There is a tachyon of M? = —1/a’ in 
the spectrum, which will not trouble us unduly. We will actually remove 
it in going to the superstring case. Tachyons will reappear from time 
to time, representing situations where we have an unstable configuration 
(as happens in field theory frequently). Generally, it seems that we should 
think of tachyons in the spectrum as pointing us towards an instability, 
and in many cases, the source of the instability is manifest. 

Our analysis here extends to the closed string, since we can take two 
copies of our result, use the appropriate zero mode relation (2.48), and 
level matching. At level zero we get the closed string tachyon which has 
M? = —4/a'. At level zero we get a tachyon with mass given by M? = 
—4/a', and at level 1 we get 24? massless states from a! ,a@”,|0;k). The 
traceless symmetric part is the graviton, Guy and the antisymmetric part, 
Biv, is sometimes called the Kalb-Ramond field, and the trace is the 
dilaton, ®. 


t We get a condition on the spacetime dimension here because level two is the first 
time it can enter our formulae for the norms of states, via the central term in the 
Virasoro algebra (2.71). 
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2.3.9 A glance at more sophisticated techniques 


Later we shall do a more careful treatment of our gauge fixing procedure 
(2.41) by introducing Faddeev—Popov ghosts (b,c) to ensure that we stay 
on our chosen gauge slice in the full theory. Our resulting two dimensional 
conformal field theory will have an extra sector coming from the (b,c) 
ghosts. 

The central term in the Virasoro algebra (2.71) represents an anomaly 
in the transformation properties of the stress tensor, spoiling its properties 
as a tensor under general coordinate transformations. Generally: 


aot N E ene i c | 20%0'0,0' — 3020'020' 
(Fe | Thilo) =Ty4lo") — 5 ao 2 , (2.79) 


where here c is a number, the central charge which depends upon the con- 
tent of the theory. In our case, we have D bosons, which each contribute 
1 to c, for a total anomaly of D. 

The ghosts do two crucial things: They contribute to the anomaly the 
amount —26, and therefore we can retain all our favourite symmetries for 
the dimension D = 26. They also cancel the contributions to the vacuum 
energy coming from the oscillators in the u = 0,1 sector, leaving D — 2 
transverse oscillators’ contribution. 

The regulated value of —a is the vacuum or ‘zero point’ energy (z.p.e.) 
of the transverse modes of the theory. This zero point energy is simply the 
Casimir energy arising from the fact that the two dimensional field theory 
is in a box. The box is the infinite strip, for the case of an open string, or 
the infinite cylinder, for the case of the closed string (see figure 2.3). 

A periodic (integer moded) boson such as the types we have here, X", 
each contribute —1/24 to the vacuum energy (see insert 2.3 (p. 46) on a 
quick way to compute this). So we see that in 26 dimensions, with only 


0 —> T 


—— r 
o O<o<2t 


Fig. 2.3. String world-sheets as boxes upon which lives two dimensional 
conformal field theory. 
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Insert 2.3. Zero point energy from the exponential map 


After doing the transformation to the z-plane, it is interesting to note 
that the Fourier expansions we have been working with to define the 
modes of the stress tensor become Laurent expansions on the complex 
plane, e.g. 


“OSL 
m 
M=—OCO 
One of the most straightforward exercises is to compute the zero point 
energy of the cylinder or strip (for a field of central charge c) by 
starting with the fact that the plane has no Casimir energy. One 
simply plugs the exponential change of coordinates z = e” into the 
anomalous transformation for the energy momentum tensor and com- 
pute the contribution to Tww starting with T,,: 


C 


LTww = -2° Tz — 94° 


which results in the Fourier expansion on the cylinder, in terms of 
the modes: 


OO 


c oar 
Tww(w) = _ Ss (En = S ömo) elm, 


mM=— CO 


24 contributions to count (see previous paragraph), we get that —a = 
24 x (—1/24) = —1. (Notice that from equation (2.69), this implies that 
zı n = —1/12, which is in fact true (!) in ¢-function regularisation.) 

Later, we shall have world-sheet fermions Y” as well, in the supersym- 
metric theory. They each contribute 1/2 to the anomaly. World sheet 
superghosts will cancel the contributions from Y°, yt. Each anti-periodic 
fermion will give a z.p.e. contribution of —1/48. 

Generally, taking into account the possibility of both periodicities for 
either bosons or fermions: 

1 


1 
Z.p.e. = Sw for boson; -3% for fermion (2.80) 


0 = 0 (integer modes) 
5 (half-integer modes). 


This is a formula that we shall use many times in what is to come. 
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2.4 The sphere, the plane and the vertex operator 


The ability to choose the conformal gauge, as first discussed in 
section 2.2.6, gives us a remarkable amount of freedom, which we can 
put to good use. The diagrams in figure 2.3 represent free strings coming 
in from T = —oo and going out to T = +00. Let us first focus on the 
closed string, the cylinder diagram. Working with Euclidean signature by 
taking T — —i7T, the metric on it is 


ds? = dr? + do’, OO L TA FO OLOA 2m: 
We can do the change of variables 
vee; (2.81) 
with the result that the metric changes to 
ds* = dr* + do* — |z|~*dzdz. 


This is conformal to the metric of the complex plane: ds? = dzdZ, and so 
we can use this as our metric on the world-sheet, since a conformal factor 
e? = |z|~? drops out of the action, as we already noticed. 

The string from the infinite past T = —oo is mapped to the origin while 
the string in the infinite future T = +00 is mapped to the ‘point’ at infin- 
ity. Intermediate strings are circles of constant radius |z|. See figure 2.4. 
The more forward-thinking reader who prefers to have the T = +œ string 
at the origin can use the complex coordinate z = 1/z instead. 

One can even ask that both strings be placed at finite distance in z. 
Then we need a conformal factor which goes like |z|~? at z = 0 as before, 
but like |z|? at z = oo. There is an infinite set of functions which do that, 
but one particularly nice choice leaves the metric: 


AR*dzdz 
ee Pye 


ds? = (2.82) 


x0 


i ee 


0 < O< 2n Pais, cette wee 


Fig. 2.4. The cylinder diagram is conformal to the complex plane and the 
sphere. 
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which is the familiar expression for the metric on a round S$? with radius 
R, resulting from adding the point at infinity to the plane. See figure 2.4. 
The reader should check that the precise analogue of this process will 
relate the strip of the open string to the upper half plane, or to the disc. 
The open strings are mapped to points on the real axis, which is equivalent 
to the boundary of the disc. See figure 2.5. 

We can go even further and consider the interaction with three or more 
strings. Again, a clever choice of function in the conformal factor can be 
made to map any tubes or strips corresponding to incoming strings to a 
point on the interior of the plane, or on the surface of a sphere (for the 
closed string) or the real axis of the upper half-plane of the boundary of 
the disc (for the open string). See figure 2.6. 


2.4.1 States and operators 


There is one thing which we might worry about. Have we lost any infor- 
mation about the state that the string was in by performing this reduction 
of an entire string to a point? Should we not have some sort of marker 
with which we label each point with the properties of the string it came 
from? The answer is in the affirmative, and the object which should be 
inserted at these points is called a ‘vertex operator’. Let us see where it 
comes from. 

As we learned in the previous subsection, we can work on the complex 
plane with coordinate z. In these coordinates, our mode expansions (2.46) 
and (2.47) become: 


ot \ 1/2 a! \ 1/2 1 
PU 2S Sa @ ag lnzz +i (=) D 7 On (2? +z"), 


Fig. 2.5. The strip diagram is conformal to the upper half of the complex 
plane and the disc. 
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Fig. 2.6. Mapping any number of external string states to the sphere or 
disc using conformal transformations. 


for the open string, and for the closed: 


1 1/2 Al 1/2 
X (2) = 5 — 7? (5) ab In z +2 @ > -abg ” 
nÆ0 
a 1/2 af 1/2 
nÆ0 


! 1/2 
ðX" (z) = —i (=) ane (2.85) 
and that we can invert these to get (for the closed string) 


ea ie ae as 
Q (= ie oz X” (z) A n (2) a oz X” (z), 


which are non-zero for n > 0. This is suggestive: equations (2.85) define 
left-moving (holomorphic) and right-moving (anti-holomorphic) fields. 
We previously employed the objects on the left in (2.86) in making states 
by acting, e.g. a't,|0;k). The form of the right hand side suggests that 
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this is equivalent to performing a contour integral around an insertion of a 
pointlike operator at the point z in the complex plane (see figure 2.7). For 
example, a”, is related to the residue ô; X” (0), while the a“ „ correspond 
to higher derivatives 02” X"(0). This is course makes sense, as higher lev- 
els correspond to more oscillators excited on the string, and hence higher 
frequency components, as measured by the higher derivatives. The state 
with no oscillators excited (the tachyon), but with some momentum k, 
simply corresponds in this dictionary to the insertion of 


|0; k) <> fez Taur (2.87) 


We have integrated over the insertions’ position on the sphere since the 
result should not depend upon our parameterisation. This is reasonable, 
as it is the simplest form that allows the right behaviour under transla- 
tions: A translation by a constant vector, X¥ — X” + A”, results in a 
multiplication of the operator (and hence the state) by a phase e’*“. The 
normal ordering signs :: are there to remind us that the expression means 
to expand and keep all creation operators to the left, when expanding in 
terms of the ai8. 

The closed string level one vertex operator corresponds to the emission 
or absorption of G,,, By, and ®: 


Ca a” 1|0; k) 1 / d'z : CyyO,X"Oz,X"el** : (2.88) 


where the symmetric part of ¢,, is the graviton and the antisymmetric 
part is the antisymmetric tensor. 


at, a, \O;k) 


uv 
Fig. 2.7. The correspondence between states and operator insertions. A 
closed string (graviton) state ¢,,,a" ,@”,|0; k} is set up on the closed string 


at T = —oo and it propagates in. This is equivalent to inserting a graviton 
vertex operator VH” (z) =: Cô X zX” ÁX : at z = 0. 
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For the open string, the story is similar, but we get two copies of the 
relations (2.86) for the single set of modes a", (recall that there are 
no as). This results in, for example the relation for the photon: 


Ca ,|0; k) = fa : Cu X EX :, (2.89) 


where the integration is over the position of the insertion along the 
real axis. Also, p means the derivative tangential to the boundary. The 


tachyon is simply the boundary insertion of the momentum : et¥¥: alone. 


2.5 Chan—Paton factors 


Let us endow the string endpoints with a slightly more interesting prop- 
erty. We can add non-dynamical degrees of freedom to the ends of the 
string without spoiling spacetime Poincaré invariance or world-sheet con- 
formal invariance. These are called ‘Chan—Paton’ degrees of freedom? 
and by declaring that their Hamiltonian is zero, we guarantee that they 
stay in the state that we put them into. In addition to the usual Fock 
space labels we have been using for the state of the string, we ask that 
each end be in a state i or j for i, j from 1 to N (see figure 2.8). We use 
a family of N x N matrices, Ajj, as a basis into which to decompose a 
string wavefunction 


N 
hs) = So [kij Ag (2.90) 
ij=l 


These wavefunctions are called ‘Chan—Paton factors’. Similarly, all open 
string vertex operators carry such factors. For example, consider the tree- 
level (disc) diagram for the interaction of four oriented open strings in 
figure 2.9. As the Chan—Paton degrees of freedom are non-dynamical, the 
right end of string number 1 must be in the same state as the left end of 
string number 2, etc., as we go around the edge of the disc. After summing 
over all the possible states involved in tying up the ends, we are left with 
a trace of the product of Chan—Paton factors, 


AGA KARA = Tr(ATA ASAS). (2.91) 


pA S~ 


Fig. 2.8. An open string with Chan—Paton degrees of freedom. 
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4 3 


Fig. 2.9. A four-point scattering of open strings, and its conformally re- 
lated disc amplitude. 


All open string amplitudes will have a trace like this and are invariant 
under a global (on the world-sheet) U (N): 


aoe UNUS (2.92) 


under which the endpoints transform as N and N. 

Notice that the massless vector vertex operator V°“ = AZ O,X" exp x 
(ik- X) transforms as the adjoint under the U(N) symmetry. This means 
that the global symmetry of the world-sheet theory is promoted to a gauge 
symmetry in spacetime. It is a gauge symmetry because we can make a 
different U(.N) rotation at separate points X“(o,7) in spacetime. 


2.6 Unoriented strings 
2.6.1 Unoriented open strings 


There is an operation of world-sheet parity Q which takes o — 7—o, on 
the open string, and acts on z = e’ ™ as z +e —z. In terms of the mode 
expansion (2.83), X"(z, zZ) — X"(—Z, —z) yields 


ch — r” 
pt — p" 
al — (-1)"af,. (2.93) 


This is a global symmetry of the open string theory and so we can, if we 
wish, also consider the theory that results when it is gauged, by which we 
mean that only (Q)-invariant states are left in the spectrum. We must also 
consider the case of taking a string around a closed loop. It is allowed to 
come back to itself only up to an over all action of Q, which is to swap 
the ends. This means that we must include unoriented world-sheets in 
our analysis. For open strings, the case of the Mobius strip is a useful 
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example to keep in mind. It is on the same footing as the cylinder when 
we consider gauging Q. The string theories which result from gauging Q 
are understandably called ‘unoriented string theories’. 

Let us see what becomes of the string spectrum when we perform this 
projection. The open string tachyon is even under 2 and so survives the 
projection. However, the photon, which has only one oscillator acting, 
does not: 


Qk) = +lk) 
Nat, |k) = —at,|k). (2.94) 


We have implicitly made a choice about the sign of Q as it acts on the vac- 
uum. The choice we have made in writing equation (2.94) corresponds to 
the symmetry of the vertex operators (2.89): the resulting minus sign 
comes from the orientation reversal on the tangent derivative ó, (see 
figure 2.10). 

Fortunately, we have endowed the string’s ends with Chan—Paton fac- 
tors, and so there is some additional structure which can save the photon. 
While © reverses the Chan—Paton factors on the two ends of the string, 
it can have some additional action: 


QAizlk ij) > Alki), A = MX M. (2.95) 


This form of the action on the Chan—Paton factor follows from the re- 
quirement that it be a symmetry of the amplitudes which have factors 
like those in equation (2.91). 

If we act twice with Q, this should square to the identity on the fields, 
and leave only the action on the Chan—Paton degrees of freedom. States 
should therefore be invariant under: 


\— MM~? Mi M. (2.96) 


Or Or 


Fig. 2.10. The action of Q on the photon vertex operator can be deduced 
from seeing how exchanging the ends of the string changes the sign of the 
tangent derivative, ó}. 
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Now it should be clear that the A must span a complete set of N x N 
matrices: If strings with ends labelled ik and jl are in the spectrum for 
any values of k and l, then so is the state 17. This is because jl implies lj 
by CPT, and a splitting—joining interaction in the middle gives tk + lj — 
ag + Ck. 

Now equation (2.96) and Schur’s lemma require MM~? to be propor- 
tional to the identity, so M is either symmetric or antisymmetric. ‘This 
gives two distinct cases, modulo a choice of basis?*. Denoting the n x n 
unit matrix as In, we have the symmetric case: 


M = M! = Iy. (2.97) 


In order for the photon A;ja”; |k, ij) to be even under Q and thus survive 
the projection, A must be antisymmetric to cancel the minus sign from 
the transformation of the oscillator state. So A = —A/, giving the gauge 
group SO(N). For the antisymmetric case, we have: 


_ aT; 0 Ína 
M=-M =i py v2 | (2.98) 


For the photon to survive, A = — MA! M, which is the definition of the 
gauge group USp(N). Here, we use the notation that USp(2) = SU (2). 
Elsewhere in the literature this group is often denoted Sp(N/2). 


2.6.2 Unoriented closed strings 


Turning to the closed string sector. For closed strings, we see that the 
mode expansion (2.84) for X(z,Z) = X7(z) + Xp(Z) is invariant under 
a world-sheet parity symmetry 0 — —o, which is z — —zZ. (We should 
note that this is a little different from the choice of Q we took for the 
open strings, but more natural for this case. The two choices are related 
to each other by a shift of 7.) This natural action of simply reverses 
the left- and right-moving oscillators: 


Q: ab e àh. (2.99) 


Let us again gauge this symmetry, projecting out the states which are 
odd under it. Once again, since the tachyon contains no oscillators, it is 
even and is in the projected spectrum. For the level one excitations: 


Qa ã ilk) = ão” |k), (2.100) 


and therefore it is only those states which are symmetric under u > v — the 
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graviton and dilaton — which survive the projection. The antisymmetric 
tensor is projected out of the theory. 


2.6.3 World-sheet diagrams 


As stated before, once we have gauged Q, we must allow for unoriented 
world-sheets, and this gives us rather more types of string world-sheet 
than we have studied so far. Figure 2.11 depicts the two types of one-loop 
diagram we must consider when computing amplitudes for the open string. 
The annulus (or cylinder) is on the left, and can be taken to represent an 
open string going around in a loop. The Mobius strip on the right is an 
open string going around a loop, but returning with the ends reversed. 
The two surfaces are constructed by identifying a pair of opposite edges 
on a rectangle, one with and the other without a twist. 

Figure 2.12 shows an example of two types of closed string one-loop 
diagram we must consider. On the left is a torus, while on the right is a 
Klein bottle, which is constructed in a similar way to a torus save for a 
twist introduced when identifying a pair of edges. 

In both the open and closed string cases, the two diagrams can be 
thought of as descending from the oriented case after the insertion of the 
normalised projection operator sTr(1 + Q) into one-loop amplitudes. 

Similarly, the unoriented one-loop open string amplitude comes from 
the annulus and Mobius strip. We will discuss these amplitudes in more 
detail later. 

The lowest order unoriented amplitude is the projective plane RP’, 
which is a disk with opposite points identified (see figure 2.13). Shrinking 


= a 


(a) 


Fig. 2.11. — a cylinder or annulus by Z a pair of 
opposite BWA of a rectangle. (b) Constructing a Möbius strip by identi- 
fying after a twist. 
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(a) (b) 


Fig. 2.12. (a) Constructing a torus by identifying opposite edges of a 
rectangle. (b) Constructing a Klein bottle by identifying after a twist. 


Sx 


Fig. 2.13. Constructing the projective plane RP? by identifying opposite 
points on the disk. This is equivalent to a sphere with a crosscap insertion. 


the identified hole down, we recover the fact that RP? may be thought of 
as a sphere with a crosscap inserted, where the crosscap is the result of 
shrinking the identified hole. Actually, a Mobius strip can be thought of as 
a disc with a crosscap inserted, and a Klein bottle is a sphere with two 
crosscaps. Since a sphere with a hole (one boundary) is the same as a disc, 
and a sphere with one handle is a torus, we can classify all world-sheet 
diagrams in terms of the number of handles, boundaries and crosscaps that 
they have. Insert 2.4 (p.57) summaries all the world-sheet perturbation 
theory diagrams up to one loop. 


2.7 Strings in curved backgrounds 


So far, we have studied strings propagating in the (uncompactified) 
target spacetime with metric nuv. While this alone is interesting, it is 
curved backgrounds of one sort or another which will occupy much of 
this book, and so we ought to see how they fit into the framework 
so far. 
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Insert 2.4. World-sheet perturbation theory diagrams 


It is worthwhile summarising all of the string theory diagrams up to 
one-loop in a table. Recall that each diagram is weighted by a factor 
gX = g2h-2+°+¢ where h, b,c are the numbers of handles, boundaries 
and crosscaps, respectively. 


torus T? 


closed 
oriented 


disc Do cylinder Co 
(half-plane) (annulus) 


oriented 


unoriented 


unoriented 
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A natural generalisation of our action is simply to study the ‘o-model’ 
action: 


1 
So = -7 J da (=) yG u (X) X aX". (2.101) 


Comparing this to what we had before (2.21), we see that from the two 
dimensional point of view this still looks like a model of D bosonic fields 
XF, but with field dependent couplings given by the non-trivial spacetime 
metric G(X). This is an interesting action to study. 

A first objection to this is that we seem to have cheated somewhat: 
strings are supposed to generate the graviton (and ultimately any curved 
backgrounds) dynamically. Have we cheated by putting in such a back- 
eround by hand? Or a more careful, less confrontational question might 
be: is it consistent with the way strings generate the graviton to introduce 
curved backgrounds in this way? 

Well, let us see. Imagine, to start off, that the background metric is 
only locally a small deviation from flat space: Guu (X) = Quy + hy X), 
where h is small. 

Then, in conformal gauge, we can write in the Euclidean path integral 


(2.36): 


eTe =e (1 + = J d? zhyy(X)O,X"OzX” +- ) (2.102) 
and we see that if hyp (X) X gsCuv exp(tk - X), where Ç is a symmetric 
polarisation matrix, we are simply inserting a graviton emission vertex 
operator. So we are indeed consistent with that which we have already 
learned about how the graviton arises in string theory. Furthermore, the 
insertion of the full G,,(X) is equivalent in this language to inserting 
an exponential of the graviton vertex operator, which is another way of 
saying that a curved background is a ‘coherent state’ of gravitons. 

It is clear that we should generalise our success, by including o-model 
couplings which correspond to introducing background fields for the an- 
tisymmetric tensor and the dilaton: 


1 
Ata! 


S, = J Po g"! [(G Gyy(X) + ie Buy(X))OaX" X” + al RI , 


(2.103) 


where By is the background antisymmetric tensor field and ©® is the 
background value of the dilaton. The coupling for B» is a rather straight- 
forward generalisation of the case for the metric. The power of a’ is there 
to counter the scaling of the dimension one fields X#, and the antisym- 
metric tensor accommodates the antisymmetry of B. For the dilaton, a 
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coupling to the two dimensional Ricci scalar is the simplest way of writing 
a reparametrisation invariant coupling when there is no index structure. 
Correspondingly, there is no power of a’ in this coupling, as it is already 
dimensionless. 


N.B. It is worth noting that a’ is rather like h for this two dimensional 
theory, since the action is very large if a’ — 0, and so this is a good 
limit to expand around. In this sense, the dilaton coupling is a one- 


loop term. Another thing to notice is that the a’ — 0 limit is also like 
a ‘large spacetime radius’ limit. This can be seen by scaling lengths 
by Guy > r?G uv, Which results in an expansion in a’/ r?. Large radius 
is equivalent to small a’. 


The next step is to do a full analysis of this new action and ensure that 
in the quantum theory, one has Weyl invariance, which amounts to the 
tracelessness of the two dimensional stress tensor. Calculations (which we 
will not discuss here) reveal that: 


1 1 
T°, = 5 9 Oa XH IX” — a je aX OX” — =G"R, (2.104) 
Q Q 


l KO 
Bo, =a! (Ra + 2V iV L® — -Huko H, ) + O(a’), 


pv 4 
w 7 9 KUV KUV ’ ° 
D—26 1 1 
B? — oy! ( ao _ 5V o 4 V.,.eV"® _ gH) 4 O(a’), 


with Ayr = On Bun + Bip + OcBuy. For Weyl invariance, we ask that 
each of these (-functions for the o-model couplings actually vanish. (See 
insert 3.1 for further explanation of this.) The remarkable thing is that 
these resemble spacetime field equations for the background fields. These 
field equations can be derived from the following spacetime action: 


1 1 
= — | d?xX(-G)'/?e-* AV ,®V"® — —H,,,, Ht 
: al (=G) 2e?® | RAV, OV" — — Ay 


_ 24D —*6) + O(a*)]. (2.106) 


3a! 
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N.B. Now we note something marvellous: ® is a background field 
which appears in the closed string theory o-model multiplied by the 
Euler density. So comparing to equation (2.35) (and discussion fol- 


lowing), we recover the remarkable fact that the string coupling gs is 
not fixed, but is in fact given by the value of one of the background 
fields in the theory: gẹ = e'?). So the only free parameter in the 
theory is the string tension. 


Turning to the open string sector, we may also write the effective action 
which summarises the leading order (in a’) open string physics at tree 
level: 


S = -S [arx e °TrF, FY” + O(a’), (2.107) 


with C a dimensionful constant which we will fix later. It is of course of 
the form of the Yang-Mills action, where Fuy = 0,A, — 0, Ay. The field 
A,, is coupled in o-model fashion to the boundary of the world sheet by 
the boundary action: 


/ dr A,,O,X", (2.108) 
OM 


mimicking the form of the vertex operator (2.89). 

One should note the powers of e? in the above actions. Recall that the 
expectation value of e? sets the value of gs. We see that the appearance 
of ® in the actions are consistent with this, as we have e~?° in front of 
all of the closed string parts, representing the sphere (g7?) and e~® for 
the open string, representing the disc (gz). 

Notice that if we make the following redefinition of the background 
fields: 

G(X) = POG, = eMPo~P)(P-2 Gr, (2.109) 


and use the fact that the new Ricci scalar can be derived using: 
R= ec? |R- XD -1)V°9 — (D=2)(D=1)d,00"Q], (2-110) 
the action (2.106) becomes: 


1 D n12 A 4 zoug 
- fax- -_Ż y, ĝy"ğ 2111 
S zaja (-Ĝ) Š VV (2.111) 


L gap a 2(D — 26) 4% p- 
-7° 8/(D 2) Ay HH" A ( 3a) ) Ab/(D 3o), 
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with ® = ® — Gp. Looking at the part involving the Ricci scalar, we see 
that we have the form of the standard Einstein—Hilbert action (i.e. we 
have removed the factor involving the dilaton ®), with Newton’s constant 
set by 

K = Ke"? = (8nGy)!?. (2.112) 
The standard terminology to note here is that the action (2.106) written 
in terms of the original fields is called the ‘string frame action’, while the 
action (2.111) is referred to as the ‘Einstein frame action’. It is in the 
latter frame that one gives meaning to measuring quantities like gravita- 
tional mass-energy. It is important to note the means, equation (2.109), 
to transform from the fields of one to another, depending upon dimension. 


2.8 A quick look at geometry 


Now that we are firmly in curved spacetime, it is probably a good idea 
to gather some concepts, language and tools which will be useful to us in 
many places later on. We have already reminded ourselves in chapter 1 of 
aspects of the classical differential geometry that is used to formulate the 
dynamics of gravity, introducing the metric, affine connection, Riemann 
tensors, etc. We will have reason to use another very pleasant way of 
writing of the various geometrical objects which appear in dynamical 
gravity, so we will quickly review it now, visiting a few other useful objects 
like differential forms along the way. 


2.8.1 Working with the local tangent frames 


We can introduce ‘vielbeins’ which locally diagonalise the metric’: 


Juv (x) = Nasen (xe, (a). 
The vielbeins form a basis for the tangent space at the point x, and 
orthonormality gives 
ep (a)e(x) = q”. 
These are interesting objects, connecting curved and tangent space, 
and transforming appropriately under the natural groups of each (see 
figure 2.14). It is a covariant vector under general coordinate transforma- 


tions x — 7’: on! 
x 
et o'l a 


H uT Dyin’ 


8 “Vielbein’ means ‘many legs’, adapted from the German. In D = 4 it is called a ‘vier- 
bein’. We shall offend the purists henceforth and not capitalise nouns taken from the 
German language into physics, such as ‘ansatz’, ‘bremsstrahlung’ and ‘gedankenex- 
periment’. 
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Fig. 2.14. The local tangent frame to curved spacetime is a copy of 
Minkowski space, upon which the Lorentz group acts naturally. 


and a contravariant vector under local Lorentz: 


ei (2) > ey (x) = AM (x)en (2), 


where A%,(x)A°q(2)Nac = Noa defines A as being in the Lorentz group 
SO(1, D-1). 

So we have the expected freedom to define our vielbein up to a local 
Lorentz transformation in the tangent frame. In fact the condition A is 
a Lorentz transformation guarantees that the metric is invariant under 
local Lorentz: 


b 
Juv = ase eb: (2.113) 
Notice that we can naturally define a family of inverse vielbiens as well, 
by raising and lowering indices in the obvious way, e” = nayg'”e®,. (We 
use the same symbol for the vielbien, but the index structure will make 
it clear what we mean.) Clearly, 


Gages. S (2.114) 


In fact, the vielbien may be thought of as simply the matrix of coefh- 
cients of the transformation (discussed in insert 1.2) which finds a locally 
inertial frame €°(x) from the general coordinates x“ at the point x = £o: 


oE! 
TORE 


L=Lo 


which, by construction, has the transformation properties ascribed to it 
above. 
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As a not-unrelated aside, note that the prototype contravariant vector 
in curved spacetime is in fact the object whose components are the in- 
finitessimal coordinate displacements, dx", since by the elementary chain 
rule, under z — wx’: 


Ox" 
dx” — dx" = ——dzx’. (2.115) 

Ox” 
They are often thought of as the coordinate basis elements, {dx}, for 
the ‘cotangent’ space at the point x, and are a natural dual coordinate 
basis to that of the tangent space, the objects {O/Ox"}, via the perhaps 


obvious relation: 


o V V 
Of course, the {0/0x"} are the prototype covariant vectors: 
o o Ox” O 
— = . 2.117 
Ork Owl Oxe Ox” ( 


The things we usually think of as vectors in curved spacetime have a 
natural expansion in terms of these bases: 
V=V” ô V = V, dz” 
= arh’ Or = Vu T, 
where the latter is sometimes called a ‘covector’, and is also in fact a 
one-form. 


2.8.2 Differential forms 


Since we’ve seen some one-forms appearing, let’s pause to introduce them 
properly, if briefly. As might be apparent, it is the dx” which are useful 
for constructing p-forms, objects whose components are rank p tensors 
which are totally antisymmetric’. 

As already stated, the dx" are themselves the basis for one-forms. Any 
one-form A has components A, and is expanded A = A,dzx". To make 
higher rank forms, we need the idea of the wedge product ^A. The basis 
for two-forms for example, is made by the antisymmetric tensor product 


dx” \ dx” = dx" Q dx” — dx” ® dx” = —dx” ^ dx", 


and we may then define a two-form F to have totally antisymmetric com- 
ponents Fuy, so that F = (Fy,,/2)dx" \ dz”. After noting paranthetically 


T We will not give an exhaustive account of these objects here, but enough detail to 
get an intuitive feel for what we need. We shall uncover more features as we need 
them. 
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and for completeness that ordinary functions are zero-forms, the gener- 
alisation to higher rank forms is obvious: we make a basis for a p-form 
by making a totally antisymmetric combination of tensor multiplications 
of the one-forms, by adding together the results of taking products in all 
possible permutations, including a result with a minus sign if the permu- 
tation is odd, and a plus sign if it is even, giving us for example: 


dx”! A dx”? ^A dx”? 
= dr"! Q dr”? Q dr”? + dr”? ® dr Q dx”! + dr Q da”! & dx”? 
—dx"! Q dr Q dz”? — dr Q dr”? Q dx”! — dr”? Q dr”! Q dx”. 
So in general we have, for rank p: 
dx”! Adr”? A- A dx", 
with which we can define a p-form Gp) with totally antisymmetric com- 


ponents Gy, p.-4,- We have: 


1 


p) = pl eta Hp ee N drt? Nee A debe. 


Gi 


It is natural to define the ‘exterior derivative’ which makes a (p + 1)- 
form from a p-form: 


dG») = (G uiuz-up) d£” A da”! Ada”? A+++ A dah. 
p! Ox 
Notice that d? always gives zero, since (as the reader should check) this 
would give a symmetric combination of partial derivatives, which is being 
summed with the antisymmetric basis, which can’t help but give zero. 

A form G which can be written everywhere as the result of having acted 
with d on a form of lower rank is said to be ‘exact’. A form H for which 
dH = 0 is ‘closed’. Exact forms are trivially closed, since d? = 0, and so 
the interesting exercise is to find the closed forms on a space which are 
not exact. This is a problem of cohomology, and we shall have some more 
to say about this matter in chapter 9. 

Forms are extremely natural objects to integrate over some manifold, M. 
In fact, a manifold of dimension p has a natural form defined on it, of rank 
p, which is simply the volume form, w = dz' A---Adzx?. All p-forms on M 
are made by taking this object and multiplying it by some function. So 
the meaning of integrating a p-form on a manifold of dimension p is simply 
the standard multiple integration of the function: 


1 
J Fu) = f pierde A+++ A da”? 


— / Fy..pda* Aeee A dæ = / Fi..pd x, 
M M 
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where the reader should notice that this required no metric on the mani- 
fold to be defined at all. Putting this observation together with the state- 
ments about cohomology, it should be apparent that forms give tools for 
computing topological properties of manifolds, since they can be inte- 
grated on various submanifolds to give numbers, and we never have to 
specify a metric. 

The wedge or exterior product between a p-form and a q-form, which 
gives a (p + q) form, is straightforward to define. On components, the 
result is: 


(p +q)! 


(A(p) /\ Bq) — p!q! 


H1'Hp+q [Mas Hp P pti Mpa] 


It is worth noting that 
Ap) A Bag = (AB ^ Ag: 


More subtle is the observation that the space of independent p-forms 
on a D-dimensional spacetime is in fact of the same dimension as that of 
the D — p-forms. There is a map which takes one into the other, called 
‘Hodge duality’, which takes any p-form and gives back a (D — p)-form. 
On the basis it is: 


“(dat A dat? A+++ A dart?) = 


1/2 
(=9)" e} 142 Hp 


H H oa. H 
(D — p)! up+ilip}2 upat p+1 A dg”?Pt2 A Adr D, 


from which its action on components of any form gives: 


x 
Guenn 


Notice that it is the totally antisymmetric tensor (normalised to unity 
for its non-zero components) which appears in this definition, and indices 
are raised and lowered with the metric. 

A most useful object is the “inner product’ between two p-forms, A, 
and Bp), which yields a number. It is defined as: 


(Ap) Bip) = | Ao ^ * Bo) = JOD Amm BEM? de Noda’. 


p) 


2.8.3 Coordinate vs. orthonormal bases 


Yet another way of thinking of the vielbiens is as a means of converting 
that coordinate basis into a basis for the tangent space which is orthonor- 
mal, via {e° = e; (x)dx”}. We see that we have defined a natural family of 
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Insert 2.5. Yang-Mills theory with forms 


Just in case differential forms which we are briefly introducing have 
not been encountered before, let us familiarise ourselves with how 
they work using Yang-Mills theory as an example. The gauge po- 
tential, which is valued in the Lie algebra of some gauge group G 
can be written as a matrix-valued one-form: A = t*Alidx, where 
the t° are generators of the Lie algebra. (The index a here is a label 
of generators in the adjoint representation of the Yang—Mills gauge 
group G.) Recall also that the generators of the Lie algebra satisfy 


b] _ ; fab 
tP] = if ets, 


where the fe, are the ‘structure constants’. We shall discuss some Lie 
algebra and group theory more carefully in section 4.6.1. 
We write the Yang-Mills field strength as a matrix-valued 2-form: 


1 
F=dA+AAA=F°t = gt Fude" Adz’, 


where F4, = ô A9 — dA" + ifp A? AG. 


Note that we’ll sometimes suppress the A and write F = dA + A? for 
short. 
A gauge transformation is 


A => Ay '-dyx, EEG, 
or infinitessimally, writing © = e~“, it is: 
6A = dA + |A, Al. 
The field strength transforms under this as 
FSF; or 6F=[F,Al. 
The action for the theory is 
Sym = [aos (- E re?) 
49gm 


where by Tr(F*) we mean Fo POH’ Tr (tt?) and the trace is on the 
gauge indices. Here EN is the Yang—Mills coupling. 
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one-forms. Similarly, using the inverse vielbiens, we can make an orthonor- 
mal basis for the dual tangent space via eg = e#0/Ox". 

As an example, for the two-sphere, S°, of radius R, the metric in stan- 
dard polar coordinates (0, ¢) is ds? = R?(d0* + sin? 0d?) and so we have: 


el = R, e3 = Rsin0, i.e. e! = Rd0, e? = RsinOdd. (2.118) 


The things we think of as vectors, familiar from flat space, now have 
two natural settings. In the local frame, there is the usual vector prop- 
erty, under which the vector has Lorentz contravariant components V° (x). 
But we can now relate this component to another object which has an in- 
dex which is contravariant under general coordinate transformations, V”. 
These objects are related by our handy vielbiens: V“(x) = eṣ (x) V”. 


2.8.4 The Lorentz group as a gauge group 


The standard covariant derivative which we defined earlier in equation 
(1.9), e.g. on a contravariant vector V“, has a counterpart for V° = ef, V”: 


DyV" = 0,VE4TEV® => D V° =8 V" 40% V?, 


where wp, is the spin connection, which we can write as a 1-form in either 
basis: 
Ww", = Wp, dx" = wp, Efe, dx” = w pee®. 


We can think of the two Minkowski indices (a, b) from the space tangent 
structure as labelling components of w as an SO(D—1,1) matrix in the 
fundamental representation. So in the analogy with Yang—Mills theory, 
(see insert 2.5), w„ is rather like a gauge potential and the gauge group 
is the Lorentz group. 

Actually, the most natural appearance of the spin connection is in the 
structure equations of Cartan. One defines the torsion 7%, and the curva- 
ture R°», both two-forms, as follows: 


1 
T° = gL bce" Ael = de? +wp Ae 


1 
R’, = gE bede A ef = dw, +w% Awy. (2.119) 


Now consider a Lorentz transformation e° — e’! = Aĉe’. It is amusing 
to work out how the torsion changes. Writing the result as T’* = A%T°, 
the reader might like to check that this implies that the spin connection 
must transform as (treating everything as SO(1, D — 1) matrices): 


w > AwATt — dA- A7}, ie. wy > Aw, At — ôA- A}, (2.120) 
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© 


or infinitessimally we can write A = e` 7, and it is: 


ów = dO + [w, O]. (2.121) 
A further check shows that the curvature two-form does 
R—R=ARA', or R= |R, 0], (2.122) 


which is awfully nice. This shows that the curvature two-form is the ana- 
logue of the Yang-Mills field strength two-form in insert 2.5. The following 
rewriting makes it even more suggestive: 


1 
R°”, = gP opda" Adr”, Rebuy = Ope oy — bvw by, + [wu w] p 


2.8.5 Fermions in curved spacetime 


Another great thing about this formalism is that it allows us to discuss 
fermions in curved spacetime. Recall first of all that we can represent the 
Lorentz group with the l-matrices as follows. The group’s algebra is: 


[Jab Je | — —i (Nad Joc + NocJ ad — NacJba — NdbJac), (2.123) 


with Jab = —Jba, and we can define via the Clifford algebra: 
(Pa Poy = ane J% = -2 Ire r’), (2.124) 


where the curved space [-matrices are related to the familiar flat (tan- 
gent) spacetime ones as [° = ef (x)I” (x), giving {I,II} = 294”. With 
the Lorentz generators defined in this way, it is now natural to couple a 
fermion Y to spacetime. We write a covariant derivative as 


Dyh(2) = Oya) + $ Ja ule) (a>) (2.125) 


and since the curved space I’-matrices are now covariantly constant, we 
can write a sensible Dirac equation using this: [’D,,w = 0. 


2.8.6 Comparison to differential geometry 


Let us make the connection to the usual curved spacetime formalism now, 
and fix what w is in terms of the vielbiens (and hence the metric). Asking 
that the torsion vanishes is equivalent to saying that the vielbeins are 
covariantly constant, so that D ep = 0. This gives D,V° = e™ D,Vp, 
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allowing the two definitions of covariant derivatives to be simply related 
by using the vielbeins to convert the indices. 

The fact that the metric is covariantly constant in terms of curved 
spacetime indices relates the affine connection to the metric connection, 
and in this language makes w® antisymmetric in its indices. Finally, we 
get that 


a — „a Y_ aQ V V K 
W bu = ey V uep — ep (Ones + Tike). 
We can now write covariant derivatives for objects with mixed indices 


(appropriately generalising the rule for terms to add depending upon the 
index structure), for example, on a vielbien: 


Del = Opes — Peet + wy). (2.126) 


pV ~K, 
Revisiting our two-sphere example, with bases given in equation (2.118), 
we can see that 
0 = det + wta A e? = 0 + wta Ne’, 
0 = de? +w’ Aet = Rcos6dé Ado +w’ Aet, (2.127) 


from which we see that wt = —cos 0 dø. The curvature is: 
1 
R', = dw's = sin d0 ^ do = Pae Ae = Rtoet A e2. (2.128) 


Notice that we can recover our friend the usual Riemann tensor if we 
pulled back the tangent space indices (a,b) on R%p,, to curved space 
indices using the vielbiens ef. 

One last thing to note is the usefulness of forms for writing volume 
elements for integration: 


dV =e=e!Ae?N---Ae? = (=g) ?dx! Ada? A- Ada? = (—g)/7d? x. 
Commonly, we will take the totally antisymmetric symbol € and make 
a tensor out of it by multiplying by (—g)!/?, defining: 
Epp = (—9) eu: 


and the reader should check that this is a tensor, noting that the factor of 
the tensor density (—g)!/? will produce just the right non-tensorial parts 
to cancel those of the permutation symbol. 

We can write the Einstein—Hilbert Lagrangian as: 


L ~ eR, (2.129) 


where R is the Ricci scalar, with def +we® = 0 as an additional condition. 
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A closer look at the world-sheet 


The careful reader has patiently suspended disbelief for a while now, al- 
lowing us to race through a somewhat rough presentation of some of the 
highlights of the construction of consistent relativistic strings. This en- 
abled us, by essentially stringing lots of oscillators together, to go quite 
far in developing our intuition for how things work, and for key aspects 
of the language. 

Without promising to suddenly become rigourous, it seems a good idea 
to revisit some of the things we went over quickly, in order to unpack 
some more details of the operation of the theory. This will allow us to 
develop more tools and language for later use, and to see a bit further 
into the structure of the theory. 


3.1 Conformal invariance 


We saw in section 2.2.8 that the use of the symmetries of the action to fix a 
gauge left over an infinite dimensional group of transformations which we 
could still perform and remain in that gauge. These are conformal trans- 
formations, and the world-sheet theory is in fact conformally invariant. 
It is worth digressing a little and discussing conformal invariance in arbi- 
trary dimensions first, before specialising to the case of two dimensions. 
We will find a surprising reason to come back to conformal invariance in 
higher dimensions much later, so there is a point to this. 


3.1.1 Diverse dimensions 


Imagine?” that we do a change of variables x — x’. Such a change, if 
invertible, is a ‘conformal transformation’ if the metric is invariant up to 
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an overall scale Q(x), which can depend on position: 


Iu (t") = UT) guv (x). (3.1) 


The name comes from the fact that angles between vectors are unchanged. 
If we consider the infinitessimal change 


ch — x = g” + (a), (3.2) 
then from equation (1.1), we get: 
Juv = Juv — (Oper + Oven), (3.3) 
and so we see that in order for this to be a conformal transformation, 
Onev + Oven = F(@) gu, (3.4) 


where, by taking the trace of both sides, it is clear that: 


rte) = oper 
It is enough to consider our metric to be Minkowski space, in Cartesian 
coordinates, i.e. guy = Nyy. We can take one more derivative 0, of the 
expression (3.4), and then do the permutation of indices k > [, pu —> 
v,y — k twice, generating two more expressions. Adding together any 
two of those and subtracting the third gives: 


20, pEr = Opl Nun + OE Hep — OF Nw; (3.5) 

which yields 
20e, = (2 — D)O.F. (3.6) 
We can take another derivative this expression to get 20,Oe, = (2 — 


D)ð kF, which should be compared to the result of acting with O on 
equation (3.4) to eliminate € leaving: 


NOF = (2 — D)ð Lð F = (D-1)0F=0, (3.7) 


where we have obtained the last result by contraction. 

For general D we see that the last equations above ask that „0, F = 0, 
and so F is linear in x. This means that € is quadratic in the coordinates, 
and of the form: 

Eu = Åp + Buut” + Cuvi” 2", (3.8) 


where ČC is symmetric in its last two indices. 
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Table 3.1. The finite form of the conformal transformations and their infinites- 
simal generators 


special 
P r” — btr? 


/ 
conformal gt = 
transformations 


1 — 2(x- b) — ba? 


The parameter A, is obviously a translation. Placing the B term in 
equation (3.8) back into equation (3.4) yields that By, is the sum of an 
antisymmetric part wy), = —W,,, and a trace part A: 


Buy = Op + Anuv- (3.9) 


This represents a scale transformation by 1+ A and an infinitessimal 
rotation. Finally, direct substitution shows that 


Cuvk = Nukbv + Quy de — NeOp, (3.10) 
and so the infinitesimal transformation which results is of the form 
al = g” + 2x- b)r” — dM x, (3.11) 


which is called a ‘special conformal transformation’. Its finite form can be 


written as: wit p 

and so it looks like an inversion, then a translation, and then an inver- 
sion. We gather together all the transformations, in their finite form, in 
table 3.1. 

Poincaré and dilatations together form a subgroup of the full confor- 
mal group, and it is indeed a special theory that has the full conformal 
invariance given by enlargement by the special conformal transformations. 

It is interesting to examine the commutation relations of the generators, 
and to do so, we rewrite them as 


Jiu = 5(P, — Kp), Jou = 5(P. + Kp), 
J-j09 = D, Jw = Ly, (3.13) 


3.1 Conformal invariance 13 


with Jab = —Jba, a,b = —1,0,...,D, and the commutators are: 


[Jabs Je | = —1(Naddbe + NocJ ad — Nacd bd — NabJac). (3.14) 


Note that we have defined an extra value for our indices, and 7 is now 
diag(—1,—1,+1,...). This is the algebra of the group SO(D,2) with 
t(D +2)(D + 1) parameters. 


3.1.2 The special case of two dimensions 


As we have already seen in section 2.2.8, the conformal transformations 
are equivalent to conformal mappings of the plane to itself, which is an 
infinite dimensional group. This might seem puzzling, since from what 
we saw just above, one might have expected SO(2,2), or in the case 
where we have Euclideanised the world-sheet, SO(3,1), a group with six 
parameters. Actually, this group is a very special subgroup of the infinite 
family, which is distinguished by the fact that the mappings are invertible. 
These are the global conformal transformations. Imagine that w(z) takes 
the plane into itself. It can at worst have zeros and poles, (the map is 
not unique at a branch point, and is not invertible if there is an essential 
singularity) and so can be written as a ratio of polynomials in z. However, 
for the map to be invertible, it can only have a single zero, otherwise 
there would be an ambiguity determining the pre-image of zero in the 
inverse map. By working with the coordinate z = 1/z, in order to study 
the neighbourhood of infinity, we can conclude that it can only have a 
single simple pole also. Therefore, up to a trivial overall scaling, we have 


az +b 
cz + d’ 


z = wz) = (3.15) 
where a,b,c,d are complex numbers, with for invertability, the determi- 
nant of the matrix 

a b 

c d 


should be non-zero, and after a scaling we can choose ad — bc = 1. This is 
the group SL(2, C) which is indeed isomorphic to SO(3,1). In fact, since 
a,b, c,d is indistinguishable from —a, —b, —c, —d, the correct statement is 
that we have invariance under SD(2,C)/Zo. 

For the open string we have the upper half-plane, and so we are re- 
stricted to considering maps which preserve (say) the real axis of the 
complex plane. The result is that a,b,c,d must be real numbers, and the 
resulting group of invertible transformations is SL(2, R)/Z2. Correspond- 
ingly, the infinite part of the algebra is also reduced in size by half, as the 
holomorphic and antiholomorphic parts are no longer independent. 
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N.B. Notice that the dimension of the group SL(2, C) is six, equiva- 
lent to three complex parameters. Often, in computations involving 
a number of operators located at points, z;, a conventional gauge 


fixing of this invariance is to set three of the points to three values: 
z1 = 0, z2 = 1, z3 = cw. Similarly, the dimension of SL(2, R) is three, 
and the convention used there is to set three (real) points on the 
boundary to z1 = 0, z2 = 1, z3 = ©. 


3.1.3 States and operators 


A very important class of fields in the theory are those which transform 
under the SO(2, D) conformal group as follows: 

A 
D 


oa!) — plat) =| Z|? gar) =la) (816) 


| a! 


Ox 


Ox! 
of the field, as mentioned earlier.) Such fields are called ‘quasi-primary’, 
and the correlation functions of some number of the fields will inherit such 
transformation properties: 


Here, is the Jacobian of the change of variables. (A is the dimension 


Orj ar | 
al) -daland = a 5a] @ilat)---dnlan)- 8.17) 


In two dimensions, the relation is 


p(z, 2) — o(2/,2') = 3) 3) o(2,2), (818) 


where A = h +h, and we see the familiar holomorphic factorisation. This 
mimics the transformation properties of the metric under z —> z'(z): 


EE) 
gzz ~~ Az! Oz! gzz, 


the conformal mappings of the plane. This is an infinite dimensional fam- 
ily, extending the expected six of SO(2,2), which is the subset which is 
globally well-defined. The transformations (3.18) define what is called a 
‘primary field’, and the quasi-primaries defined earlier are those restricted 
to SO(2, 2). So a primary is automatically a quasi-primary, but not vice 
versa. 
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In any dimension, we can use the definition (3.16) to construct a def- 
inition of a conformal field theory (CFT). First, we have a notion of a 
vacuum |0) that is SO(2, D) invariant, in which all the fields act. In such 
a theory, all of the fields can be divided into two categories: a field is 
either quasi-primary, or it is a linear combination of quasi-primaries and 
their derivatives. Conformal invariance imposes remarkably strong con- 
straints on how the two- and three-point functions of the quasi-primary 
fields must behave. Obviously, for fields placed at positions x;, trans- 
lation invariance means that they can only depend on the differences 
Ti — Lj. 


3.1.4 The operator product expansion 


In principle, we ought to be imagining the possibility of constructing 
a new field at the point x” by colliding together two fields at the same 
point. Let us label the fields as ¢;, then we might expect something of the 
form: 


lim $;(x)o;(y) = ` cy (2 — y)Pk (Y), (3.19) 
k 


LY 


where the coefficients c; F(a — y) depend only on which operators (labelled 
by i,j) enter on the left. Given the scaling dimensions A; for $;, we see 
that the coordinate behaviour of the coefficient should be: 


cj (æ — y) ~ l . 
(=y) A 

This ‘operator product expansion’ (OPE) in conformal field theory is 
actually a convergent series, as opposed to the case of the OPE in ordinary 
field theory where it is merely an asymptotic series. An asymptotic series 
has a family of exponential contributions of the form exp(—L/|x — yl), 
where L is a length scale appropriate to the problem. Here, conformal 
invariance means that there is no length scale in the theory to play the 
role of L in an asymptotic expansion, and so the convergence properties 
of the OPE are stronger. In fact, the radius of convergence of the OPE is 
essentially the distance to the next operator insertion. 

The OPE only really has sensible meaning if we define the operators 
as acting with a specific time ordering, and so we should specify that 
x? > y? in the above. In two dimensions, after we have continued to 
Euclidean time and work on the plane, the equivalent of time ordering is 
radial ordering (see figure 2.4). All OPE expressions written later will be 
taken to be appropriately time ordered. 
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Actually, the OPE is a useful way of giving us a definition of a normal 
ordering prescription in this operator language’*. It follows from Wick’s 
theorem, which says that the time ordered expression of a product of 
operators is equal to the normal ordered expression plus the sum of all 
contractions of pairs of operators in the expressions. The contraction is a 
number, which is computed by the correlator of the contracted operators. 


i (x) Oj(Yy) =: Gi(w)Oj(y) : File) O;j(y). (3.20) 


Actually, we can compute the OPE between objects made out of products 
of operators with this sort of way of thinking about it. We’ll compute some 
examples later (for example in equations (3.37) and (3.39)) so that it will 
be clear that it is quite straightforward. 


3.1.5 The stress tensor and the Virasoro algebra 


The stress-energy-momentum tensor’s properties can be seen directly from 
conformal invariance in many ways, because of its definition as a conjugate 
to the metric via equation (1.10) which we reproduce here: 
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Vg guv 


A change of variables of the form (3.2) gives, using equation (3.3): 
1 1 
S—-3S- 5 [aeov=s T” guv = S + 5 [@ev=s TY (pev + Oven) - 
In view of equation (3.4), this is: 
1 
S — S + D [ @ov=s Th Ove 


for a conformal transformation. So if the action is conformally invariant, 
then the stress tensor must be traceless, T“, = 0. 

We can formulate this more carefully using Noether’s theorem, and also 
extract some useful information. Since the change in the action is 


65 = [are V —g bue T”, 


given that the stress tensor is conserved, we can integrate by parts to 
write this as 


TH” = (3.21) 


6S = / eT” dS. 
o 


* For free fields, this definition of normal ordering is equivalent to the definition in 
terms of modes, where the annihilators are placed to the right. 
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We see that the current j” = THe, with e given by equation (3.4) is 
associated to the conformal transformations. The charge constructed by 
integrating over an equal time slice 


Q= | a? ns" 


is conserved, and it is responsible for infinitessimal conformal transforma- 
tions of the fields in the theory, defined in the standard way: 


ôch) = €|Q, $l. (3.22) 


In two dimensions, infinitesimally, a coordinate transformation can be 
written as 
/ = =| -= | <x 
z—=>z =z+eļz), Z= 7 =7Z+€(Z). 


As we saw in the previous chapter, or can be verified using the above 
discussion, the tracelessness condition yields T,; = Tz; = 0 and the con- 
servation of the stress tensor is 


For simplicity, we shall often use the shorthand: T(z) = T;z(z) and T (2) = 
Tzz(Z). On the plane, an equal time slice is over a circle of constant radius, 
and so we can define 


Q = 55 $ (Ti)ewdy + P@Aa)ag) 


QT 


Infinitesimal transformations can then be constructed by an appropriate 
definition of the commutator [Q, ¢(z)| of Q with a field ¢. 

Notice that this commutator requires a definition of two operators at 
a point, and so our previous discussion of the OPE comes into play here. 
We also have the added complication that we are performing a y-contour 
integration around one of the operators, inserted at z or z. Under the 
integral sign, the OPE requires that |z| < |y|, when we have Q@(y), or 
that |z| > |y| if we have é(y)Q. The commutator requires the difference 
between these two, and after consulting figure 3.1, can be seen in the limit 
y — z to simply result in the y contour integral around the point z of the 
OPE T(z)¢(y) (with a similar discussion for the antiholomorphic case): 


Se c(22) = == $ ({T(Wole.2)belu)dy + {TO D}(D)ag).. (3.23) 


The result should simply be the infinitesimal version of the defining 
equation (3.18), which the reader should check is: 


sedle = (We pte £) + (1 Cote se). (3.24) 
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Fig. 3.1. Computing the commutator between the generator Q, defined 
as a contour in the y-plane, and the operator ¢, inserted at z. The result 
in the limit y — z is on the right. 


This defines the operator product expansions T'(z)¢(z, Z) and T(Z)¢(z, Z) 
for us as: 


T(y)o(z, z) = payable zZ) + rE Z) +e 


h 1 
TOAN) = ple. 2) + ge (828) 
where the ellipsis indicates that we have ignored parts which are regular 
(analytic). These OPEs constitute an alternative definition of a primary 
field with holomorphic and antiholomorphic weights h, h, often referred 
to simply as an (h, h) primary. 

We are at liberty to Laurent expand the infinitesimal transformation 
around (z,Z) = 0: 


e(z) = — ` N a e(z) = — D ae 


n=— o0 n= o0 


where the an, än are coefficients. The quantities which appear as genera- 
tors, ln = 2” tt8,, la = Z” ttz, satisfy the commutation relations 


|En, lm] = (n — M)ln+m, 

E ES 

En, lm] = (n — M)ln4m, (3.26) 
which is the classical version of the Virasoro algebra we saw previously in 


equation (2.63), or the quantum case in equation (2.71) with the central 
extension, c = c= Q. 
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Now we can compare with what we learned here. It should be clear af- 
ter some thought that @_;, 0,41 and their antiholomorphic counterparts 
form the six generators of the global conformal transformations generating 
SL(2,C) = SL(2,R) x SL(2, R). In fact, 4-1 = ô; and l-1 = Oz generate 
translations, fo + 4o generates dilations, i(f9 — lo) generates rotations, 
while 4 = 270, and ¢; = z70z generate the special conformal transfor- 
mations. 

Let us note some useful pieces of terminology and physics here. Recall 
that we had defined physical states to be those annihilated by the Zn, ln 
with n > 0. Then @9 and fọ will measure properties of these physical 
states. Considering them as operators, we can find a basis of & and & 
eigenstates, with eigenvalues h and h (two independent numbers), which 
are the ‘conformal weights’ of the state: lolh) = h|h), olh) = h|h). Since 
the sum and difference of these operators are the dilations and the rota- 
tions, we can characterise the scaling dimension and the spin of a state 
or field as A=h+h,s=h-—hA. 

It is worth noting here that the stress-tensor itself is not in general a 
primary field of weight (2,2), despite the suggestive fact that it has two 
indices. There can be an anomalous term, allowed by the symmetries of 
the theory: 


1 


E 1 E 
= 2-7 + gpl + po gl). (3.27) 
The holomorphic conformal anomaly c and its antiholomorphic counter- 
part č, can in general be non-zero. We shall see this occur below. 

It is worthwhile turning some of the above facts into statements about 
commutation relation between the modes of T(z), T(z), which we remind 
the reader are defined as: 


of 1 
T(z) = Lz"? ond n+l 
(z) po n , n= z pdzz (z), 
CO 
T(z) = L,z"? — 4 dz 2°"'T(z 3.28 
(z) 2 nZ ; Ln T 973 ( ) 


In these terms, the resulting commutator between the modes is that dis- 
played in equation (2.71), with D replaced by ¢ and c on the right and left. 
The definition ee of the primary fields @ translates into 


Ln, OY) = 5a f dez" T2)O(y) = h(n + Dy" oly) + yH ayol): 
(3.29) 
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It is useful to decompose the primary into its modes: 


82) = So dneh, dn =z f de Atoe). (8.30) 


Tl — CO} 


In terms of these, the commutator between a mode of a primary and of 
the stress tensor is: 


Ln; Om] = [n(h — 1) — montm, (3.31) 


with a similar antiholomorphic expression. In particular this means that 
our correspondence between states and operators can be made precise 
with these expressions. [Lo|h) = h|h) matches with the fact that d_;,|0) = 
|h) would be used to make a state, or more generally |h, h), if we include 
both holomorphic and antiholomorphic parts. The result [Lo, 9-an] = ho-n 
guarantees this. 

In terms of the finite transformation of the stress tensor under z — 2’, 
the result (3.27) is 


Az'\* e (32N? [əz Oz’ 3 (072! d 
Te)-(—) ra 2(S) Z2 2 3.32 
(2) (5) EE) | 92 Oz? 2 \ Oz? i ( ) 
where the quantity multiplying c/12 is called the ‘Schwarzian derivative’, 
S(z, 2’). It is interesting to note (and the reader should check) that for 
the SL(2,C) subgroup, the proper global transformations, S(z, 2’) = 0. 


This means that the stress tensor is in fact a quasi-primary field, but not 
a primary field. 


3.2 Revisiting the relativistic string 


Now we see the full role of the energy-momentum tensor which we first 
encountered in the previous chapter. Its Laurent coefficients there, Ln and 
Ln, realised there in terms of oscillators, satisfied the Virasoro algebra, 
and so its role is to generate the conformal transformations. We can use 
it to study the properties of various operators in the theory of interest 
to us. 

First, we translate our result of equation (2.44) into the appropriate 


coordinates here: 


T(z) = -— : Oz X” (z)02X (Zz), 
T(z) = -4 : a.X"(2)0-2X, (2) :. (3.33) 


Q 
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We can use here our definition (3.20) of the normal ordering at the op- 
erator level here, which we construct with the OPE. To do this, we need 
to know the result for the OPE of 0X" with itself. This we can get by 
observing that the propagator of the field X#(z,Z) = X(z) + X(Z) is 


/ 


(X(2)"X"(y)) = -57 log(z — y), 


(RERO) = -27 log- 9). (3.34) 


By taking a couple of derivatives, we can deduce the OPE of 0, X” (z) or 
zX” (Z): 


7 a n” 
o- X"(z)ðy X" (y) = 2 (ey? + 
VU (5 VUI — a! ne 


So in the above, we have, using our definition of the normal ordered 
expression using the OPE (see discussion below equation (3.20)): 


P 
(z= 3) 
(3.36) 


T(2) = -5 :X"(2)0-Xy(2) =- 5 lim |A-X"(2)0.Xy(y) — 


with a similar expression for the antiholomorphic part. It is now straight- 
forward to evaluate the OPE of T(z) and 0X” (y). We simply extract the 
singular part of the following: 


T(z)ð X” (y) = = : Oz X” (z): X (2) : 0X” (y) 


2. BXH OXIA (y)) H 


1 

— 5; t. (3.37) 
(z -= y)’ 

In the above, we were instructed by Wick to perform the two possible 
contractions to make the correlator. The next step is to Taylor expand 
for small (z — y): X” (z) = X” (y) + (z — y)ðy X” (y) + +++, substitute into 
our result, to give: 


= 0,X"(z) 


3 X” (y) | yX” W) 
T(2)ð X" (y) = “HS + H H, 3.38 
(2) X"(y) = EA p (3.38) 
and so we see from our definition in equation (3.25) that that the field 
O,X"(z) is a primary field of weight h = 1, or a (1,0) primary 
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field, since from the OPEs (3.35), its OPE with T obviously vanishes. 
Similarly, the antiholomorphic part is a (0,1) primary. Notice that we 
should have suspected this to be true given the OPE we deduced 
in (3.35). 

Another operator we used last chapter was the normal ordered expo- 
nentiation V(z) =: exp(tk - X(z)) :, which allowed us to represent the 
momentum of a string state. Here, the normal ordering means that we 
should not contract the various Xs which appear in the expansion of 
the exponential with each other. We can extract the singular part to de- 
fine the OPE with T(z) by following our noses and applying the Wick 
procedure as before: 


: Oz X” (Z)O,X (Zz) 2: elk XY) . 


T(z)V(y) 


Q | = R | m= 


((3-X"(z)ik -X(y)))? : XW ; 


1 ik. 
+2: —0,X"(2)(0-Xp(z)ik -X(y)) : e XY) 


; 
a'k 1 . pik X(y) . tk: Xl) ik XW) . 


4 (z= y) ` -© (z=y) 
_ alk? V(y) dyV(y) 
Faw ew) my 


We have Taylor expanded in the last line, and throughout we only dis- 
played explicitly the singular parts. The expressions tidy up themselves 
quite nicely if one realises that the worst singularity comes from when 
there are two contractions with products of fields using up both pieces 
of T(z). Everything else is either non-singular, or sums to reassemble 
the exponential after combinatorial factors have been taken into account. 
This gives the first term of the second line. The second term of that line 
comes from single contractions. The factor of two comes from making 
two choices to contract with one or other of the two identical pieces of 
T(z), while there are other factors coming from the n ways of choosing 
a field from the term of order n from the expansion of the exponential. 
After dropping the non-singular term, the remaining terms (with the n) 
reassemble the exponential again. (The reader is advised to check this 
explicitly to see how it works.) The final result (when combined with the 
antiholomorphic counterpart) shows that V (y) is a primary field of weight 
(a'k? /4, alk? /4). 

Now we can pause to see what this all means. Recall from section 2.4.1 
that the insertion of states is equivalent to the insertion of operators into 
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the theory, so that: 
SAS =S+ à | P20(z Z). (3.40) 


In general, we may consider such an operator insertion for a general the- 
ory. For the theory to remain conformally invariant, the operator must 
be a marginal operator, which is to say that O(z,Z) must at least have 
dimension (1,1) do that the integrated operator is dimensionless. In prin- 
ciple, the dimension of the operator after the deformation (i.e. in the new 
theory defined by S”) can change, and so the full condition for the operator 
is that it must remain (1,1) after the insertion (see insert 3.1). It in fact 
defines a direction in the space of couplings, and À can be thought of as an 
infinitessimal motion in that direction. The statement of the existence of 
a marginal operator is then referred to the existence of a ‘flat direction’. 

In the first instance, we recall that the use of the tachyon vertex op- 
erator V(z,Z) corresponds to the addition of f[d?zV(z,Z) to the ac- 
tion. We wish the theory to remain conformal (preserving the relativis- 
tic string’s symmetries, as stressed in chapter 1), and so V(z,Z) must 
be (1,1). In fact, since our conformal field theory is actually free, we 
need do no more to check that the tachyon vertex is marginal. So we 
require that (a’k?/4,a’k?/4) = (1,1). Therefore we get the result that 
M? = —k? = —4/a’, the result that we obtained previously for the 
tachyon. 

Another example is the level one closed string vertex operator: 


: O,X"OzX" exp(tk- X) :. 


It turns out that there are no further singularities in contracting this with 
the stress tensor, and so the weight of this operator is (1 + a’k?/4,1 + 
a'k? /4). So, marginality requires that M? = —k? = 0, which is the mass- 
less result that we encountered earlier. 

Another computation that the reader should consider doing is to work 
out explicitly the T(z)T(y) OPE, and show that it is of the form (3.27) 
with c = D, as each of the D bosons produces a conformal anomaly of 
unity. This same is true from the antiholomorphic sector, giving ¢ = D. 
Also, for open strings, we get the same amount for the anomaly. This result 
was alluded to in chapter 2. This is problematic, since this conformal 
anomaly prevents the full operation of the string theory. In particular, 
the anomaly means that the stress tensor’s trace does not in fact vanish 
quantum mechanically. 

This is all repaired in the next section, since there is another sector 
which we have not yet considered. 
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Insert 3.1. Deformations, RG flows, and CFTs 


A useful picture to have in mind for later use is of a conformal field 
theory as a ‘fixed point’ in the space of theories coordinatised by the 
coefficients of possible operators such as in equation (3.40). (There 
is an infinite set of such perturbations and so the space is infinite 
dimensional.) In the usual reasoning using the renomalisation group 
(RG), once the operator is added with some value of the coupling, the 
theory (i.e. the value of the coupling) flows along an RG trajectory 
as the energy scale u is changed. The ‘G-function’, O(A) = pOXA/Ou 
characterises the behaviour of the coupling. One can imagine the 
existence of ‘fixed points’ of such flows, where B(A) = 0 and the 
coupling tends to a specific value, as shown in the diagram. 


On the left, \ is an ‘infra-red (IR) fixed point’, since the coupling is 
driven to it for decreasing u, while on the right, A is an ‘ultra-violet 
(UV) fixed point’, since the coupling is driven to it for increasing u. 
The origins of each diagram of course define a fixed point of the 
opposite type to that at A. A conformal field theory is then clearly 
such a fixed point theory, where the scale dependence of all couplings 
exactly vanishes. A ‘marginal operator’ is an operator which when 
added to the theory, does not take it away from the fixed point. A 
‘relevant operator’ deforms a theory increasingly as u goes to the IR, 
while an “irrelevant operator’ is increasingly less important in the IR. 
This behaviour is reversed on going to the UV. When applied to a 
fixed point, such non-marginal operators can be used to deform fixed 
point theories away from the conformal point, often allowing us to 
find other interesting theories, as we will do in later chapters. D = 4 
Yang-Mills theories, for sufficiently few flavours of quark (like QCD), 
have negative @-function, and so behave roughly as the neighbour- 
hood of the origin in the left diagram. ‘Asymptotic freedom’ is the 
process of being driven to the origin (zero coupling) in the UV. Later, 
we will see examples of both type of fixed point theory. 
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3.3 Fixing the conformal gauge 


It must not be forgotten where all of the riches of the previous section — 
the conformal field theory — came from. We made a gauge choice in equa- 
tion (2.41) from which many excellent results followed. However, despite 
everything, we saw that there is in fact a conformal anomaly equal to D 
(or a copy each on both the left and the right hand side, for the closed 
string). The problem is that we have not made sure that the gauge fixing 
was performed properly. ‘his is because we are fixing a local symme- 
try, and it needs to be done dynamically in the path integral, just as in 
gauge theory. This is done with Faddeev—Popov ghosts in a very similar 
way to the methods used in field theory. Let us not go into the details 
of it here, but assume that the interested reader can look into the many 
presentations of the procedure in the literature. ‘The key difference with 
field theory approach is that it introduces two ghosts, c° and bap which 
are rank one and rank two tensors on the world sheet. The action for 
them is: 


1 
ssh = -5 [ Poig” E abe (3.41) 


and so bap and c*, which are anticommuting, are conjugates of each other. 


3.3.1 Conformal ghosts 


Once the conformal gauge has been chosen, (see equation (2.41)) picking 
the diagonal metric, we have 


g% — -> / dx (e(z)dsb(z) + e(2)0.b(2)). (3.42) 


From equation (3.41), the stress tensor for the ghost sector is: 
T8"(z) =: c(z)02b(z) : + : (zel) blz) :, (3.43) 


with a similar expression for T, ghost (Z). Just as before, as the ghosts are free 
fields, with equations of motion 0,c = 0 = 0,6, we can Laurent expand 
them as follows: 


b(z) = Ss bnz "7? c(z) = Ss Gye rt, (3.44) 


n=— © n=— © 


which follows from the property that b is of weight 2 and c is of weight —1, 
a fact which might be guessed from the structure of the action (3.41). The 
quantisation yields 


{ bm, Cn} = Omtn: (3.45) 
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and the stress tensor is 
CO 


Ls" = Ss (2n — m) : bmen—m : —6n,0, (3.46) 


mM=— CO 


where we have a normal ordering constant —1, as in the previous sector, 
[LEE bn] = (m — n)bm4n, [LE cn] = — (2M + n)emen. (3.47) 
The OPE for the ghosts is given by 


Ke) = tes ele) = to 


b(z)bly) = O(z = y), c(z)e(y) = O(z — y), (3.48) 


where the second expression is obtained from the first by the anticom- 
muting property of the ghosts. The second line also follows from the an- 
ticommuting property. There can be no non-zero result for the singular 
parts there. 

As with everything for the closed string, we must supplement the above 
expressions with very similar ones referring to Z, ¢(Z) and b(Z). For the 
open string, we carry out the same procedures as before, defining every- 
thing on the upper half-plane, reflecting the holomorphic into the anti- 
holomorpic parts, defining a single set of ghosts (see also insert 3.2). 


3.8.2 The critical dimension 


Now comes the fun part. We can evaluate the conformal anomaly of the 
ghost system, by using the techniques for computation of the OPE that 
we refined in the previous section. We can do it for the ghosts in as simple 
a way as for the ordinary fields, using the expression (3.43) above. In the 
following, we will focus on the most singular part, to isolate the conformal 
anomaly term. This will come from when there are two contractions in 
each term. The next level of singularity comes from one contraction, and 
sO on: 


:: Oyb(y)c(y) : 
=: b(y)Oyc(y) : 


—- (3.49) 
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Insert 3.2. Further aspects of conformal ghosts 


Notice that the flat space expression (3.42) is also consistent with the 
stress tensor 


T(z) =: 0,b(z)c(z) : —K : 0,[b(z)c(z)] :, (3.50) 


for arbitrary «x, with a similar expression for the antiholomorphic 
sector. It is a useful exercise to use the OPEs of the ghosts given in 
equation (3.48) to verify that this gives b and c conformal weights 
h = k and h = 1 — «Kx, respectively. The case we studied above was 
k = 2. Further computation (recommended) reveals that the con- 
formal anomaly of this system is c = 1 — 3(2« — 1)”, with a similar 
expression for the antiholomorphic version of the above. 

The case of fermionic ghosts will be of interest to us later. In that 
case, the action and stress tensor are just like before, but with b — 6 
and c — y, where ( and y, are fermionic. Since they are fermionic, 
they have singular OPEs 
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A computation gives conformal anomaly 3(2« — 1)? — 1, which in 
the case k = 3/2, gives an anomaly of 11. In this case, they are 
the ‘superghosts’, required by supersymmetry in the construction of 
superstrings later on. 


and so comparing with equation (3.27), we see that the ghost sector has 


conformal anomaly c = —26. A similar computation gives č = —26. 
So recalling that the ‘matter’ sector, consisting of the D bosons, has 
c = C = D, we have achieved the result that the conformal anomaly 


vanishes in the case D = 26. This also applies to the open string in the 
obvious way. 


3.4 The closed string partition function 


We have all of the ingredients we need to compute our first one-loop 
diagram!. It will be useful to do this as a warm up for more complicated 


t Actually, we’ve had them for some time now, essentially since chapter 2. 


88 3 A closer look at the world-sheet 


examples later, and in fact we will see structures in this simple case which 
will persist throughout. 

Consider the closed string diagram of figure 3.2(a). This is a vacuum 
diagram, since there are no external strings. ‘This torus is clearly a one loop 
diagram and in fact it is easily computed. It is distinguished topologically 
by having two completely independent one-cycles. To compute the path 
integral for this we are instructed, as we have seen, to sum over all possible 
metrics representing all possible surfaces, and hence all possible tori. 

Well, the torus is completely specified by giving it a flat metric, and 
a complex structure, T, with Imr > 0. It can be described by the lattice 
given by quotienting the complex w-plane by the equivalence relations 


w~ wtr; wr~wt+2rmr, (3.52) 


for any integers m and n, as shown in figure 3.2(b). The two one-cycles can 
be chosen to be horizontal and vertical. The complex number T specifies 
the shape of a torus, which cannot be changed by infinitesimal diffeomor- 
phisms of the metric, and so we must sum over all all of them. Actually, 
this naive reasoning will make us overcount by a lot, since in fact there 
are a lot of rs which define the same torus. For example, clearly for a 
torus with given value of 7, the torus with 7 + 1 is the same torus, by 
the equivalence relation (3.52). The full family of equivalent tori can be 
reached from any 7 by the ‘modular transformations’: 


LT: Totti 
1 
S: To--, (3.53) 


T 


which generate the group SL(2, Z), which is represented here as the group 


Imw) 
2T 


1 Rew) 
2n 


(a) (b) 


Fig. 3.2. (a) A closed string vacuum diagram. (b) The flat torus and its 
complex structure. 
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of 2 x 2 unit determinant matrices with integer elements: 


SL(2,Z): tT aot with e 4 , ad—be=1. (3.54) 
(It is worth noting that the map between tori defined by S exchanges 
the two one-cycles, therefore exchanging space and (Euclidean) time.) 
The full family of inequivalent tori is given not by the upper half-plane 
H; (ie. r such that Imr > 0) but the quotient of it by the equiva- 
lence relation generated by the group of modular transformations. This is 
F = H,/PSL(2,Z), where the P reminds us that we divide by the extra 
Zə which swaps the sign on the defining SL(2, Z) matrix, which clearly 
does not give a new torus. ‘The commonly used fundamental domain in 
the upper half-plane corresponding to the inequivalent tori is drawn in 
figure 3.3. Any point outside that can be mapped into it by a modular 
transformation. 

The fundamental region F is properly defined as follows: Start with the 
region of the upper half-plane which is in the interval (—5, +3) and above 
the circle of unit radius. we must then identify the two vertical edges, and 
also the two halves of the remaining segment of the circle. This produces 
a space which is smooth everywhere except for two points about which 
there are conical singularities, described in insert 3.3. 

The string propagation on our torus can be described as follows. Imag- 
ine that the string is of length 1, and lies horizontally. Mark a point on the 
string. Running time upwards, we see that the string propagates for a time 
t = 2nlmt = 2772. Once it has got to the top of the diagram, we see that 


-5 3 | Re(r) 


Fig. 3.3. The space of inequivalent tori. 
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Insert 3.3. Special points in the moduli space of tori 


Actually, there are two very special points of interest on F, depicted 
in figure 3.3. ‘They can be clearly seen in the figure. The point 7 = 


i and the point T = er, which is one sharp corner (its mirror 
image is also visible). The significance of these points is that they 
are fixed points of certain elements of SL(2, Z). The point r = i 
is fixed by the element S, while the other point is fixed by the ele- 
ment ST. 

These points are ‘orbifold’ singularities, a term that will become 
more widely used here after chapter 4. For our purposes here, this 
means that they have a conical deficit angle. For example, the point 
T = 1, because it is at the tip of a region formed by folding the plane 
in half (remember we identified the two halves of the circle segment), 
has a deficit angle of m. In other words, because of the folding, one 
only needs to go half way around a circle in order to return to where 
one started. Similalry, the other orbifold point has a deficit angle of 
47/3: one only needs to go a third of the way around a circle in order 
to return to where one started. 

One may visualise the significance of these points, recalling that 
we make the tori from lattices in the plane. The lattices for these 
two points have special, and familiar, symmetry. The 7 = i point is 
simply a square lattice, and S is in fact just a 7/2 rotation. Notice 


that S* = 1, which fits with this fact nicely. The T = er point is 
an hexagonal lattice, and ST is a rotation by 7/3, which dovetails 
nicely with the relation (ST)° = 1. We draw the lattice below, with 
appropriate basis vectors. It might be worth studying the action of 
S and ST, and considering the tori to which they correspond. 
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our marked point has shifted rightwards by an amount x = 27Ret = 277}. 
We actually already have studied the operators that perform these two 
operations. The operator for time translations is the Hamiltonian (2.64), 
H = Lo + Lo — (c + €)/24 while the operator for translations along the 
string is the momentum P = Lo — Lo discussed above equation (2.73). 
Recall that c = ¢ = D—2 = 24. So our vacuum path integral is 


Z = Tr fe mrt gemini P | = Trg! a qo 21, (3.55) 
Here, q = e?™’7, and the trace means a sum over everything which is 
discrete and an integral over everything which is continuous, which in 
this case, is simply 7. This is easily evaluated, as the expressions for Lo 
and Lo give a family of simple geometric sums (see insert 3.4 (p. 92)), 
and the result can be written as: 


d2r 


Z= | —yZ(q), where (3.56) 
F Tə 
Z(q) = [r aD I] =a)” = (Vinn), (3.57) 


is the ‘partition function’, with Dedekind’s function 
ln n 1 
nla) =q |] G-a@"); n (-=] = y —iTN(T). (3.58) 
n=1 


This is a pleasingly simple result. One very interesting property it 
has is that it is actually ‘modular invariant’. It is invariant under the 
T transformation in equation (3.52), since under T — T + 1, we get that 
Z(q) picks up a factor exp(2ai(Lo — Lo)). This factor is precisely unity, 
as follows from the level matching formula (2.73). Invariance of Z(q) 
under the S transformation rT — —1/7 follows from the property men- 
tioned in equation(3.58), after a few steps of algebra, and using the result 
S: 12 Tof |r|’. 

Modular invariance of the partition function is a crucial property. It 
means that we are correctly integrating over all inequivalent tori, which is 
required of us by diffeomorphism invariance of the original construction. 
Furthermore, we are counting each torus only once, which is of course 
important. 

Note that Z(q) really deserves the name ‘partition function’ since if 
it is expanded in powers of q and gq, the powers in the expansion — after 
multiplication by 4/a’ — refer to the (mass)? level of excitations on the left 
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Insert 3.4. Partition functions 


It is not hard to do the sums. Let us look at one dimension, and so 
one family of oscillators æn. We need to consider 


Tr gq’? = Tr gqoun=0 Anan, 


We can see what the operator qoun=0 -nan means if we write it explic- 
itly in a basis of all possible multiparticle states of the form a_,|0), 
(a_n)*|0), etc.: 


and so clearly Trq?-"°" = 57%, (qP = (1 — q")71, which is remark- 


ably simple! The final sum over all modes is trivial, since 


CO CO 
Tegdacanen = TP Trae = JJa- gy 


We get a factor like this for all 24 dimensions, and we also get con- 
tributions from both the left and right to give the result. 

Notice that if our modes were fermions, Yn, things would be even 
simpler. We would not be able to make multiparticle states (y~_,,)7|0), 
(Pauli), and so we only have a 2x2 matrix of states to trace in this 
case, and so we simply get 


Tr qtr = (14q”). 


Therefore the partition function is 


OO OO 
Tr qoun=0 Pon¥n — [I Trg- en = [I (1 +g”). 


We will encounter such fermionic cases later. 
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and right, while the coefficient in the expansion gives the degeneracy at 
that level. The degeneracy is the number of partitions of the level number 
into positive integers. For example, at level three this is three, since we 
have a_3,@_1Q@_2, and @_1Q@_1Q_}. 

The overall factor of (qq)~! sets the bottom of the tower of masses. Note 
for example that at level zero we have the tachyon, which appears only 
once, as it should, with M? = —4/a’. At level one, we have the mass- 
less states, with multiplicity 247, which is appropriate, since there are 
24? physical states in the graviton multiplet (Guv, Buv, ®). Introducing 
a common piece of terminology, a term q”!q“?, represents the appear- 
ance of a ‘weight’ (w1, w2) field in the 1+1 dimensional conformal field 
theory, denoting its left-moving and right-moving weights or ‘conformal 
dimensions’. 


A 


Strings on circles and T-duality 


In this chapter we shall study the spectrum of strings propagating in a 
spacetime that has a compact direction. The theory has all of the prop- 
erties we might expect from the knowledge that at low energy we are 
placing gravity and field theory on a compact space. Indeed, as the com- 
pact direction becomes small, the parts of the spectrum resulting from 
momentum in that direction become heavy, and hence less important, 
but there is much more. ‘The spectrum has additional sectors coming 
from the fact that closed strings can wind around the compact direction, 
contributing states whose mass is proportional to the radius. Thus, they 
become light as the circle shrinks. This will lead us to T-duality, relat- 
ing a string propagating on a large circle to a string propagating on a 
small circle!*. This is just the first of the remarkable symmetries relating 
two string theories in different situations that we shall encounter here. 
It is a crucial consequence of the fact that strings are extended objects. 
Studying its consequences for open strings will lead us to D-branes, since 
T-duality will relate the Neumann boundary conditions we have already 
encountered to Dirichlet ones” !', corresponding to open strings ending 
on special hypersurfaces in spacetime. 


4.1 Fields and strings on a circle 


Let us remind ourselves of what happens in field theory, for the case of 
placing gravity on a spacetime with a compact direction. This will help 
us appreciate the extra features encountered in the case of strings, and 
will also prepare for remarks to be made in a variety of cases much later. 
We start with the idea of Kaluza, later refined by Klein. 
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4.1.1 The Kaluza—Klein reduction 


Imagine that we are in five dimensions, with metric components GMN, 
M,N =0,...,4, and that the spacetime is actually of topology R* x S1, 
and so has one compact direction. So we will have the usual four dimen- 
sional coordinates on R*, (x, u = 0,...,3) and a periodic coordinate, 
xÍ = xf + 2mR, where R is the radius of the circle. 

Now as we have seen before, the five dimensional coordinate transfor- 
mation ¢”@ —> a!“ =M +M (x) is an invariance of our five dimensional 
theory, under which 


Gun — Gun = Gun — Oven — ONEM.- (4.1) 


The metric has the natural decomposition into GG) , (5) and ave where 
the superscript is necessary to distinguish similar-looking quantities in 
four dimensions, as we shall see. 

Let us consider the class of transformations €4(x"), €,, = 0, which cor- 
responds to an x"-dependent isometry (rotation) of the circle. Then GY) 


5 . . 
and Gy, are invariant, and 


cH — GO) = GY) — pela). (4.2) 


However, from the four dimensional point of view, EN is a scalar, GG) is 
proportional to the metric, and G > is a vector, proportional to what we 
will call A,,, and so equation (4.2) is simply a U (1) gauge transformation: 
A, > Ay — ô A(x). So the U (1) of electromagnetism can be thought of 
as resulting from compactifying gravity, the gauge field being an internal 
component of the metric. The idea of using this, as a first attempt at 
unifying gravity with electromagnetism, was that R is small enough that 
the world would be effectively four dimensional on larger scales, so an 
observer would have to work hard to see it. On distance scales much 
longer than that set by R, physical quantities in the theory would be 
effectively zt-independent. 

Let us be a bit more precise. Explicitly, we can write the most general 


metric consistent with the translation invariance in z4 as 


2 
ds? = GË ydr da™ = GG) dada” + G44 (az* + Ay de) , (4.3) 
and we write G44 = e°?. The five dimensional Ricci scalar decomposes as 


RÖ = RY — 267 V7e% — 167? Fp F, (4.4) 
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where F,, = 0, A, — pAn. Notice for future reference that the lower di- 
mensional metric components in the 0,1, 2,3 directions are a modification 
of the higher dimensional metric components: 


GU) = GO) — e? A, Ay, 


which is an important observation for later. So, suppressing the x* de- 
pendence of the fields, we get 


1 
—— J (Go) PRO dr 
16rG75) 
1 V 
~ Tora, J (G4? (BO — 3G0"d — 1 Ew FM) d'a, 


where we have defined Gq) = eG) and used equation (2.110). Now we 
have a relation between the five dimensional and four dimensional Newton 
constants: 


aR 1 

a ZZ — 4.5) 
N N ?’ ( 

G5) Cia 


and the gauge coupling is set by ¢ and Newton’s constant. 

Let us be more careful about following how the zt-independence of the 
theory arises. Since momentum in z4 is quantised as p4 = n/R, any scalar 
(or component of a field) in D = 5 (which obeys 0“ 3mo = 0) can be 
expanded: 


olt) = X gala )e /R, (4.6) 
nEZ 
giving 
n2 
O Onn — R2 = 0, (4.7) 


and so we see that the n appear in four dimensions as a family of scalars 
of mass m = n/R, and U(1) charge n. We get a tower of states which 
becomes extremely heavy for very small R, and are therefore hard to 
excite. We shall see this sort of spectrum arise in the closed string theory 
as well (since it contains gravity at low energy), but accompanied by new 
features. 


4.1.2 Closed strings on a circle 


The mode expansion (2.84) for the closed string theory can be written as: 


Uo è qh / la! 
X?(z,Z) = Z Ži — (at + a5)T + 5 (a — a5 Jo + oscillators. 
(4.8) 
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We have already identified the spacetime momentum of the string: 


(ap + ab). (4.9) 


If we run around the string, i.e. take o — 0 + 27, the oscillator terms are 
periodic and we have 


/ 
X!(z,2) > X! (z, Z) + 2m4 5 (ab — alt, (4.10) 


So far, we have studied the situation of non-compact spatial directions 
for which the embedding function X"(z, Z) is single-valued, and therefore 
the above change must be zero, giving 


ah = a5 = 4/—p". (4.11) 


Indeed, momentum p” takes a continuum of values reflecting the fact that 
the direction X" is non-compact. 

Let us consider the case that we have a compact direction, say X?°, of 
radius R. Our direction X?” therefore has period 27R. The momentum 
p” now takes the discrete values n/R, for n € Z. Now, under o ~ o + 2r, 
X*°(z, Z) is not single valued, and can change by 2awR, for w € Z. Solving 
the two resulting equations gives: 


25 ~ 25 
Ao + Ao 


2 
ag? — a5? = 4/ vR (4.12) 


and so we have: 


R ë g 2 2 

-95 n wR a a’ 
= | — — — }4/— = PR =. 4.13 
“0 Ç q! ) 2 R 2 ( ) 


We can use this to compute the formula for the mass spectrum in 
the remaining uncompactified 24+1 dimensions, using the fact that 
M? = —p„p”, where now u = 0,...,24. 


2 4 
2 _ 2552 
M = —p" Pq = (a0 ) +N) 
20. 4 
= — (a0) + —(N — 1), (4.14) 
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where N, N denote the total levels on the left- and right-moving sides, as 
before. These equations follow from the left and right Lo, Lo constraints. 
Recall that the sum and difference of these give the Hamiltonian and the 
level-matching formulae. Here, they are modified, and a quick computa- 
tion gives: 


2 2 p2 

2 n wR 2 ~ 

M = at a to (NN -2) 
nw+N—N=0. (4.15) 


The key features here are that there are terms in addition to the usual 
oscillator contributions. In the mass formula, there is a term giving the 
familiar contribution of the Kaluza—Klein tower of momentum states for 
the string (see section 4.1.1), and a new term from the tower of winding 
states. This latter term is a very stringy phenomenon. Notice that the 
level matching term now also allows a mismatch between the number of 
left and right oscillators excited, in the presence of discrete winding and 
momenta. 

In fact, notice that we can get our usual massless Kaluza—Klein states* 
by taking 


n=w=0; N=N=1, (4.16) 


exciting an oscillator in the compact direction. There are two ways of 
doing this, either on the left or the right, and so there are two U(1)s 
following from the fact that there is an internal component of the metric 
and also of the antisymmetric tensor field. We can choose to identify the 
two gauge fields of this U(1) x U(1) as follows: 


| = 


1 
AuR) = 5(G — B) 1,95; Ay(L) = (G + B) 1,95. 


2 


We have written these states out explicitly, together with the correspond- 
ing spacetime fields, and the vertex operators (at zero momentum), below. 


OXHOX” + OXHOX" 
OXHOXY — AXHAXY 


a2 OX"OX” 
Ay(L) “a2, |0; OX? OX? 
o= 5 log Gos 25 “a= |0; OX?0xX* 


* We shall sometimes refer to Kaluza—Klein states as ‘momentum’ states, to distinguish 
them from ‘winding’ states, in what follows. 
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So we have these 25-dimensional massless states which are basically 
the components of the graviton and antisymmetric tensor fields in 26 
dimensions, now relabelled. (There is also of course the dilaton ®, which 
we have not listed.) There is a pair of gauge fields giving a U(1),xU(1)p 
gauge symmetry, and in addition a massless scalar field ¢@. Actually, @ 
is a massless scalar which can have any background vacuum expectation 
value (vev), which in fact sets the radius of the circle. This is because the 
square root of the metric component Go5 25 is indeed the measure of the 
radius of the X% direction. 


4.2 T-duality for closed strings 


Let us now study the generic behaviour of the spectrum (4.15) for different 
values of R. For larger and larger R, momentum states become lighter, 
and therefore it is less costly to excite them in the spectrum. At the same 
time, winding states become heavier, and are more costly. For smaller 
and smaller R, the reverse is true, and it is gets cheaper to excite winding 
states while it is momentum states which become more costly. 

We can take this further: as R — o, all of the winding states, i.e. 
states with w Æ 0, become infinitely massive, while the w = 0 states with 
all values of n go over to a continuum. This fits with what we expect 
intuitively, and we recover the fully uncompactified result. 

Consider instead the case R — 0, where all of the momentum states, 
i.e. states with n Æ 0, become infinitely massive. If we were studying field 
theory we would stop here, as this would be all that would happen — the 
surviving fields would simply be independent of the compact coordinate, 
and so we have performed a dimension reduction. In closed string theory 
things are quite different: the pure winding states (i.e. n = 0, w Æ 0, 
states) form a continuum as R — 0, following from our observation that 
it is very cheap to wind around the small circle. Therefore, in the R — 0 
limit, an effective uncompactified dimension actually reappears! 

Notice that the formula (4.15) for the spectrum is invariant under the 
exchange 


now and ReR=a/R. (4.17) 


The string theory compactified on a circle of radius R’ (with momenta 
and windings exchanged) is the ‘T-dual’ theory, and the process of going 
from one theory to the other will be referred to as “T-dualising’. 

The exchange takes (see (equation 4.13)) 


as? = ae, AE — ae. (4.18) 


The dual theories are identical in the fully interacting case as well (after a 
shift of the coupling to be discussed shortly)!®. Simply rewrite the radius 
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R theory by performing the exchange 
X?°(z,Z) = X” + X” — X°(z, 2) = X7?(z) — X7(z). (4.19) 


The energy-momentum tensor and other basic properties of the conformal 
field theory are invariant under this rewriting, and so are therefore all of 
the correlation functions representing scattering amplitudes, etc. The only 
change, as follows from equation (4.18), is that the zero mode spectrum 
in the new variable is that of the a’/R theory. 

So these theories are physically identical. T-duality, relating the R and 
a’/R theories, is an exact symmetry of perturbative closed string theory. 
Shortly, we shall see that it is non-perturbatively exact as well. 


N.B. The transformation (4.19) can be regarded as a spacetime parity 
transformation acting only on the right-moving (in the world sheet 


sense) degrees of freedom. We shall put this picture to good use in 
what is to come. 


4.3 A special radius: enhanced gauge symmetry 


Given the relation we deduced between the spectra of strings on radii R 
and a’/R, it is clear that there ought to be something interesting about 
the theory at the radius R = Va’. The theory should be self-dual, and 
this radius is the ‘self-dual radius’. There is something else special about 
this theory besides just self-duality. 

At this radius we have, using (4.13), 


and so from the left and right we have: 
2 u 2 2 4 
M‘ = =p" Py = qn +w) +7W -1 
2 > 4, 
= qn- w) + —(N — 1). (4.21) 
So if we look at the massless spectrum, we have the conditions: 
(ntw)? +4N = 4; (n—w)? +4N =4. (4.22) 


As solutions, we have the cases n = w = 0 with N = 1 and N = 1 from 
before. These are include the vectors of the U(1) x U(1) gauge symmetry 
of the compactified theory. 
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Now, however, we see that we have more solutions. In particular: 


n =—w= +1, N=1, N=0; n=w=+1, N=0, N= 
(4.23) 


The cases where the excited oscillators are in the non-compact direction 
yield two pairs of massless vector fields. In fact, the first pair go with 
the left U (1) to make an SU (2), while the second pair go with the right 
U(1) to make another SU (2). Indeed, they have the correct +1 charges 
under the Kaluza-Klein U(1)s in order to be the components of the 
W-bosons for the SU (2) x SU (2)r ‘enhanced gauge symmetries’. The 
term is appropriate since there is an extra gauge symmetry at this special 
radius, given that new massless vectors appear there. 

When the oscillators are in the compact direction, we get two pairs of 
massless bosons. These go with the massless scalar @ to fill out the mass- 
less adjoint Higgs field for each SU (2). These are the scalars whose vevs 
give the W-bosons their masses when we are away from the special radius. 

In fact, this special property of the string theory is succinctly visible at 
all mass levels, by looking at the partition function (4.30). At the self-dual 
radius, it can be rewritten as a sum of squares of ‘characters’ of the su(2) 
affine Lie algrebra: 


Z(q,R = Va’) = [xalo + Ixl", (4.24) 
where , y 
aQ En E, xl En YE gH, (4.25) 


It is amusing to expand these out (after putting in the other factors of 
(n7)~' from the uncompactified directions) and find the massless states 
we discussed explicitly above. 

It does not matter if an affine Lie algebra has not been encountered 
before by the reader. We can take this as an illustrative example, arising in 
a natural and instructive way. See insert 4.1 for further discussion'’. In the 
language of two dimensional conformal field theory, there are additional 
left- and right-moving currents (i.e. fields with weights (1,0) and (0,1)) 
present. We can construct them as vertex operators by exponentiating 
some of the existing fields. The full set of vertex operators of the SU (2), x 
SU (2)r spacetime gauge symmetry: 


SU(2)p: OX#AX™(z), AX" exp(42iX?°(z)/V a’) 
SU(2)p: OXX” (z), OX" exp(+2iX?(z)/Va'), (4.26) 


corresponding to the massless vectors we constructed by hand above. 
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Insert 4.1. Affine Lie algebras 


The key structure of an affine Lie algebra is just what we have seen 
arise naturally in this self-duality example. In addition to all of the 
nice structures that the conformal field theory has — most pertinently, 
the Virasoro algebra — there is a family of unit weight operators, 
often constructed as vertex operators as we saw in equation (4.26), 
which form the Lie algebra of some group G. They are unit weight as 
measured either from the left or the right, and so we can have such 
structures on either side. Let us focus on the left. Then, as (1,0) 
operators, J*(z), (a is a label) we have: 

Ens Jm] = MIna ms (4.27) 


n 


where 


1 
J, = — faz gM! (2), (4.28) 
271 


and 
(Je, JE] = if Io, + mkd” Snym, (4.29) 


n+m 


where it should be noticed that the zero modes of these currents 
form a Lie algebra, with structure constants fe.. The constants d° 
define the inner product between the generators (t%, t?) = d. Since 
in bosonic string theory a mode with index —1 creates a state that 
is massless in spacetime, J“, can be placed either on the left with 
a, on the right (or vice versa) to give a state J%,a%,|0) which is 
a massless vector A¥”® in the adjoint of G, for which the low energy 
physics must be Yang—Mills theory. 

The full algebra is called an ‘affine Lie algebra’, or a ‘current 
algebra’, and sometimes a ‘Kac-Moody’ algebra?”. In a standard 
normalisation, k is an integer and is called the ‘level’ of the affinisa- 
tion. In the case that we first see this sort of structure, the string at 
a self-dual radius, the level is 1. The currents in this case are: 


J?(z) = ia’ 9, X(z), 
JI'(z) =: cos(2a 7V? XZ (2)) 5, Jz) =: sin(2a 7? X2 (2)) : 


which satisfy the algebra in (4.29) with f% = «%°, k = 1, and 
d% = 560, as appropriate to the fundamental representation. 
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The vertex operator for the change of radius, 0X?°0X?°, correspond- 
ing to the field ¢, transforms as a (3,3) under SU(2),, x SU(2)p, and 
therefore a rotation by m in one of the SU(2)s transforms it into minus 
itself. The transformation R — a’/R is therefore the Zə Weyl subgroup 
of the SU(2) x SU(2). Since T-duality is part of the spacetime gauge 
theory, this is a clue that it is an exact symmetry of the closed string 
theory, if we assume that non-perturbative effects preserve the spacetime 
gauge symmetry. We shall see that this assumption seems to fit with non- 
perturbative discoveries to be described later. 


4.4 The circle partition function 


It is useful to consider the partition function of the theory on the circle. 
This is a computation as simple as the one we did for the uncompactified 
theory earlier, since we have done the hard work in working out Lo and 
Lo for the circle compactification. Each non-compact direction will con- 
tribute a factor of (77)~', as before, and the non-trivial part of the final 
T-integrand, coming from the compact X? direction is: 


a! 2 Q 2 
Z(q, R) = (ni) yoda DP gi PR, (4.30) 


where PLpr are given in (4.13). Our partition function is manifestly 
T-dual, and is in fact also modular invariant. Under T, it picks us a 
phase exp(ai(P? — P)), which is again unity, as follows from the second 
line in (4.15): P? — P& = 2nw. Under S, the role of the time and space 
translations as we move on the torus are exchanged, and this in fact ex- 
changes the sums over momentum and winding. T-duality ensures that 
the S-transformation properties of the exponential parts involving PL, R 
are correct, while the rest is S invariant as we have already discussed. 

It is a useful exercise to expand this partition function out, after com- 
bining it with the factors from the other non-compact dimensions first, 
to see that at each level the mass (and level matching) formulae (4.15) 
which we derived explicitly is recovered. 

In fact, the modular invariance of this circle partition function is part 
of a very important larger story. The left and right momenta PL pR are 
components of a special two dimensional lattice, I°;,1. There are two basis 
vectors k = (1/R,1/R) and k = (R,—R). We make the lattice with 
arbitrary integer combinations of these, nk + wk, whose components are 
(PL, Pr). (cf. equation (4.13)). If we define the dot products between our 
basis vectors to be k-k = 2 andk-k=O0=k- k. our lattice then 
has a Lorentzian signature, and since P? — P2 = 2nw € 2Z, it is called 
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‘even’. The ‘dual’ lattice [ , is the set of all vectors whose dot product 
with (PL, Pr) gives an integer. In fact, our lattice is self-dual, which is to 
say that Py, = l% 1. It is the ‘even’ quality which guarantees invariance 
under T as we have seen, while it is the ‘self-dual’ feature which ensures 
invariance under S. In fact, S is just a change of basis in the lattice, and 
the self-duality feature translates into the fact that the Jacobian for this 
is unity. 


4.5 Toriodal compactifications 


It will be very useful later on for us to outline how things work more 
generally. The case of compactification on the circle encountered above 
can be easily generalised to compactification on the torus T? œ (S')?. Let 
us denote the compact dimensions by X', where m,n = 1,...,d. Their 
periodicity is specified by 


X” n X” 4 WR n”, 


where the n™ are integers and R™) is the radius of the mth circle. 
The metric on the torus, Gmn, can be diagonalised into standard unit 
Euclidean form by the veilbeins ef, where a,b = 1,...,d: 


a b 
Gmn = OabCmens 


and it is convenient to use tangent space coordinates X° = X™eñ, so that 
the equivalence can be written: 


X° v X° 4 met n”. 


We have defined for ourselves a lattice A = {e@ n™,n™ € Z}. We now 
write our torus in terms of this as 


There are of course conjugate momenta to the X°“, which we denote 
as p. They are quantised, since moving from one lattice point to an- 
other, producing a change in the vector X by 6X € 2aA are physi- 
cally equivalent, and so single-valuedness of the wavefunction imposes 
explip - X) = exp(tp- |X + 6X]), i.e. 


p: OX E 2m2, 
from which we see that clearly 


n — ~mn 
pP =G Nm, 
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where nm are integers. In other words, the momenta live in the dual lattice, 


A*, of A, defined by 
A* = 1e "nam, Nm € Z}, 


where the inverse veilbiens e*“’"n,, are defined in the usual way using the 
inverse metric: 

am __ am 

x = e? qm x e?n — fu 


€e OY œe 


Of course we can have winding sectors as well, since as we go around 
the string via o — o + 27, we can change to a new point on the lattice 
characterised by a set of integers w™, the winding number. Let us write 
out the string mode expansions. We have 


X°(7,0) = XiT- 0o)+ XRT +0), where 


al x 
Xp = aw -71 z PLC — g) + oscillators ri = 77 0° 
a R(a) 
pe = pt + o — = enm + Sew”, (4.31) 
for the left, while on the right we have 
Q! yl 
XR = tR-i z PRCT +o) + oscillators rR = p + 9% 
w R® ’ 1 
p = p° — — =e Am — oem (4.32) 


The action of the manifest ‘I-duality symmetry is simply to act with a 
right-handed parity, as before, swopping pL > p, and pr © —pr, and 
hence momenta and winding and X, > X, and Xp e —XR. 

To see more, let us enlarge our bases for the two separate lattices A, A* 
into a singe one, via: 


Em — pU a , € — xam. ? 
a! (Eeh e 


which lives in a (d + d)-dimensional lattice which we will call Taa. We 
can choose the metric on this space to be of Lorentzian signature (d,d), 
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which is achieved by 


and using this we see that 
xM . ext 


ee 2 
êm ê" = ôn (4.33) 


which shows that the lattice is self-dual, since (up to a trivial overall 
scaling), the structure of the basis vectors of the dual is identical to that 
of the original: I 4 = Va. Furthermore, we see that the inner product 
between any two momenta is given by 


2 
(êmw™ +O nn) - (Enw’” + nm) = (wnn +nmw™). (4.34) 


In other words, the lattice is even, because the inner product gives even 
integer multiples of 2/a’. 

It is these properties that guarantee that the string theory is modu- 
lar invariant!’?. The partition function for this compactification is the 
obvious generalisation of the expression given in (4.30): 


Zra = (M) i Y q Trig TR, (4.35) 


Pad 


where the pL pR are given in (4.32). Recall that the modular group is gen- 
erated by T : T —> T + 1, and S:7 — —1/r. So T-invariance follows 
from the fact that its action produces a factor explina’ (p? — p2)/2) = 
exp(ima’(p7)/2) which is unity because the lattice is even, as shown in 
equation (4.34). 

Invariance under S follows by rewriting the partition function Z(—1/rT) 
using the Poisson resummation formula given in insert 4.2, to get the 
result that 


The volume of the lattice’s unit cell is unity, for a self-dual lattice, since 
vol(A)vol(A*) = 1 for any lattice and its dual, and therefore S-invariance 
is demonstrated, and we can define a consistent string compactification. 
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Insert 4.2. The Poisson resummation formula 


A very useful trick is the following. Assume that we have a function 
f(a) defined on R”. Then its Fourier transform is given as 


Fle) = | seek) 


(27)” 


The formula we need is written in terms of this. If we sum over a 
lattice A C R”, then: 


S sin = [5 Se fH) = volla") SD fm). 
fon (20) 


ned meA* 


We shall meet two very important examples of large even and self-dual 
lattices later in subsection 7.2. They are associated to the construction of 
the modular invariant partition functions of the ten dimensional Eg x Eg 
and SO(32) heterotic strings””. 

There is a large space of inequivalent lattices of the type under discus- 
sion, given by the shape of the torus (specified by background parameters 
in the metric G) and the fluxes of the B-field through it. We can work 
out this ‘moduli space’ of compactifications. It would naively seem to be 
simply O(d, d), since this is the space of rotations naturally acting, tak- 
ing such lattices into each other, i.e. starting with some reference lattice 
Io, I’ = GTo should be a different lattice. We must remember that the 
physics cares only about the values of p? and Da, and so therefore we must 
count as equivalent any choices related by the O(d) x O(d) which acts inde- 
pendently on the left and right momenta: G ~ G'G, for G’ € O(d) x O(d). 
So at least locally, the space of lattices is isomorphic to 


O(d, d) 
O(d) x O(d)’ 


M = (4.36) 
A quick count of the dimension of this space gives 2d(2d — 1)/2 — 2 x 
d(d—1)/2 = d?, which fits nicely, since this is the number of independent 
components contained in the metric Gmn, (d(d + 1)/2) and the antisym- 
metric tensor field Bmn, (d(d—1)/2), for which we can switch on constant 
values (sourced by winding). 

There are still a large number of discrete equivalences between the 
lattices, which follows from the fact that there is a discrete subgroup of 
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O(d,d), called O(d, d, Z), which maps our reference lattice Io into itself: 
To ~ GT o. This is the set of discrete linear transformations generated 
by the subgroups of SL(2d, Z) which preserves the inner product given 
in equations (4.33). This group includes the T-dualities on all of the d 
circles, linear redefinitions of the axes, and discrete shifts of the B-field. 
The full space of torus compactifications is often denoted: 


M = O(d,d,Z)\O(d, 4)/[O(d) x O(d)], (4.37) 


where we divide by one action under left multiplication, and the other 
under right. 

Now we see that there is a possibility of much more than just the 
SU(2), x SU(2)p enhanced gauge symmetry which we got in the case 
of a single circle. We can have this large symmetry from any of the d 
circles, of course but there is more, since there are extra massless states 
that can be made by choices of momenta from more than one circle, 
corresponding to weight one vertex operators. This will allow us to make 
very large enhanced gauge groups, up to rank d, as we shall see later in 
section 7.2. 


4.6 More on enhanced gauge symmetry 


The reader is probably keen to see more of where some of the structures 
of sections 4.3, 4.4, and 4.5 come from, and so we will pause here to study 
a little about Lie groups and algebras. 


4.6.1 Lie algebras and groups 


Lie algebras are usually described in terms of a basis of generators, t®, 
which have a specific antisymmetric product: 


i", t] — if” t°, (4.38) 


where the f% are often called the structure constants. This product must 
satisfy the Jacobi identity, which states that: 


te, te, tJ] + [t°, [t,t] + fts, jte, tl] = 0. 


Once we have the algebra, we can form the group G by exponentiating 
the generators, to make a group element 


g = eit 
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N.B. One of the reasons why Lie groups are interesting is that the 
group elements form a manifold, and so there is a lot of familiar 
geometry to be found in their description. For example, one can think 
of the Lie algebra as the vector space that is simply the tangent 
space to the group manifold, G, and keep in mind a picture like that 


in figure 2.14. The natural way to make the Lie algebra from the 
group elements g is via the Maurer—Cartan forms, g~'dg which give 
a family of one-forms which are valued in the Lie algebra. We won’t 
use this much, but the curious reader can look ahead to insert 7.4, 
where we make this explicit for SU(2), which is the manifold S°. 


There is also an inner product between the generators, which is defined 
as (t%, t®) = d®, which is positive if the group is compact. We can lower 
and raise indices with this fellow, and having done this on the structure 
constants to get f°, there is an additional condition that they are totally 
antisymmetric in all of their indices. We shall restrict our attention mostly 
to the simple Lie algebras, for which a choice can be made to make d°? 
proportional to 6”. 

Most familiar is of course the representation of the algebra in (4.38) by 
matrices, for which we can use the notation th, where R stands for a repre- 
sentation, and the matrix elements are denoted tf ;;. The antisymmetric 
product is then the familiar matrix commutator, and the inner product 
is matrix multiplication with the trace. Then we have Tr(t%th) = Trd, 
where Tr is a number which depends on the representation. Note that we 
can define the Casimir invariant of the representation R as ato = Qrl. 

The Jacobi identity above translates into 


foba pode 4 foc pade 4 feod pode — 0. 
A most convenient matrix representation of the algebra is given by 
(t4 Joe = —1f tc 
and for this we see that we get 
th tA] = if oeth, 


and so we see that the structure constants themselves form a representa- 
tion of the Lie algebra. This is the adjoint representation. Notice that the 
dimension of the representation is the number of generators of the group. 
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It is useful to divide the generators t“ into two families. There is the 
maximal set of commuting generators, which are denoted H*, where i = 
1,...,r with r being the rank of the group, and there are the rest, denoted 
E of reasons to be given very shortly. 

The set H’, for which 


[H', H*] = 0, 

is the Cartan subalgebra, and the H’ are often said to form the mazimal 
torus, which we shall discuss more later. ‘These elements are the gener- 
alisation of J3 from the familiar case of SU(2). For a representation of 
dimension d, we can think of the H’ as d x d matrices. We will pick 
a specific basis for these and keep in that basis to describe everything 
else. Being all mutually commutative, they may be simultaneously diag- 
onalised, and there are d distinct eigenvalues for each H. Consider the 
nth entry along a diagonal. Each of the H’ supplies a component, wt, of 
a vector w in a space R’. There are d such weight vectors. 

Everything else can be given an assignment of ‘charges’ corresponding 
to the H-eigenvalues, via 


|H’, E°] = #4 E”. 


We can think of the a’ as components of an r-dimensional vector known 
as a root. It is a vector in the space R’ mentioned above. Every root is 
uniquely associated to a generator Æ“. The remaining parts of the Lie 
algebra are: 


e(a, B)E*" if a+ is a root, 
[E*, E] = < 2a-H/a-a ifa+6=0, 
0 otherwise, 


where the dot product is defined with the relevant part of the inner prod- 
uct form, dij, and e(a, 8) is +1. It is worth noting that the roots are the 
weights of the adjoint representation. 

The E® are the generalisations of the J+ familiar from SU(2), the 
raising and lowering operators. One can decompose weights into three 
classes, whether they are positive, negative, or zero. This is given by 
whether or not the first non-zero entry is positive, negative or zero (i.e. all 
components zero). There is a unique highest weight in any representation. 
Specialising to the weights of the adjoint representation, the roots, divides 
the £° into raising operators, if a is positive, and lowering operators if a 
is negative. One can build the whole representation of the groups starting 
with the highest weight and acting with the lowering operators, while 
acting on a highest weight with a raising operator gives zero. 

The simple roots are the positive roots that cannot be written as the 
sum of two positive roots, and they form a linearly independent set. The 
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number of them is equal to the rank of the group, r. Using these, it can 
be shown that the entire structure of the group may be reconstructed. A 
useful way of specifying the simple roots is to give their relative lengths 
and the angles between them, which turn out to be restricted to between 
90° and 180°. The Dynkin diagram is a very useful way of giving that 
information in an easy to read form. Each simple root is a node in the 
diagram. There are links between nodes if the angle between them is not 
90°. There is a single line if the angle is 120°, a double line if the angle is 
135° and a triple line if it is 150°. To denote the odd root which is shorter 
than the rest, it is often a practice to make the note a different shade of 
colour in the diagram. 


4.6.2 The classical Lie algebras 


Let us list the classical Lie algebras of Cartan’s classification. 


e SU(n) Denoted An—1ı in Cartan’s classification. The generators are 
traceless nx n Hermitian matrices, and the group elements of SU (n) 
are unit determinant unitary matrices. 


e SO(n) If n = 2k +1 this is denoted Bg, while if n = 2k it is Dr. 
The generators are n X n antisymmetric Hermitian matrices, and 
the group elements of SO(n) are real orthogonal matrices. 


e Sp(k) = USp(2k) This is denoted Ck in the classification. The gen- 
erators are Hermitian 2k x 2k matrices t satisfying 


MtM™ = t", 


where T denotes the transpose and 


where J; is the k x k identity matrix. The groups is the set of unitary 
matrices u satisfying 
MuMt =u", 


where —T denotes the inverse of the transpose. 


We will often have cause to encounter some non-compact groups closely 
related to these. We obtain them by multiplying some generators by 
an i. In this way we will get the set of traceless imaginary matrices to 
make the group of real matrices of unit determinant, SL(n) by continuing 
SU(n). We have already encountered O(n, m), which is a continuation of 
O(n +m) made by such a continuation. 
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Insert 4.3. The simply laced Lie algebras 


It turns out that for the Lie algebras An, Dg, Eg, Ey and Eg, all of the 
roots are the same length. These are called the simply laced algebras. 
It is very useful to know a bit about their structure, as manifest in 
the Dynkin diagrams given below. 


(n nodes) 


SO(2n) 


Le. 
eo oor 
tL. 
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4.6.3 Physical realisations with vertex operators 


Now we can return to some of the physical objects that we saw arising in 
the string theory and make contact with some of the structures we saw 
above. Recall that we represented the weights as vectors in R”, where r 
was the rank of the Lie algebra, arising as charges under the commuting 
generators or maximal torus given by the H’. These vectors came with a 
specific set of entries, and we could build all representations out of them, 
by adding vectors. The set of points in R” made in this way is the Lie 
algebra lattice, and it can be placed on a very physical footing in the 
context of toroidal compactification in the following way. 

If we placed r directions X’ on a torus T”, the weight (0,1) objects 
H’ (z) = ial -1/26, Xİ parameterise the very object we have been working 
with: the maximal torus. The weight vectors that we had, with the addi- 
tive structure allowing us to reach other points in the lattice, building up 
other representations, are simply the momenta, which are the zero modes 
of the H*(z), which are also additive. 

In general, we can make states corresponding to the weight vector w’ 
with the vertex operator exp(2ia’~!/2w - ¢). So now we see how to get a 
gauge symmetry, following the discussion in insert 4.1, we need to have 
vertex operators of weight (0,1) to go with the H*(z). These can be made 
with the vertex operators if the w? = 2. So we see that we need the simply 
laced algebras to do this. They are listed in insert 4.3, together with their 
Dynkin diagrams. 


4.7 Another special radius: bosonisation 


Before proceeding with the T-duality discussion, let us pause for a moment 
to remark upon something which will be useful later. In the case that 
R= \/(a’/2), something remarkable happens. The partition function is: 


/ 


Z |a R= SF) = (mt dal) Gers) (4.39) 


Note that the allowed momenta at this radius are (cf. equation (4.13)): 


2 2 
/ 
a = PR > = (n — z) (4.40) 


and so they span both integer and half-integer values. Now when P, is an 
integer, then so is PR and vice versa, and so we have two distinct sectors, 
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integer and half-integer. In fact, we can rewrite our partition function as 
a set of sums over these separate sectors: 


Zp a! /2 
2 2 1\2/7 
1J\1 1 a(n+9 
afsat hocete d an 


The middle sum is rather like the first, except that there is a —1 whenever 
n is odd. Taking the two sums together, it is just like we have performed 
the sum (trace) over all the integer momenta, but placed a projection 
onto even momenta, using the projector 


p= Zq +(-1)"). (4.42) 
In fact, an investigation will reveal that the third term can be written 
with a partner just like it save for an insertion of (—1)” also, but that 
latter sum vanishes identically. This all has a specific meaning which we 
will uncover shortly. 
Notice that the partition function can be written in yet another nice 
way, this time as 


Zr a= 5 (I @P+IR@P+ ROP), (4-48) 


where, for here and for future use, let us define 


Sh 
8 
[ATN 
n 
| 
KR 
z3 
Sx 
I 
3 
[ATN 
~ 
Sx 


fil@d==4 i 

fo(q) = = Vq% Ile +q”) 

fl) ==77 Ie +q"3) 

f(g ==C% nee =q" 2), (4.44) 


i 
— 


and note that 


f(-=)= fils Bà- BO (4.45) 
fiT +1) = faa) fht) = fl). (4.46) 
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While the rewriting as (4.48) might not look like much at first glance, 
this is in fact the partition function of a single Dirac fermion in two 
dimensions: Z(R = \/a’/2) = Zpirac. We have arrived at the result that a 
boson (at a special radius) is in fact equivalent to a fermion. This is called 
‘bosonisation’ or ‘fermionisation’, depending upon one’s perspective. How 
can this possibly be true? 

The action for a Dirac fermion, Y = (WL, UR)’ (which has two compo- 
nents in two dimensions) is, in conformal gauge: 


SDirac = a [ao Patoa = t [ao UW, ow, — t [ao Upavp, 
QT T T 
(4.47) 


where we have used 


o ./0 1 ı ./0 =i 
vail oP FT ~"\1 oF 


Now, as a fermion goes around the cylinder o — o + 2m, there are two 
types of boundary condition it can have. It can be periodic, and hence 
have integer moding, in which case it is said to be in the ‘Ramond’ (R) 
sector. It can instead be antiperiodic, have half-integer moding, and is 
said to be in the ‘Neveu-Schwarz’ (NS) sector. 

In fact, these two sectors in this theory map to the two sectors of allowed 
momenta in the bosonic theory: integer momenta to NS and half-integer 
to R. The various parts of the partition function can be picked out and 
identified in fermionic language. For example, the contribution: 


CO 
n— 2) 


HON = oy] J 


looks very fermionic, (recall insert 3.4 (p. 92)) and is in fact the trace 
over the contributions from the NS sector fermions as they go around 
the torus. It is squared because there are two components to the fermion, 
W and W. We have the squared modulus beyond that since we have the 
contribution from the left and the right. 

The f4(q) contribution on the other hand, arises from the NS sector 
with a (—)* inserted, where F counts the number of fermions at each 
level. The fo(q) contribution comes from the R sector, and there is a 
vanishing contribution from the R sector with (—1)" inserted. We see 
that that the projector 


P= 5(1+(-1)") (4.48) 
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is the fermionic version of the projector (4.42) we identified previously. 
Notice that there is an extra factor of two in front of the R sector contri- 
bution due to the definition of fo. This is because the R ground state is 
in fact degenerate. The modes Yo and Wo define two ground states which 
map into one another. Denote the vacuum by |s), where s can take the 
values +4. Then 


Wo| — 5) = 0; Wo| + 5) =0; 
g (4.49) 
Tol- =|+ 5); Wol +4) =|- 4), 


and Wy and Yo therefore form a representation of the two dimensional 
Clifford algebra. We will see this in more generality later on. In D dimen- 
sions there are D/2 components, and the degeneracy is 2” [2 

As a final check, we can see that the zero point energies work out nicely 
too. The mnemonic (2.80) gives us the zero point energy for a fermion 
in the NS sector as —1/48, we multiply this by two since there are two 
components and we see that that we recover the weight of the ground state 
in the partition function. For the Ramond sector, the zero point energy of 
a single fermion is 1/24. After multiplying by two, we see that this is again 
correctly obtained in our partition function, since —1/24 + 1/8 = 1/12. It 
is awfully nice that the function f$(q) has the extra factor of 2q!/8, just 
for this purpose. 

This partition function is again modular invariant, as can be checked 
using elementary properties of the f-functions (4.46): fo transforms into 
fa under the S transformation, while under T, f4 transforms into f3. 

At the level of vertex operators, the correspondence between the bosons 
and the fermions is given by: 


Tr(a) = FXO; P(e) = RRO, 4.50 
Va(2) = EPR; Dr(a) = e PANE) foo 


where 9 = \/2/a’. This makes sense, for the exponential factors define 
fields single-valued under X% — X?” + 2aR, at our special radius R = 


a’ /2. We also have 
Uy (z)Wy(z) = ðX”; Vp(zZ)VR(zZ) = 2X”, (4.51) 


which shows how to combine two (0, 1/2) fields to make a (0,1) field, with 
a similar structure on the left. Notice also that the symmetry X” — 
—X?° swaps Wir) and LR), a symmetry of interest in the next subsec- 
tion. We will return to this bosonisation/fermionisation relation in later 
sections, where it will be useful to write vertex operators in various ways 
in the supersymmetric theories. 


4.8 String theory on an orbifold 117 


4.8 String theory on an orbifold 


There is a rather large class of string vacua, called ‘orbifolds’*’, with 
many applications in string theory. We ought to study them, as many of 
the basic structures which will occur in their definition appear in more 
complicated examples later on. 

The circle St, parametrised by X?°, has the obvious Zə symmetry Ros : 
X” — —X°. This symmetry extends to the full spectrum of states and 
operators in the complete theory of the string propagating on the circle. 
Some states are even under Rəs, while others are odd. Just as we saw 
before in the case of Q, it makes sense to ask whether we can define 
another theory from this one by truncating the theory to the sector which 
is even. This would define string theory propagating on the ‘orbifold’ space 
S!/Ze. 

In defining this geometry, note that it is actually a line segment, where 
the endpoints of the line are actually ‘fixed points’ of the Zə action. The 
point X? = 0 is clearly such a point and the other is X” = mR ~ —TR, 
where R is the radius of the original St. A picture of the orbifold space is 
given in figure 4.1. In order to check whether string theory on this space is 
sensible, we ought to compute the partition function for it. We can work 
this out by simply inserting the projector 


1 
P= z + Ras), (4.52) 


which will have the desired effect of projecting out the Rg5-odd parts 
of the circle spectrum. So we expect to see two pieces to the partition 
function: a part that is 5 times Zeircle, and another part which is Zcircle 
with Rəs inserted. Noting that the action of Rəs is 


25 25 
an > a 
Rəs: 4 ~5 -9 4.53 
25 &25 &25 ? ( ) 


the partition function is: 


L TZR, 1) + 2 (IROI + BO ADI]. (454) 


Zorbifold = 5 


0 TR 0X XTR 


Fig. 4.1. A Zə orbifold of a circle, giving a line segment with two fixed 
points. 
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The fə part is what one gets if one works out the projected piece, but 
there are two extra terms. From where do they come? One way to see that 
those extra pieces must be there is to realise that the first two parts on 
their own cannot be modular invariant. The first part is of course already 
modular invariant on its own, while the second part transforms (4.46) into 
fa under the S transformation, so it has to be there too. Meanwhile, f4 
transforms into f3 under the J-transformation, and so that must be there 
also, and so on. 

While modular invariance is a requirement, as we saw, what is the 
physical meaning of these two extra partition functions? What sectors of 
the theory do they correspond to and how did we forget them? 

The sectors we forgot are very stringy in origin, and arise in a similar 
fashion to the way we saw windings appear in earlier sections. There, the 
circle may be considered as a quotient of the real line R by a translation 
X” — X” + IR. There, we saw that as we go around the string, o > 
o + 2r, the embedding map X% (c) is allowed to change by any amount 
of the lattice, 27 Rw. Here, the orbifold further imposes the equivalence 
X?” ~ —X*°, and therefore, as we go around the string, we ought to be 
allowed: 

X” (o + 2n,7) = —X” (0,7) + QrwR, 


for which the solution to the Laplace equation is: 


(4.55) 
with x*° = 0 or mR, no zero mode aZ° (hence no momentum), and no 
winding: w = 0. 

This is a configuration of the string allowed by our equations of motion 
and boundary conditions and therefore has to be included in the spectrum. 
We have two identical copies of these ‘twisted sectors’ corresponding to 
strings trapped at 0 and mR in spacetime. They are trapped, since z?” is 
fixed and there is no momentum. 

Notice that in this sector, where the boson X7°(w, ©) is antiperiodic as 
one goes around the cylinder, there is a zero point energy of 1/16 from 
the twisted sector: it is a weight (1/16,1/16) field, in terms of where it 
appears in the partition function. 

Schematically therefore, the complete partition function ought to be 


1 -+ Ros E Ff. 1 
Zorbifold = [Tuntwisted (Ce ge Lo ) 


1+ R 7 
+ Triwisted (Ce grig) (4.56) 
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to ensure modular invariance, and indeed, this is precisely what we have 
in (4.54). The factor of two in front of the twisted sector contribution is 
because there are two identical twisted sectors, and we must sum over all 
sectors. 

In fact, substituting in the expressions for the f-functions, one can 
discover the weight (1/16, 1/16) twisted sector fields contributing to the 
vacuum of the twisted sector. This simply comes from the g~!/48 factor in 
the definition of the fs 4-functions. They appear inversely, and for example 
on the left, we have 1/48 = —c/24+ 1/16, where c = 1. 

Finally, notice that the contribution from the twisted sectors do not 
depend upon the radius R. This fits with the fact that the twisted sectors 
are trapped at the fixed points, and have no knowledge of the extent of 
the circle. 


4.9 T-duality for open strings: D-branes 


Let us now consider the R — 0 limit of the open string spectrum. Open 
strings do not have a conserved winding around the periodic dimension 
and so they have no quantum number comparable to w, so something 
different must happen, as compared to the closed string case. In fact, it 
is more like field theory: when R — 0 the states with non-zero internal 
momentum go to infinite mass, but there is no new continuum of states 
coming from winding. So we are left with a theory in one dimension fewer. 
A puzzle arises when one remembers that theories with open strings have 
closed strings as well, so that in the R — 0 limit the closed strings live in 
D spacetime dimensions but the open strings only in D — 1. 

This is perfectly fine, though, since the interior of the open string is 
indistinguishable from the closed string and so should still be vibrating in 
D dimensions. ‘The distinguished part of the open string are the endpoints, 
and these are restricted to a D — 1 dimensional hyperplane. 

This is worth seeing in more detail. Write the open string mode expan- 
sion as 


X™(2,Z) = X"(z) + X"(2), 


u Iu In 1/2 1 
X”(z) = 5 +5 a ia'ptine (S) So =ahe”, 
2 Zo” 


2 2 
u Iu In 1/2 1 
X”(z) = > — > —ialp' Inz+i (5) D On, (4.57) 


nÆ0 


where x is an arbitrary number which cancels out when we make the 
usual open string coordinate. Imagine that we place X? on a circle of 
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radius R. The T-dual coordinate is 
X’ (z, 2) — X” (z) _ X*?(Z) 


125 - 1 25 & / 12S 1 25 —inT a: 
= T — ta In — |} +2 20 — Qp € sln no 
p (=) ( ) n ” 


nÆ0 
1 l 
= 7! + 2a! p?a + i(2Qa’)!/? Ss -afe "T sin no 
nÆ0 n 
1 l 
= g” 4 2a! =o + i(2a’)'/? Ss -afe "T sin no. (4.58) 
nÆ0 n 


Notice that there is no dependence on 7 in the zero mode sector. This is 
where momentum usually comes from in the mode expansion, and so we 
have no momentum. In fact, since the oscillator terms vanish at the end- 
points o = 0,7, we see that the endpoints do not move in the X'° direc- 
tion! Instead of the usual Neumann boundary condition ôn X = 0,X = 0, 
we have ðX = i- X = 0. More precisely, we have the Dirichlet condition 
that the ends are at a fixed place: 


X” (m) — X’ (0) = = 2mn R. (4.59) 


In other words, the values of the coordinate X’? at the two ends are 
equal up to an integral multiple of the periodicity of the dual dimension, 
corresponding to a string that winds as in figure 4.2. 


0 


Fig. 4.2. Open strings with endpoints attached to a hyperplane. The 
dashed planes are periodically identified. The strings shown have winding 
numbers zero and one. 
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This picture is consistent with the fact that under ‘T-duality, the defi- 
nition of the normal and tangential derivatives get exchanged: 


AX (z)  aX5(z) 


On X” (z, Z) = a + Os = OX! (z, Z) 
25 25/5 
OX? (z, z) = 2X — on = aX” (z, 2). (4.60) 


Notice that this all pertains to just the direction which we T-dualised, 
X*°, So the ends are still free to move in the other 24 spatial dimensions, 
which constitutes a hyperplane called a ‘D-brane’. There are 24 spatial 
directions, so we shall denote it a D24-brane. 


4.9.1 Chan—Paton factors and Wilson lines 


This picture becomes even more rich when we include Chan—Paton 
factors*?. Consider the case of U(N), the oriented open string. When 
we compactify the X? direction, we can include a Wilson line 


Aos — diag{1, Qo, cy On }/27R, 


which generically breaks U(N) — U(1)^. (See insert 4.4 (p. 122) for a 
short discussion.) Locally this is pure gauge, 


Aos = —~iA~ aos A A= diag {eX  01/2TR ei X02 /2T7R ci XP /2TRY 

(4.61) 
We can gauge Ags away, but since the gauge transformation is not peri- 
odic, the fields pick up a phase 


diag fe, ee e ten } (4.62) 


under X” — X” + IR. 

What is the effect in the dual theory? From the phase (4.62) the open 
string momenta are now fractional. As the momentum is dual to winding 
number, we conclude that the fields in the dual description have frac- 
tional winding number, i.e. their endpoints are no longer on the same 
hyperplane. Indeed, a string whose endpoints are in the state |27) picks 
up a phase e(9)—%) so their momentum is (Qan+6;—6;)/27R. Modifying 
the endpoint calculation (4.59) then gives 


X’ (m) — X” (0) = (Qan + 0; — 0i) R'. (4.67) 


In other words, up to an arbitrary additive constant, the endpoint in state 
21s at position 
x” = 6, R’ = 27a! Aas ii- (4.68) 
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Insert 4.4. Particles and Wilson lines 


The following illustrates an interesting gauge configuration which 
arises when spacetime has the non-trivial topology of a circle (with 
coordinate X7°) of radius R. Consider the case of U(1). Let us make 
the following choice of constant background gauge potential: 


(4.63) 


i 25 
where A(X”) = e~ otk. This is clearly pure gauge, but only lo- 


cally. There still exists non-trivial physics. Form the gauge invariant 
quantity (‘Wilson line’): 


W, = exp (ia f dX” Ags ) = e, (4.64) 


Where does this observable show up? Imagine a point particle of 
charge q under the U (1). Its action can be written (see section 4.2) 
as: 


S = far [3X — iga, X" | = fac (4.65) 


The last term is just —iq f A = —iq f A dx”, in the language of forms. 
This is the natural coupling of a world volume to an antisymmetric 
tensor, as we shall see.) Recall that in the path integral we are com- 
puting e~°. So if the particle does a loop around X? circle, it will 
pick up a phase factor of W,. Notice: the conjugate momentum to 
XF is 

OL 


. . 0 
I = izo = iX", except for I? = ix? — = > 


where the last equality results from the fact that we are on a circle. 
Now we can of course gauge away A with the choice A~+, but it will 
be the case that as we move around the circle, i.e. X — X” +2rR, 
the particle (and all fields) of charge q will pick up a phase e9. So 
the canonical momentum is shifted to: 

n q0 


, 4, 
R + 2m kR (4.66) 
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0 OR OR OR 27R’ 
Fig. 4.3. Three D-branes at different positions, with various strings at- 


tached. 


We have in general N hyperplanes at different positions as depicted in 
figure 4.3. 


4.10 D-brane collective coordinates 


Clearly, the whole picture goes through if several coordinates 


X™ = {X* X... XPT (4.69) 


are periodic, and we rewrite the periodic dimensions in terms of the dual 
coordinates. The open string endpoints are then confined to N (p + 1)- 
dimensional hyperplanes, the D(p + 1)-branes. The Neumann conditions 
on the world-sheet, nX” (ot, o?) = 0, have become Dirichlet conditions 
O,.X'"(o!, o?) = 0 for the dual coordinates. In this terminology, the orig- 
inal 26 dimensional open string theory theory contains N D25-branes. 
A 25-brane fills space, so the string endpoint can be anywhere: it just 
corresponds to an ordinary Chan—Paton factor. 

It is natural to expect that the hyperplane is dynamical rather than 
rigid®. For one thing, this theory still has gravity, and it is difficult to see 
how a perfectly rigid object could exist. Rather, we would expect that the 
hyperplanes can fluctuate in shape and position as dynamical objects. We 
can see this by looking at the massless spectrum of the theory, interpreted 
in the dual coordinates. 

Taking for illustration the case where a single coordinate is dualised, 
consider the mass spectrum. The D — 1 dimensional mass is 


1 
M? = (p)? + (N= 1) 


_ (Pen) + a(n - 1). (4.70) 


ota! 
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Note that [2a7n + (0; — 0;)|R’ is the minimum length of a string winding 
between hyperplanes 7 and 7. Massless states arise generically only for 
non-winding (i.e. n = 0) open strings whose end points are on the same 
hyperplane, since the string tension contributes an energy to a stretched 
string. We have therefore the massless states (with their vertex operators): 


at |k; ii), V = QX", 
a™ |kyii), V =&X” = 3p X”. (4.71) 


The first of these is a gauge field living on the D-brane, with p + 1 com- 
ponents tangent to the hyperplane, A” (°), u,a = 0,..., p. Here, €4 = x” 
are coordinates on the D-branes’ world-volume. The second was the gauge 
field in the compact direction in the original theory. In the dual theory 
it becomes the transverse position of the D-brane (see equation (4.68)). 
From the point of view of the world-volume, it is a family of scalar fields, 
o™(€°), (m =p+1,..., D — 1) living there. 

We saw this in equation (4.68) for a Wilson line, which was a con- 
stant gauge potential. Now imagine that, as genuine scalar fields, the ®” 
vary as we move around on the world-volume of the D-brane. This there- 
fore embeds the brane into a variable place in the transverse coordinates. 
This is simply describing a specific shape to the brane as it is embed- 
ded in spacetime. The ®™ (°) are exactly analogous to the embedding 
coordinate map X"(0,7) with which we described strings in the earlier 
sections. 

The values of the gauge field backgrounds describe the shape of the 
branes as a soliton background, then. Meanwhile their quanta describe 
fluctuations of that background. This is the same phenomenon which 
we found for our description of spacetime in string theory. We started 
with strings in a flat background and discover that a massless closed 
string state corresponds to fluctuations of the geometry. Here we found 
first a flat hyperplane, and then discovered that a certain open string 
state corresponds to fluctuations of its shape. Remarkably, these open 
string states are simply gauge fields, and this is one of the reasons for 
the great success of D-branes. There are other branes in string theory (as 
we shall see) and they have other types of field theory describing their 
collective dynamics. D-branes are special, in that they have a beautiful 
description using gauge theory. Ultimately, we can use the long experience 
of working with gauge theories to teach us much about D-branes, and 
later, the geometry of D-branes and the string theories in which they 
live can teach us a lot about gauge theories. This is the basis of the 
dialogue between gauge theory and geometry which dominates the field 
at present. 
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It is interesting to look at the U (N) symmetry breaking in the dual pic- 
ture where the brane can move transverse to their world-volumes. When 
no D-branes coincide, there is just one massless vector each, or U(1)* 
in all, the generic unbroken group. If & D-branes coincide, there are new 
massless states because strings which are stretched between these branes 
can achieve vanishing length. Thus, there are k? vectors, forming the ad- 
joint of a U(k) gauge group?” 7°. This coincident position corresponds to 
01 = 02 =--- = Ok for some subset of the original {0}, so in the original 
theory the Wilson line left a U(k) subgroup unbroken. At the same time, 
there appears a set of k? massless scalars: the k positions are promoted 
to a matrix. This is not intuitive at first, but plays an important role in 
the dynamics of D-branes*°. We will examine many consequences of this 
later in this book. Note that if all N branes are coincident, we recover the 
U(N) gauge symmetry. 

Although this picture seems quite odd, and will become more so in the 
unoriented theory, note that all we have done is to rewrite the original 
open string theory in terms of variables which are more natural in the 
limit R < Va’. Various obscure features of the small-radius limit become 
clear in the T-dual picture. 

Observe that, since T-duality interchanges Neumann and Dirichlet 
boundary conditions, a further T-duality in a direction tangent to a Dp- 
brane reduces it to a D(p — 1)-brane, while a T-duality in a direction 
orthogonal turns it into a D(p + 1)-brane. 


4.11 T-duality for unoriented strings: orientifolds 


The R — 0 limit of an unoriented theory also leads to a new extended 
object. Recall that the effect of T-duality can also be understood as a 
one-sided parity transformation. For closed strings, the original coordi- 
nate is X'™(z,Z) = X™(z) + X'™(Z). We have already discussed how to 
project string theory with these coordinates by Q. The dual coordinate is 
X'™ (z, Z) = X™(z) — X™(zZ). The action of world sheet parity reversal is 
to exchange X"(z) and X#(z). This gives for the dual coordinate: 


X'™ (2,2) = —X'"™"(Z, z). (4.72) 


This 1s the product of a world-sheet and a spacetime parity operation. 
In the unoriented theory, strings are invariant under the action of £, 
while in the dual coordinate the theory is invariant under the product 
of world-sheet parity and a spacetime parity. This generalisation of the 
usual unoriented theory is known as an ‘orientifold’, a term that mixes 
the term ‘orbifold’ with orientation reversal. 
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Imagine that we have separated the string wavefunction into its internal 
part and its dependence on the centre of mass, x7”. Furthermore, take 
the internal wavefunction to be an eigenstate of Q. The projection then 
determines the string wavefunction at —x' to be the same as at x”, up 
to a sign. The various components of the metric and antisymmetric tensor 
satisfy, for example, 


Guva”, -2"") = Gu (2#, £"), Byv(c",—-2"") = -Bu (at, £”), 
Gun(a",—2"") = —Gun(2", 2"), Bunha", =") = Byn (2, a"), 
Gmn“, —2"™) = Gmn(2", 2"), Bmn(e",-—2") = —Bmn (2, 2"). (4.73) 


In other words, when we have k compact directions, the T-dual spacetime 
is the torus T?°-* moded by a Zə reflection in the compact directions. 
So we are instructed to perform an orbifold construction, modified by the 
extra sign. In the case of a single periodic dimension, for example, the 
dual spacetime is the line segment 0 < x£ < aR’. The reader should 
remind themselves of the orbifold construction in section 4.8. At the ends 
of the interval, there are fixed ‘points’, which are in fact spatially 24- 
dimensional planes. Looking at the projections (4.73) in this case, we 
see that on these fixed planes, the projection is just like we did for the 
§2-projection of the 25+1 dimensional theory in section 2.6: the theory 
is unoriented there, and half the states are removed. These orientifold 
fixed planes are called ‘O-planes’ for short. For this case, we have two 
O24-planes. (For k directions we have 2” O(25 — k)-planes arranged on 
the vertices of a hypercube.) In particular, we can usefully think of the 
original case of k = 0 as being on an O25-plane. 

While the theory is unoriented on the O-plane, away from the orientifold 
fixed planes, the local physics is that of the oriented string theory. The 
projection relates the physics of a string at some point x to the string 
at the image point —2””. 

In string perturbation theory, orientifold planes are not dynamical. Un- 
like the case of D-branes, there are no string modes tied to the orientifold 
plane to represent fluctuations in its shape. Our heuristic argument in 
the previous subsection that gravitational fluctuations force a D-brane to 
move dynamically does not apply to the orientifold fixed plane. This is 
because the identifications (4.73) become boundary conditions at the fixed 
plane, such that the incident and reflected gravitational waves cancel. For 
the D-brane, the reflected wave is higher order in the string coupling. 

The orientifold construction was discovered via T-duality® and inde- 
pendently from other approaches?” 1°. One can of course consider more 
general orientifolds which are not simply T-duals of toroidal compactifica- 
tions. The idea is simply to combine a group of discrete symmetries with Q 
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such that the resulting group of operations (the ‘orientifold group’, Go) is 
itself a symmetry of some string theory. One then has the right to ask what 
the nature of the projected theory obtained by dividing by Go might be. 
This is a fruitful way of construction interesting and useful string vacua?®. 
We shall have more to say about this later, since in superstring theory 
we shall find that O-planes, like D-branes , are sources of various closed 
string sector fields. ‘Therefore there will be additional consistency condi- 
tions to be satisfied in constructing an orientifold, amounting to making 
sure that the field equations are satisfied. 

So far our discussion of orientifolds was just for the closed string sector. 
Let us see how things are changed in the presence of open strings. In 
fact, the situation is similar. Again, let us focus for simplicity on a single 
compact dimension. Again there is one orientifold fixed plane at 0 and 
another at wR’. Introducing SO(N) Chan—Paton factors, a Wilson line 
can be brought to the form 


diag{01, —01, 02, —@2,...,8n/2, Ono}. (4.74) 


Thus in the dual picture there are 5N D-branes on the line segment 
0 < X’ < wR’, and 5N at their image points under the orientifold 
identification. 

Strings can stretch between D-branes and their images, as shown in 
figure 4.4. The generic gauge group is U(1)%. /2 where all branes are sep- 
arated. As in the oriented case, if m D-branes are coincident there is a 
U(m) gauge group. However, now if the m D-branes in addition lie at one 
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Fig. 4.4. Orientifold planes at 0 and mR’. There are D-branes at 01 R’ and 
6)R’, and their images at —0ı R’ and —62 R’. Q acts on any string by a 
combination of a spacetime reflection through the planes and reversing 
the orientation arrow. 
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of the fixed planes, then strings stretching between one of these branes 
and one of the image branes also become massless and we have the right 
spectrum of additional states to fill out SO(2m). The maximal SO(N) 
is restored if all of the branes are coincident at a single orientifold plane. 
Note that this maximally symmetric case is asymmetric between the two 
fixed planes. Similar considerations apply to U Sp( N). As we saw before, 
the difference between the appearance of the two groups is in a sign on 
the matrix M as it acts on the string wavefunction. Later, we shall see 
that this sign is correlated with the sign of the charge and tension of the 
orientifold plane. 

We should emphasise that there are 5N dynamical D-branes but an N- 
valued Chan—Paton index. An interesting case is when k + t D-branes lie 
on a fixed plane, which makes sense because the number 2k + 1 of indices 
is integer. A brane plus image can move away from the fixed plane, but 
the number of branes remaining is always half-integer. This anticipates 
a discussion which we shall have about fractional branes much later, in 
section 13.2, even outside the context of orientifolds. 


z 


Background fields and world-volume 
actions 


T-duality is clearly a remarkable phenomenon that is highly indicative of 
the different view string theory has of spacetime from that of field theo- 
ries. This heralds a rather rich landscape of possibilities for new physics, 
and indeed T-duality will govern much of what we will study in the rest of 
this book, either directly or indirectly. So far, we have uncovered it at the 
level of the string spectrum, and have used it to discover D-branes and 
orientifolds. However, we have so far restricted ourselves to flat space- 
time backgrounds, with none of the other fields in the string spectrum 
switched on. In this chapter, we shall study the action of T-duality when 
the massless fields of the string theory take on non-trivial values, giving 
us curved backgrounds and/or gauge fields on the world-volume of the 
D-branes. It is also important to uncover further aspects of the dynam- 
ics of D-branes in non-trivial backgrounds, and we shall also uncover an 
action to describe this here. 


5.1 T-duality in background fields 


The first thing to notice is that T-duality acts non-trivial on the dila- 
ton, and therefore modifies the string couplingt® t". After dimensional 
reduction on a circle of radius R, the effective 25-dimensional string cou- 
pling read off from the reduced string frame supergravity action is now 
Js = e? (2m R)" 2. Since the resulting 25-dimensional theory is supposed 
to have the same physics, by T-duality, as a theory with a dilaton ®, com- 
pactified on a circle of radius R’, it is required that this coupling is equal to 


~ 


9s = e? (2r R' yl 2 the string coupling of the dual 25-dimensional theory: 


11/2 
e? = el, (5.1) 
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This is just part of a larger statement about the T-duality transformation 
properties of background fields in general. Starting with background fields 
Guv, Buy and ®, let us first T-dualise in one direction, which we shall label 
X*°. as before. In other words, X” is a direction which is a circle of radius 
R, and the dual circle X’”° is a circle of radius R’ = a'/R. 

We may start with the two dimensional sigma model (2.103) with back- 
ground fields Gyr, Bur, ®, and assume that locally, all of the fields are 
independent of the direction X7°. In this case, we may write an equivalent 
action by introducing a Lagrange multiplier, which we shall call X’°: 


1 
So = Ana! R 0 [G25 25Va Vb -+ 2G25 u Va X" -+ G uva X" Dæ X" ] 


+ je” |2 Bəs „Va X" + Bur ða X æ X” + 2X’ 0an +a RE S. (5.2 
„H H 


Since the equation of motion for the Lagrange multiplier is 


oL 
ð X'25 
we can write a solution as vy = œo for any scalar ¢, which we might 
as well call X°, since upon substitution of this solution back into the 
action, we get our original action in (2.103). 
Instead, we can find the equation of motion for the quantity vg: 


oE O ( OL ) _ 
Ova Bop \O(Apva)) 
= g” [Go5,2505 + G25, 0b X"] + ie | Bos, yp X" + Ax), 


= ie 0, Up = 0, 


(5.3) 


which, upon solving it for va and substituting back into the equations 
gives an action of the form (2.103), but with fields Guy and By, given by: 


~ 1 S e2” 
Go5,.05 = — , 
G25,25 G25,25 
Õ o B25 Bo G p25 
25,25 25,25 
G -G Gu25G6v25 — B25 Byas 
py TW Gaag 
25,25 
Š -B By25Gve5 — G p25 Bv25 54 
w = Bw- G (5.4) 


where a one loop (not tree level) world-sheet computation (e.g. by checking 
the -function equations again, or by considering the new path integral 
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measure induced by integrating out va), gives the new dilaton. This fits 
with the fact that it couples at the next order in a’ (which plays the role 
of A on the world-sheet) as discussed previously. 

Of course, we can T-dualise on many (say d) independent circles, form- 
ing a torus T%. It is not hard to deduce that one can succinctly write the re- 
sulting T-dual background as follows. If we define the DxD 
metric 


Ew = Guy + Bu, (5.5) 


and if the circles are in the directions X’, i = 1,...,d, with the remaining 
directions labelled by X%, then the dual fields are given by 


Ei; = E”. Eaj = Ea B“, e2? = e??? det(E*), 
Ea = Eas — Eai E” Ejp, (5.6) 


where F;,E") = 8; defines E”) as the inverse of Fij. We will find this 
succinct form of the O(d, d) T-duality transformation very useful later on. 


5.2 A first look at the D-brane world-volume action 


The D-brane is a dynamical object, and as such, feels the force of gravity. 
In fact, it must be able to respond to the values of the various background 
fields in the theory. This is especially obvious if one recalls that the D- 
branes’ location and shaped is controlled (in at least one way of describing 
them) by the open strings which end on them. These strings respond to 
the background fields in ways we have already studied (we have written 
world-sheet actions for them), and so should the D-branes. We must find 
a world-volume action describing their dynamics. 

If we introduce coordinates £f, a = 0,...,p on the brane, we can begin 
to write an action for the dynamics of the brane in terms of fields living 
on the world-volume in much the same way that we did for the string, in 
terms of fields living on the world-sheet. The background fields will act as 
generalised field-dependent couplings. As we discussed before, the fields 
on the brane are the embedding X"(€) and the gauge field Aa (£). We shall 
ignore the latter for now and concentrate just on the embedding part. By 
direct analogy to the particle and string case studied in chapter 2, the 
action 1s 


Sp = —T, J dP ee ® det? Gyo, (5.7) 


where Gay is the induced metric on the brane, otherwise known as the 


132 5 Background fields and world-volume actions 


‘pull-back’ of the spacetime metric G,, to the brane: 


_ OXF OX” 
ab = jee age p> 


Tp is the tension of the Dp-brane, which we shall discuss at length later. 
The dilaton dependence e7? = gz! arises because this is an open string 
tree level action, and so this is the appropriate function of the dilaton to 
introduce. 


(5.8) 


N.B. The world-volume reparametrisation invariant action we have 
just written is in terms of the determinant of the metric. It is a com- 
mon convention to leave the a,b indices dangling in writing this ac- 
tion and its generalisations, and we shall adopt that somewhat loose 


notation here. More careful authors sometimes use other symbols, 
like det!/?P[G], where the P denotes the pull-back, and G means 
the metric, now properly thought of as a matrix whose determinant 
is to be taken. Here, the meaning of what we write using the looser 
notation should always be clear from the context. 


Of course, this cannot be the whole story, and indeed it is clear that 
we shall need a richer action, since the rules of T-duality action on the 
background fields mean that T-dualising to a D(p+1)— or D(p—1)-brane’s 
action will introduce a dependence on Buv, since it mixes with components 
of the metric. Furthermore, there will be mixing with components of a 
world-volume gauge field, since some of kinetic terms for the transverse 
fields, aX”, m = p+1,...,D—1, implicit in the action (5.8), will become 
derivatives of gauge fields, 27a’0, Am according to the rules of T-duality 
for open strings deduced in the previous chapter. We shall construct the 
full T-duality respecting action in the next subsection. Before we do that, 
let us consider what we can learn about the tension of the D-brane from 
this simple action, and what we learned about the transformation of the 
dilaton. 

The tension of the brane controls its response to outside influences 
which try to make it change its shape, absorb energy, etc., just as we 
saw for the tension of a string. We shall compute the actual value of the 
tension in chapter 6. Here, we are going to uncover a useful recursion 
relation relating the tensions of different D-branes, which follows from 
T-duality”® 2°. The mass of a Dp-brane wrapped around a p-torus T? is 


Tye” T] rR). (5.9) 
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T-dualising on the single direction X? and recalling the transforma- 
tion (5.1) of the dilaton, we can rewrite the mass (5.9) in the dual vari- 
ables: 


p—1 p—1 
T (20v [[(2rR) = Ty-1e® [| (27). (5.10) 
1=1 1=1 
Hence, 
T, =T,1/20Val > T = Ty (20 aP P, (5.11) 


where we performed the duality recursively to deduce the general relation. 

The next step is to take into account new couplings for the embedding 
coordinates/fields which result of other background spacetime fields like 
the antisymmetric tensor B,,. This again appears as an induced tensor 
Bap on the worldvolume, via a formula like (5.8). 

It is important to notice that that there is a restriction due to spacetime 
gauge symmetry on the precise combination of Bab and A® which can 
appear in the action. The combination Bab + 27a’ Fap can be understood 
as follows. In the world-sheet sigma model action of the string, we have 
the usual closed string term (2.103) for B and the boundary action (2.108) 
for A. So the fields appear in the combination: 


1 
— B A. 5.12 
2na h + OM l ) 


We have written everything in terms of differential forms, since B and A 
are antisymmetric. For example f A = f Aadé®. 

This action is invariant under the spacetime gauge transformation 0A = 
dA. However, the spacetime gauge transformation 0B = dÇ will give a sur- 
face term which must be cancelled with the following gauge transforma- 
tion of A: 6A = —¢/2ma". So the combination B + 2ra’ F, where F = dA 
is invariant under both symmetries; this is the combination of A and B 
which must appear in the action in order for spacetime gauge invariance 
to be preserved. 


5.2.1 World-volume actions from tilted D-branes 


There are many ways to deduce pieces of the world-volume action. One 
way is to redo the computation for Weyl invariance of the complete sigma 
model, including the boundary terms, which will result in the (p + 1)- 
dimensional equations of motion for the world-volume fields Gab, Bab and 
Aa. One can then deduce the p+ 1-dimensional world-volume action from 


134 5 Background fields and world-volume actions 


which those equations of motion may be derived. We will comment on 
this below. 

Another way, hinted at in the previous subsection, is to use 'T-duality to 
build the action piece by piece. For the purposes of learning more about 
how the branes work, and in view of the various applications to which we 
will put the branes, this second way is perhaps more instructive. 

Consider’ a D2-brane extended in the Xt and X? directions, and let 
there be a constant gauge field Fiz. (We leave the other dimensions un- 
specified, so the brane could be larger by having extent in other direc- 
tions. This will not affect our discussion.) We can choose a gauge in which 
Ay = XtFiə. Now consider T-dualising along the x?-direction. The rela- 
tion (4.68) between the potential and coordinate gives 


X” = Ina! X' Fio, (5.13) 
This says that the resulting D1-brane is tilted at an angle” 
0 = tan! (2ra F12) (5.14) 


to the X?-axis! This gives a geometric factor in the Dl-brane world- 
volume action, 


S~ as = | aX? \/1+ (AX?) = [ax' 1+ na’ Fa). (5.15) 


D1 


We can always boost the D-brane to be aligned with the coordinate axes 
and then rotate to bring Fuy to block-diagonal form, and in this way 
we can reduce the problem to a product of factors like (5.15) giving a 
determinant: 


S~ [arx det? (nuv + 2ra Fy). (5.16) 


This is the Born—Infeld action.*” 

In fact, this is the complete action (in a particular ‘static’ gauge which 
we will discuss later) for a space-filling D25-brane in flat space, and with 
the dilaton and antisymmetric tensor field set to zero. In the language 
of section 2.7, Weyl invariance of the open string sigma model (2.108) 
amounts to the following analogue of (2.105) for the open string sector: 


1 VA 
A — 
Bi =a (ogra) E=, (517) 


* The reader concerned about achieving irrational angles and hence densely filling the 
(x',x*) torus should suspend disbelief until chapter 8. There, when we work in the 
fully consistent quantum theory of superstrings, it will be seen that the fluxes are 
quantised in just the right units to make this sensible. 
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these equations of motion follow from the action. In fact, in contrast to the 
Maxwell action written previously (2.107), and the closed string action 
(2.106), this action is true to all orders in a’, although only for slowly 
varying field strengths; there are corrections from derivatives of F yee 


5.38 The Dirac—Born—Infeld action 


We can uncover a lot of the rest of the action by simply dimensionally 
reducing. Starting with (5.16), where Fuy = 0,A,—O,A, as usual (we will 
treat the non-Abelian case later) let us assume that D—p—1 spatial coor- 
dinates are very small circles, small enough that we can neglect all deriva- 
tives with respect to those directions, labelled X', m = p+ 1,..., D-1. 
(The uncompactified coordinates will be labelled X%, a = 0,...,p.) In 
this case, the matrix whose determinant appears in (5.16) is: 


N -At 
( yo ) (5.18) 
where 
N = nap + Zma Fap; M = mn; A = ma'a Am. (5.19) 


Using the fact that its determinant can be written as |M||N+ A’ MHA], 
our action becomes” 


S~ — J POX det? (Nab + aX Xm + 2ra’ Fap), (5.20) 


up to a numerical factor (coming from the volume of the torus we reduced 
on. Once again, we used the T-duality rules (4.68) to replace the gauge 
fields in the T-dual directions by coordinates: 27a’ Am = X”. 

This is (nearly) the action for a Dp-brane and we have uncovered how 
to write the action for the collective coordinates X™ representing the fluc- 
tuations of the brane transverse to the world-volume. There now remains 
only the issue of putting in the case of non-trivial metric, Buy and dilaton. 
This is easy to guess given that which we have encountered already: 


Sp = —T, J PLE e~? det!/? (Gap + Bap + 2710! Fap). (5.21) 


This is the Dirac-Born—Infeld Lagrangian, for arbitrary background fields. 
The factor of the dilaton is again a result of the fact that all of this physics 
arises at open string tree level, hence the factor g>', and the Ba» is in 
the right place because of spacetime gauge invariance. Tp and Gap are in 
the right place to match onto the discussion we had when we computed 
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the tension. Instead of using T-duality, we could have also deduced this 
action by a generalisation of the sigma model methods described earlier, 
and in fact this is how it was first derived in this context**. 

We have re-introduced independent coordinates é“ on the world- 
volume. Note that the actions given in equations (5.15) and (5.20) were 
written using a choice where we aligned the world-volume with the first 
p+ 1 spacetime coordinates as €° = X°%, leaving the D — p — 1 trans- 
verse coordinates called X'™. We can always do this using world-volume 
and spacetime diffeomorphism invariance. ‘This choice is called the ‘static 
gauge’, and we shall use it quite a bit in these notes. Writing this out (for 
vanishing dilaton) using the formula (5.8) for the induced metric, for the 
case of Guy = Nuy we see that we get the action (5.20). 


5.4 The action of T-duality 


It is amusing* °! to note that our full action obeys (as it should) the rules 
of T-duality which we already wrote down for our background fields. The 
action for the Dp-brane is built out of the determinant |Eab + 27a’ Fool, 
where the (a,b = 0,...,p) indices on Eab mean that we have performed 
the pullback of E,,, (defined in (5.5)) to the world-volume. This matrix 
becomes, if we T-dualise on n directions labelled by X’ and use the rules 
we wrote in (5.6): 


Eq — Eai E“ Ejo + 200! Fap Eak E" — Oa X’ 


E Ex, 4 pX’ Fij ’ (5.22) 


which has determinant |E“ ||Eab + 21a’ Fagl. In forming the square root, 
we get again the determinant needed for the definition of a T-dual DBI 
action, as the extra determinant |E" | precisely cancels the determinant 
factor picked up by the dilaton under T-duality. (Recall, E” is the inverse 
of Fiz.) 

Furthermore, the tension Ty comes out correctly, because there is a 
factor of II? (27R;) from integrating over the torus directions, and a factor 
II? (R;/Va’) from converting the factor e~?, (see equation (5.1)), which 
fits nicely with the recursion formula (5.11) relating T, and Ty. 

The above was done as though the directions on which we dualised were 
all Neumann or all Dirichlet. Clearly, we can also extrapolate to the more 
general case. 


5.5 Non-Abelian extensions 


For N D-branes the story is more complicated. ‘The various fields on the 
brane representing the collective motions, Ag and X'™, become matrices 
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valued in the adjoint. In the Abelian case, the various spacetime back- 
ground fields (here denoted F, for the sake of argument) which can ap- 
pear on the world-volume typically depend on the transverse coordinates 
X™ in some (possibly) non-trivial way. In the non-Abelian case, with N 
D-branes, the transverse coordinates are really N x N matrices, 27a’®™, 
since they are T-dual to non-Abelian gauge fields as we learned in 
previous sections, and so inherit the behaviour of gauge fields (see 
equation (4.68)). We write them as ®” = X"/(27a’). So not only should 
the background fields F, depend on the Abelian part, but they ought to 
possibly depend (implicitly or explicitly) on the full non-Abelian part as 
F(@®),, in the action. 

Furthermore, in (5.21) we have used the partial derivatives 0,X" to 
pull back spacetime indices p to the world-volume indices, a, e.g. Fy = 
F aX”, and so on. To make this gauge covariant in the non-Abelian 
case, we should pull back with the covariant derivative: Fa = Fi,DgX" = 
Fi (OgX" + |Aa, X"]). 

With the introduction of non-Abelian quantities in all of these places, 
we need to consider just how to perform a trace, in order to get a gauge 
invariant quantity to use for the action. Starting with the fully Neumann 
case (5.16), a first guess is that things generalise by performing a trace (in 
the fundamental of U(N)) of the square rooted expression. The meaning 
of the ‘Ir needs to be stated, It is proposed that is means the ‘symmet- 
ric’ trace, denoted ‘STr’ which is to say that one symmetrises over gauge 
indices, consequently ignoring all commutators of the field strengths en- 
countered while expanding the action*’. (This suggestion is consistent 
with various studies of scattering amplitudes and also the BPS nature 
of various non-Abelian soliton solutions. There is still apparently some 
ambiguity in the definition which results in problems beyond fifth order 
in the field strength** 343) 

Once we have this action, we can then again use T-duality to deduce 
the form for the lower dimensional, Dp-brane actions. The point is that we 
can reproduce the steps of the previous analysis, but keeping commutator 
terms such as [A,, ®”] and [6™”, ®"|. We will not reproduce those steps 
here, as they are similar in spirit to that which we have already done 
(for a complete discussion, the reader is invited to consult some of the 
literature*’.) The resulting action is: 


Sp = -Tp | PHE L, where 
L = STr {det ™”? [Ea + Eai (Q7 — 8)! Ejyp + 2m0 Fap] det? [Qi] } (5.23) 


where Q‘; = ô’; + i2ma' |E, P4] Ey 5, and we have raised indices with E“. 
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5.6 D-branes and gauge theory 


In fact, we are now in a position to compute the constant Č in equa- 
tion (2.107), by considering N D25-branes, which is the same as an ordi- 
nary (fully Neumann) N-valued Chan—Paton factor. Expanding the D25- 
brane Lagrangian (5.16) to second order in the gauge field, we get 


_ Ps 


1 (2na) eP TrF yp FM”, (5.24) 


with the trace in the fundamental representation of U(.N). This gives the 
precise numerical relation between the open and closed string couplings. 

Actually, with Dirichlet and Neumann directions, performing the same 
expansion, and in addition noting that 


(2na)? o’, 
det|Q"; =1- A [®", P jE, p| He, (5.25) 
one can write the leading order action (5.23) as 


T, (2na)? 


p=- 


J PLE e-PTr FaF + 2D DaD + 0, 017P \ 
(5.26) 


This is the dimensional reduction of the D-dimensional Yang-Mills 
term, displaying the non-trivial commutator for the adjoint scalars. This 
is an important term in many modern applications, as we shall see. Note 
that the (p + 1)-dimensional Yang-Mills coupling for the theory on the 
branes is 

IM. = gT, (2m)? (5.27) 


This is worth noting’. With the superstring value of T, p Which we will 
compute later, it is used in many applications to give the correct relation 
between gauge theory couplings and string quantities. 


5.7 BPS lumps on the world-volume 


We can of course treat the Dirac-Born—Infeld action as an interesting 
theory in its own right, and seek for interesting solutions of it. These 
solutions will have both a (p + 1)-dimensional interpretation and a D- 
dimensional one. 

We shall not dwell on this in great detail, but include a brief discussion 
here to illustrate an important point, and refer to the literature for more 
complete discussions.” More details will appear when we get to the su- 
persymmetric case. One can derive an expression for the energy density 
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contained in the fields on the world-volume: 


E? = E” E’ FaFa + E°E’G a + det(G + 2na’'F), (5.28) 


where here the matrix Fa» contains only the magnetic components (i.e. 
no time derivatives) and E® are the electric components, subject to the 


Gauss Law constraint V- E = 0. Also, as before 
Gab = Nab + Oa X” OX”, m=pt+l,...,D—-1. (5.29) 


Let us consider the case where we have no magnetic components and 
only one of the transverse fields, say X?°, switched on. In this case, we 
have 


EF = (14 E. VX”? 4 (EFVX*), (5.30) 
and so we see that we have the Bogomol’nyi condition 
E>|E-VX| 41. (5.31) 
This condition is saturated if E = +V X2. In such a case, we have 
VXe=0 >» X5- 2 (5.32) 
rp=2 


a harmonic solution, where cp is a constant to be determined. The total 
energy (beyond that of the brane itself) is, integrating over the world- 
volume: 


Bro = lim Tp j 1 drda (VX?) = lim Ty Sa 
4: _ 25 
= lim Tpcp(p — 2)Qp-1 X” (€), (5.33) 


where Qp—1 is the volume of the sphere $?~! surrounding our point charge 
source, and we have cut off the divergent integral by integrating down to 
r = e. (We will save the case of p = 1 for later'*® 60.) Now we can 
choose! a value of the electric flux such that we get (p — 2)c¢p)Q-1T> = 
(27a’)~!. Putting this into our equation for the total energy, we see that 
the (divergent) energy of our configuration is: 


1 25 
Erot = za“ (e). (5.34) 


What does this mean? Well, recall that X?5(€) gives the transverse 
position of the brane in the X?” direction. So we see that the brane 


' In the supersymmetric case, this has a physical meaning, since overall consistency of 
the D-brane charges set a minimum electric flux. Here, it is more arbitrary, and so 
we choose a value by hand to make the point we wish to illustrate. 


140 5 Background fields and world-volume actions 


(a) (b) 


Fig. 5.1. The D-dimensional interpretation of the BIon solution. (a) It is 
an infinitely long spike representing a fundamental string ending on the 
D-brane. (b) Blons are BPS and therefore can be added together at no 
cost to make a multi-Blon solution. 


has grown a semi-infinite spike at r = 0, and the base of this spike is 
our point charge. The interpretation of the divergent energy is simply 
the (infinite) length of the spike multiplied by a mass per unit length. 
But this mass per unit length is precisely the fundamental string tension 
T = (2ma')~'! In other words, the spike solution is the fundamental string 
stretched perpendicular to the brane and ending on it, forming a point 
electric charge, known as a ‘Blon’; see figure 5.1(a). In fact, a general 
Blon includes the non-linear corrections to this spike solution, which we 
have neglected here, having only written the linearised solution. 

It is a worthwhile computation to show that if test source with the same 
charges is placed on the brane, there is no force of attraction or repulsion 
between it and the source just constructed, as would happen with pure 
Maxwell charges. This is because our sources have in addition to electric 
charge, some scalar (X?) charge, which can also be attractive or repulsive. 
In fact, the scalar charges are such that the force due to electromagnetic 
charges is cancelled by the force of the scalar charge, another charac- 
teristic property of these solutions, which are said to be ‘Bogomol’nyi-— 
Prasad-Sommerfield’ (BPS)-saturated®! 62, We shall encounter solutions 
with this sort of behaviour a number of times in what is to follow. 

Because of this property, the solution is easily generalised to include 
any number of Blons, at arbitrary positions, with positive and negative 
charges. The two choices of charge simply represents strings either leaving 
from, or arriving on the brane; see figure 5.1(b). 
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D-brane tension and boundary states 


We have already stated that since the D-brane is a dynamical object, and 
couples to gravity, it should have a mass per unit volume. This tension 
will govern the strength of its response to outside influences which try to 
make it change its shape, absorb energy, etc. We have already computed a 
recursion relation (5.11) for the tension, whcih follows from the underlying 
T-duality which we used to discovere D-branes in the first place. 

In this chapter we shall see in detail just how to compute the value of 
the tension for the D-brane, and also for the orientifold plane. While 
the numbers that we will get will not (at face value) be as useful as the 
analogous quantities for the supersymmetric case, the structure of the 
computation is extremely important. The computation puts together many 
of the things that we have learned so far in a very elegant manner 
which lies at the heart of much of what will follow in more advanced 
chapters. 

Along the way, we will see that D-branes can be constructed and studied 
in an alternative formalism known as the ‘boundary state’ formalism, 
which is essentially conformal field theory with certain sorts of boundaries 
included*’. For much of what we will do, it will be a clearly equivalent 
way of formulating things which we also say (or have already said) based 
on the spacetime picture of D-branes. However, it should be noted that it 
is much more than just a rephrasing since it can be used to consistently 
formulate D-branes in many more complicated situations, even when a 
clear spacetime picture is not available. The method becomes even more 
useful in the supersymmetric situation, since it provides a natural way of 
constructing stable D-brane vacua of the superstring theories which do 
not preserve any supersymmetries, a useful starting point for exploring 
dualities and other non-perturbative physics in dynamical regimes which 
ultimately may have relevance to observable physics. 
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6.1 The D-brane tension 
6.1.1 An open string partition function 


Let us now compute the D-brane tension Tp. As noted previously, it is 
proportional to gz‘. We can in principle calculate it from the gravita- 
tional coupling to the D-brane, given by the disk with a graviton vertex 
operator in the interior. However, it is much easier to obtain the absolute 
normalisation in the following manner. 

Consider two parallel Dp-branes at positions X’“ = 0 and X™ = Y". 
These two objects can feel each other’s presence by exchanging closed 
strings as shown in figure 6.1. This string graph is an annulus, with no 
vertex operators. It is therefore as easily calculated as our closed string 
one loop amplitudes done earlier in chapter 3. 

In fact, this is rather like an open string partition function, since the 
amplitude can be thought of as an open string going in a loop. We should 
sum over everything that goes around in the loop. Once we have computed 
this, we will then change our picture of it as an open string one-loop 
amplitude, and look at it as a closed string amplitude for propagation 
between one D-brane and another. We can take a low energy limit of 
the result to focus on the massless closed string states which are being 
exchanged. Extracting the poles from graviton and dilaton exchange (we 
shall see that the antisymmetric tensor does not couple in this limit) then 
give the coupling Tp of closed string states to the D-brane. 

Let us parametrise the string world-sheet as (o? = T,0' = o) where 
now T is periodic and runs from 0 to 27t, and o runs (as usual) from 0 
to m. This vacuum graph (a cylinder) has the single modulus t, running 


2mt 


+> 
0 Y 


Fig. 6.1. Exchange of a closed string between two D-branes. This is equiv- 
alent to a vacuum loop of an open string with one end on each D-brane. 
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from 0 to oo. If we slice horizontally, so that o? = r is world-sheet time, 
we get an open string going in a loop. If we instead slice vertically, so that 
o is time, we see a single closed string propagating in the tree channel. 

Notice that the world-line of the open string boundary can be regarded 
as a vertex connecting the vacuum to the single closed string, i.e. a one- 
point closed string vertex, which is a useful picture in a ‘boundary state’ 
formalism, which we will develop a bit further shortly. This diagram will 
occur explicitly again in many places in our treatment of this subject. 
String theory produces many examples where one-loop gauge/field theory 
results (open strings) are related to tree level geometrical/gravity results. 
This is all organised by diagrams of this form, and is the basis of much 
of the gauge theory/geometry correspondences to be discussed. 

Let us consider the limit t — 0 of the loop amplitude. This is the 
ultra-violet limit for the open string channel, since the circle of the loop 
is small. However, this limit is correctly interpreted as an infrared limit 
of the closed string. (This is one of the earliest ‘dualities’ of string theory, 
discussed even before it was known to be a theory of strings.) Time-slicing 
vertically shows that the t — 0 limit is dominated by the lowest lying 
modes in the closed string spectrum. This all fits with the idea that there 
are no ‘ultra-violet limits’ of the moduli space which could give rise to high 
energy divergences. They can always be related to amplitudes which have 
a handle pinching off. This physics is controlled by the lightest states, or 
the long distance physics. (This relationship is responsible for the various 
‘UV/IR’ relations which are a popular feature of current research?"”.) 

One-loop vacuum amplitudes are given by the Coleman—Weinberg °* 36 
formula, which can be thought of as the sum of the zero point energies of 
all the modes (see insert 6.1): 


dPtlk ; 
A= V1 E —27Ta t(k?+M?). (6.1) 


(2m) (2m\P+L 


Here the sum J is over the physical spectrum of the string, i.e. the trans- 
verse spectrum, and the momentum k is in the p+ 1 extended directions 
of the D-brane world-sheet. 

The mass spectrum is given by a familiar formula 


Y-Y 


-i (date An DE 72? (6.2) 


where Y”™ is the separation of the D-branes. The sums over the oscilla- 
tor modes work just like the computations we did before (see insert 3.4 


(p. 92)), giving 
et) ay! — 
A= Vaf S zl (Sar 2 a't t)~ e Y Yt/2T fila) 24 (6.3) 
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Insert 6.1. Vacuum energy 


The Coleman—Weinberg®” °° formula evaluates the one-loop vacuum 
amplitude, which is simply the logarithm of the partition function 
A = Zyac for the complete theory: 


Vp d? k 


1 
In (Zac) = —5Trln (a? + M?) = > | Gp 


In (r? + M?) l 
But since we can write 


-im + M2) = S Le 
2 0o 2t ' 


d?k © dt 2 2 
— eae We o—(k*+M~*)t/2 
A Vo | Sop o FS . 


Recall finally that (k? + M?)/2 is just the Hamiltonian, H, which in 
our case is just Lo/a’ (see equation (2.64)). 


Here q = e7?™t, and the overall factor of two is from exchanging the two 


ends of the string. (See insert 6.2 for news of f1(q).) 
In the present case (using the asymptotics derived in insert 6.2), 


(p+1) 


°° dt 
A= 2Vp41 | 5, ET) ze Y Yt/2ma 412 (e7 +244-. -) . (6.4) 
0 


The leading divergence is from the tachyon and is the usual bosonic string 
artifact not relevant to this discussion. The massless pole, from the second 
term, is 


r12 (4!) Pno — p) /D |Y P- 


247 7 
= Vert zip (Ana!) ’Go5—p(Y), (6.5) 


A massless ™ Vp 


where Gq(Y) is the massless scalar Green’s function in d dimensions: 


n”? d 1 


Here, d = 25 — p, the dimension of the space transverse to the brane. 


6.1 The D-brane tension 145 


Insert 6.2. Translating closed to open 


Compare our open string appearance of fı(q), for q = e~?™ with the 
207 \ 


expressions for fi(q), (q =e defined in our closed string discus- 
sion in (4.44). Here the argument is real. The translation between 
definitions is done by setting t = —Im 7. From the modular transfor- 
mations (4.46), we can deduce some useful asymptotics. While the 
asymptotics as t — oo are obvious, we can get the t — 0 asymptotics 
using (4.46): 


file?) = Vs file 2"), fz (e7? S) = fale ™?S), 
fale ™?®™ S) = fale ?™*). 


6.1.2 A background field computation 


We must do a a field theory calculation to work out the amplitude for 
the exchange of the graviton and dilaton between a pair of D-branes. 
Our result can the be compared to the low energy string result above to 
extract the value of the tension. We need propagators and couplings as 
per the usual field theory computation. The propagator is from the bulk 
action (2.106) and the couplings are from the D-brane action (5.21), but 
we must massage them a bit in order to find them. 

In fact, we should work in the Einstein frame, since that is the appro- 
priate frame in which to discuss mass and energy, because the dilaton and 
graviton don’t mix there. We do this (recall equation (2.109)) by sending 
the metric Guy to Guy = exp(4(®o — &)/(D — 2))Guv, which gives the 
metric in equation (2.111). Let us also do this in the Dirac-Born-Infeld 
action (5.21), with the result: 


Sr = —Tp J dette e7? det!/2(eD=2 Gab + Ba + 27a" Fab), (6.7) 
where ® = ® — ®p and Tp = T; pe? is the physical tension of the brane; 
it is set by the background value, ®g, of the dilaton. 

The next step is to linearise about a flat background, in order to extract 
the propagator and the vertices for our field theory. In fact, we have 
already discussed some of the logic of this in the introductory chapter, in 
section (1.2), where we came to grips with the idea of a graviton, so the 
reader is presumably aware that this is not really a daunting procedure. 
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We simply write the metric as Guy = Nuv + huv( X), and this time expand 
up to second order in hy. Also, if we do this with the action (6.7) as well, 
we see that the antisymmetric fields Bap + 27a’ Fap do not contribute at 
this order, and so we will drop them in what follows”*. 

Another thing which we did in section (1.2) was to fix the gauge de- 
gree of freedom (1.21) so that we would write the linearised (first order) 
Einstein equations in a nice gauge (1.22). We shall pick the same gauge 
here: 


> 1 
Fy = n” (Ophop — z luho) =0, (6.8) 


and introduce the gauge choice into the Lagrangian via the addition of a 
gauge fixing term: 


Lex = ~- FPL. (6.9) 
The result for the bulk action is: 


1 1 2 
Sbulk = 5,2 [ext af? + fee? — Do snl hv” hog 


A 2... 
—— p8’ p 6.10 
and the interaction terms from the Dirac—Born—Infeld action are: 
29 -D+4\- 1 
Sbrane = — p | Ph (Goa QP — shan , (6.11) 


where the trace on the metric was in the (p+1)-dimensional world-volume 
of the Dp-brane. 

Now it is easy to work out the momentum space propagators for the 
graviton and the dilaton: 


Zik? 2 
(huvhpo) = BEE Movo F Nuove — 5 geo 
~ ik? (D — 2) 
Pp) = ——~___ .12 
(9) ae (6.12) 


for momentum k. The reader might recognise the graviton propagator 
as the generalisation of the four dimensional case. If the reader has not 
encountered it before, the resulting form should be thought of as entirely 
consistent with gauge invariance for a massless spin two particle. 


* This fits with the intuition that the D-brane should not be a source for the antisym- 
metric tensor field. The source for it is the fundamental closed string itself. We shall 
come back to this point many times much later. 
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All we need to do is compute two tree level Feynman diagrams, one for 
exchange of the dilaton and one for the exchange of the graviton, and add 
the result. The vertices are given in action (6.11). The result is (returning 
to position space) 


D-2 
massless — Vp41 T7 Ko G25—p(Y) — ( 


p= Dts) 
4 


D-2 


+5 2+) — o+ n] 


D—-2 
= Vou Ty Ko G25-p(¥), (6.13) 


and so after comparing to our result from the string theory computa- 
tion (6.5) we have 


VT 44 2 W(11—p)/2 
— 4 Pp °° 14 
p T6m0 T a) (6 ) 


This agrees rather nicely with the recursion relation (5.11). We can also 
write it in terms of the physical value of the D-brane tension, which 


includes a factor of the string coupling gs = eP0, 


Tp = V7 (4ra) 0) (6.15) 


where K = Kogs, and we shall use Tp this to denote the tension when we 
include the string coupling henceforth, and reserve T for situations where 
the string coupling is included in the background field e7®. (This will be 
less confusing than it sounds, since it will always be clear from the context 
which we mean.) 

As promised, the tension ™p of a Dp-brane is of order gz l following 
from the fact that the diagram connecting the brane to the closed string 
sector is a disc diagram, and insert 2.4 (p. 57) shows reminds us that 
this is of order g7 1. An immediate consequence of this is that they will 
produce non-perturbative effects of order exp(—1/gs) in string theory, 
since their action is of the same order as their mass. This is consistent 
with anticipated behaviour from earlier studies of toy non-perturbative 
string theories!. 

Formula (6.14) will not concern us much beyond these sections, since 
we will derive a new one for the superstring case later. 
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6.2 The orientifold tension 


The O-plane, like the D-brane, couples to the dilaton and metric. The 
most direct amplitude to use to compute the tension is the same as in 
the previous section, but with RP? in place of the disc; i.e. a crosscap 
replaces the boundary loop. ‘The orientifold identifies X™ with —X"™ at 
the opposite point on the crosscap, so the crosscap is localised near one 
of the orientifold fixed planes. However, once again, it is easier to organise 
the computation in terms of a one-loop diagram, and then extract the 
parts we need. 


6.2.1 Another open string partition function 


To calculate this via vacuum graphs, the cylinder has one or both of its 
boundary loops replaced by crosscaps. This gives the Mobius strip and 
Klein bottle, respectively. To understand this, consider figure 6.2, which 
shows two copies of the fundamental region for the Mobius strip. The lower 
half is identified with the reflection of the upper, and the edges ot = 0,7 
are boundaries. ‘Taking the lower half as the fundamental region gives the 
familiar representation of the Mobius strip as a strip of length 27t, with 
ends twisted and glued. ‘Taking instead the left half of the figure, the line 
gt = 0 is a boundary loop while the line ot = w/2 is identified with 
itself under a shift o? — o? + 27t plus reflection of øt: it is a crosscap. 
The same construction applies to the Klein bottle, with the right and left 
edges now identified. Another way to think of the Mobius strip amplitude 
we are going to compute here is as representing the exchange of a closed 
string between a D-brane and its mirror image, as shown in figure 6.3. 
The identification with a twist is performed on the two D-branes, turning 
the cylinder into a Mobius strip. The Mobius strip is given by the vacuum 


ween eee Spann ene eee ene eee eee 
2nt}--------- a <---------- 
g2 
Q bee bee >--------- 
0 g! T 


Fig. 6.2. Two copies of the fundamental region for the Möbius strip. 
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Fig. 6.3. The Mobius strip as the exchange of closed strings between a 
brane and its mirror image. The dotted plane is the orientifold plane. 


amplitude ptt 0, onal saath 
Au = Von | Sopa S T p (6.16) 


where Qy is the Q eigenvalue of state 2. The oscillator contribution to (7 is 
(—1)” from equation (2.94). Actually, in the directions orthogonal to the 
brane and orientifold there are two additional signs in Qy which cancel. 
One is from the fact that world-sheet parity contributes an extra minus 
sign in the directions with Dirichlet boundary conditions (this is evident 
from the mode expansions we shall list later, in equations (11.1)). The 
other is from the fact that spacetime reflection produces an additional 
sign. 

For the SO(N) open string the Chan—Paton factors have $N(N + 1) 
even states and 4N(N — 1) odd for a total of +N. For USp(N) these 
numbers are reversed for a total of —N. Focus on a D-brane and its im- 
age, which correspondingly contribute +2. The diagonal elements, which 
contribute to the trace, are those where one end is on the D-brane and 
one on its image. The total separation is then Y™ = 2X". Then, 


œ dt (p+1) uae i 
0 


X o Ta 4 gtk-2)-24(1 E oy) 
k=1 
The factor in braces is 
BTE fr (q2) 7-4 — (2)? fa (e 77/224 fi (e77/2)724 
= (2)? (e — 24 4.--), (6.17) 
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One therefore finds a pole 
p—12 ST 2 1\11—p 
F2 Voti 56 4T Q ) Go5_p(Y). (6.18) 


This is to be compared with the field theory result 


D-2? 
V4.1 Tp Ty KóG25-p(Y), (6.19) 


where T, p is the O-plane tension. A factor of two as compared to the ear- 
lier field theory calculation (6.13) comes because the spacetime boundary 
forces all the flux in one direction. Therefore the O-plane and D-brane 
tensions are related by 


Tp = FP ty. (6.20) 
A similar calculation with the Klein bottle gives a result proportional 
to 7/2, 
p 


Noting that there are 2°~? O-planes (recall that one doubles the num- 


ber every time another new direction is T-dualised, starting with e single 
D25-brane), the total charge of an O-plane source must be F227. Now, 
by Gauss’s law, the total source must vanish because the volume of the 
torus J? on which we are working is finite and of course the flux must 
end on sinks and sources. 

So we conclude that there are 2(P72)/2 = 2!? D-branes (times two for 
the images) and that the gauge group?” is SO(2'8) = SO(2?/?). For this 
group the ‘tadpoles’ associated with the dilaton and graviton, representing 
violations of the field equations, cancel at order g7 +. This has no special 
significance in the bosonic string due to the tachyon instability, but similar 
considerations will give a restriction on allowed Chan—Paton gauge groups 
in the superstring. 


6.3 The boundary state formalism 


The asymptotics (6.4) can be interpreted in terms of a sum over closed 
string states exchanged between the two D-branes. One can write the 
cylinder path integral in a Hilbert space formalism treating gı rather 
than cə as time. It then has the form 


(Ble~LotLo)n/t) By (6.21) 


where the ‘boundary state’ |B) is the closed string state created by the 
boundary loop. 
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Let us unpack this formalism a little, seeing where it all comes from. 
Recall that a Dp-brane is specified by the following open string boundary 
conditions: 


Og X” |o=0,7 — 0, H = 0,...,p; 
x lg=0,0 = Y”, m=p+1,..., D-1. (6.22) 


Now we have to reinterpret this as a closed string statement. This involves 
exchanging T and ø. So we write, focusing on the initial time: 


rX” |r=0 = 0, H= 0,...,p; 
X” |\-=0 = Y”, m=p+1,..., D-1. (6.23) 


Recall that in the quantum theory we pass to an operator formalism, and 
so the conditions above should be written as an operator statement, where 
we are operating on some state in the Hilbert space. This defines for us 
then the boundary state |B): 


0,X"|,—9|B) — 0, H= 0,..., p; 
(X™|,-9 -Y™|B)=0, m=p+1,...,D—1. (6.24) 


As with everything we did in chapter 2, we can convert our equations 
above into a statement about the modes: 


(a +a" )|B) = 0, u=0,...,D; 
(a, — à&a) lB} = 0, m=p+1,..., D-1; 
p“| B = 0, u=O0,...,p; 
(7 —Y"™)|B) = 0, m=p+1,..., D-1. (6.25) 


As before, we either use only D — 2 of the oscillator modes here (ignoring 
u = 0,1) or we do everything covariantly and make sure that we include 
the ghost sector and impose BRST invariance. We shall do the former 
here. 

The solution to the condition above can we found by analogy with the 
(perhaps) familiar technology of coherent states in harmonic oscillator 
physics (see insert 6.3). 


|B) = Npd(a™ — Y") (TI cent) |0}. (6.26) 


The object S = (ņnt”,—ô™”) is just shorthand for the fact that the dot 
product must be the usual Lorentz one in the directions parallel to the 
brane, but there is a minus sign for the transverse directions. 


152 6 D-brane tension and boundary states 


Insert 6.3. The boundary state as a coherent state 


Let us recall that all we are playing with are creation and annihi- 
lation operators with a slightly unusual normalisation, as noticed at 
the beginning of section 2.3. Working with one set of the standard 
operators, a and af, for the left and an independent set @ and 4G! for 
the right, in essence we are trying to solve the equation 


a|b>= Fab). 
Now recall how coherent states are made. We have 
la, a] = 1, a|0) = 0, 


and so we can define a conjugation operation which shifts a by z, by 
defining 
a(z) = ee geet 
It is easy to see that a(z) = a + z, since by elementary differentiation 
and the use of the commutator, we have 
Oa(z) 


— = ]. 
Oz 


Therefore the state , 
|z} =e |0) 


is an eigenvalue of the annihilation operator a, since 


a|z >= e70 e720" get 19) = e*t (a + z)|O) = zz). 


We can therefore use as a solution to our first equation above, the 
coherent state with the choice z = ral, 


Ib) = Net@@" (0), 


where N is a normalisation constant. 


The normalisation constant is determined by simply computing the 
closed string amplitude directly in this formalism. The closed string is 
prepared in a boundary state that corresponds to a D-brane, and it prop- 
agates for a while, ending in a similar boundary state at position Y: 


A = (B]A|B), (6.27) 
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where A is the closed string propagator. How is this object constructed? 
Well, we might expect that it is essentially the inverse of Ha = 2(Lo+ Lo— 
2)/a’, the closed string Hamiltonian, which we can easily represent as: 


a’ f? Lo+Lo—3 
A= — dopp? 
F PP 3 


and we must integrate over the modulus ¢ = — log p of the cylinder from 
0 to œ. We must remember, however, that a physical state |ø} is annihi- 
lated by Lo — Lo, and so we can modify our propagator so that it only 
propagates such states: 


A = a’ [ dpi? on dË | Lot+Lo~3 gid(Lo—Lo) 
2 Jo 2m Jo 2m ? 
which, after the change of variable to z = pe’? , gives 


/ — 
Q dzdz T 
/ zbo 1 zLo 1 , 


© An Jigct (2)? 


Computing the amplitude (6.27) by using this definition of the propagator 
is a straightforward exercise, similar in spirit to what we did in the open 
string sector. We get geometric sums over the oscillator modes resulting 
from traces, and integrals over the continuous quantities. If we make the 
choices |z| = e775 and dzdz = —ae~*™*dsd¢ for our closed string cylinder, 
the result is: 


a! 1 


2 


p fds _25- , 
A= NG Vp g (2ra) EE f e Ee YY f(g) (6.28) 


S 


Here q = e-27/8, 


Now we can compare to the open string computation, which is the result 
in equation (6.3). We must do a modular transformation s = —1/t, and 
using the modular transformation properties given in insert 6.2, we find 
exactly the open string result if we have 


Np = 


where Tp is the brane tension (6.14) computed earlier. 

This is a very useful way of formulating the whole D-brane construc- 
tion. In fact, the boundary state constructed above is just a special case of 
a sensible conformal field theory object. It is a state that can arise in the 
conformal field theory with boundary. Not all boundary states have such a 
simple spacetime interpretation as the one we made here. We see therefore 
that D-branes, if interpreted simply as resulting from the introduction of 
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open string sectors into closed string theory, have a world-sheet formu- 
lation which does not necessarily always have a spacetime interpretation 
as its counterpart. Similar things happen in closed string conformal field 
theory. There are very many conformal field theories which are perfectly 
good string vacua, which have no spacetime interpretation in terms of an 
unambiguous target space geometry. It is natural that this also be true 
for the open string sector. 


1 


Supersymmetric strings 


The discussion of bosonic strings in the previous five chapters allowed 
us to uncover a great deal of the structure essential to understanding D- 
branes and other background solutions, in addition to the basic concepts 
used in discussing and working with critical string theory. 

At the back of our mind was always the expectation that we would move 
on to include supersymmetry. Two of the main reasons are that we can 
remove the tachyon from the spectrum and that we will be able to use 
supersymmetry to endow many of our results with extra potency, since 
stability and non-renormalisation arguments will allow us to extrapolate 
beyond perturbation theory. 

Let us set aside D-branes and T-duality for a while and use the ideas we 
discussed earlier to construct the supersymmetric string theories which we 
need to carry the discussion further. There are five such theories. Three 
of these are the ‘superstrings’, while two are the ‘heterotic strings”. 


7.1 The three basic superstring theories 
7.1.1 Open superstrings: type I 


Let us go back to the beginning, almost. We can generalise the bosonic 

string action we had earlier to include fermions. In conformal gauge it is: 
1 1 - - ~ 

S = Tn I do iON, + yopa + padu) , (7.1) 


where the open string world-sheet is the strip 0 < o < m, =œ < T < œ. 


* A looser and probably more sensible nomenclature is to call them all ‘superstrings’, 
but we’ll choose the catch-all term to be the one we used for the title of this chapter. 
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N.B. Recall that a’ is the loop expansion parameter analogous to h 


on worldsheet. It is therefore natural for the fermions’ kinetic terms 
to be normalised in this way. 


We get a modification to the energy-momentum tensor from before 
(which we now denote as Tp, since it is the bosonic part): 


1 1 
Tis(2) = —GOX"OXy — 5V Oy, (7.2) 
a 
which is now accompanied by a fermionic energy-momentum tensor: 
2 
Tr(z) = iW OX py. (7.3) 


This enlarges our theory somewhat, while much of the logic of what we 
did in the purely bosonic story survives intact here. Now, one extremely 
important feature which we encountered in section 4.7 is the fact that the 
equations of motion admit two possible boundary conditions on the world- 
sheet fermions consistent with Lorentz invariance. These are denoted the 
‘Ramond’ (R) and the ‘Neveu-Schwarz’ (NS) sectors: 
R: (0,7) = ~H(0,7) Y(T, 7) = d(T) 
NS: ¥H(0,7)=—dH(0,7) YH (m, T) = YH, 7). (7.4) 

We have used the freedom to choose the boundary condition at, for exam- 
ple the o=r end, in order to have a + sign, by redefinition of Y. The boun- 
dary conditions and equations of motion are summarised by the ‘doubling 
trick’: take just left-moving (analytic) fields Y” on the range 0 to 2r and 
define Y# (o, T) to be Y# (2m — 0,7). These left-moving fields are periodic 
in the Ramond (R) sector and antiperiodic in the Neveu-Schwarz (NS). 

On the complex z-plane, the NS sector fermions are half-integer moded 
while the R sector ones are integer, and we have: 


apt 
YH (z) =) where r € Z or re Z+4 (7.5) 
rT 

and canonical quantisation gives 

LVE DS} = {OR Ds} = n Srs. (7.6) 
Similarly we have 

SX L 

Tp(z) = Ss Es: as before, and 
m=— oOo 


Gr 
Tp(z) = L E where r € Z (R) or Z+ 4 (NS). (7.7) 


r 
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Correspondingly, the Virasoro algebra is enlarged, with the non-zero 
(anti)commutators being 


[Lm, Ln) = (m — n)Lm+n + lm’ — M)dmtn 
(4r? — 1)dp4s 


_ 

12 
1 

Lm, Gr] = A — 2r)Gm+r, (7.8) 


{Gr, Gis} — 2Lr+s + 


Lm = 53 : m-n ` Am: + N (2r — M) : Ym-r + Wr : +aôm 0 
Gr = X an: Uren. (7.9) 


In the above, c is the total contribution to the conformal anomaly, which 
is D+ D/2, where D is from the D bosons while D/2 is from the D 
fermions. 

The values of D and a are again determined by any of the methods 
mentioned in the discussion of the bosonic string. For the superstring, it 
turns out that D = 10 and a = 0 for the R sector and a = —1/2 for 
the NS sector. This comes about because the contributions from the X°? 
and Xt directions are cancelled by the Faddeev—Popov ghosts as before, 
and the contributions from the y? and Yt oscillators are cancelled by the 
superghosts. Then, the computation uses the mnemonic/formula given in 
equation (2.80). 


1 1 1 
NS sector: z.p.e = 8 (=z) +8 (-=) — — 


1 1 
: . p o = — Á— —_ = . l 
R sector: z.p.e s( z) +8 (53) (7.10) 


As before, there is a physical state condition imposed by annihilating with 
the positive modes of the (super) Virasoro generators: 


Gl) =0, r>0; Lnld)=0, n>0; (Lo—a)J¢) =0. (7.11) 


The Lo constraint leads to a mass formula: 
9 1 
M =F Soin On +rY-r Yra . (7.12) 
n, Tr 


In the NS sector the ground state is a Lorentz singlet and is assigned odd 
fermion number, i.e. under the operator (—1)*, it has eigenvalue —1. 
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In order to achieve spacetime supersymmetry, the spectrum is pro- 
jected on to states with even fermion number. This is called the ‘GSO 
projection’, and for our purposes, it is enough to simply state that this 
obtains spacetime supersymmetry, as we will show at the massless level. 
A more complete treatment — which gets it right for all mass levels — 
is contained in the full superconformal field theory. The GSO projection 
there is a statement about locality with the gravitino vertex operator. 
Yet another way to think of its origin is as a requirement of modular 
invariance. 

Since the open string tachyon clearly has (—1)" = —1, it is removed 
from the spectrum by GSO. This is our first achievement, and justifies 
our earlier practice of ignoring the tachyon’s appearance in the bosonic 
spectrum in what has gone before. From what we will do for the rest of 
the this book, the tachyon will largely remain in the wings, but it (and 
other tachyons) do have a role to play, since they are often a signal that 
the vacuum wants to move to a (perhaps) more interesting place. 

Massless particle states in ten dimensions are classified by their SO(8) 
representation under Lorentz rotations, that leave the momentum invari- 
ant: SO(8) is the ‘little group’ of SO(1,9). The lowest lying surviving 
states in the NS sector are the eight transverse polarisations of the mass- 
less open string photon, A“, made by exciting the w oscillators: 


These states clearly form the vector of SO(8). They have (—)* = 1 and 
so survive GSO. 

In the R sector the ground state energy always vanishes because the 
world-sheet bosons and their superconformal partners have the same mod- 
ing. The Ramond vacuum has a 32-fold degeneracy, since the 75 take 
ground states into ground states. The ground states form a representa- 
tion of the ten dimensional Dirac matrix algebra 


{vo vo} = n”. (7.14) 


(Note the similarity with the standard [-matrix algebra, {f’,[T’} = 
2”. We see that Wh = T#/v2.) 
For this representation, it is useful to choose this basis: 


1 


dt = = | at iit") i=1,...,4 
ds = Te (vo ¥ v8). (7.15) 


In this basis, the Clifford algebra takes the form 
(d7, d7} = by. (7.16) 
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The de, 1=0,...,4 act as creation and annihilation operators, generating 
the 210/2 = 32 Ramond ground states. Denote these states 


1S0, $1, $2, $3, $4) = |S) (7.17) 
where each of the s; takes the values +4, and where 
d; |- $,-$,-3,-5,-4) = 0 (7.18) 


while dF raises s; from —4 to F. This notation has physical meaning: the 
fermionic part of the ten dimensional Lorentz generators is 


s=- E pn] (7.19) 


rEL+K 


(recall equation (2.124)). The states (7.17) above are eigenstates of So = 
iSt, S; = $*2+! with s; the corresponding eigenvalues. Since by con- 
struction the Lorentz generators (7.19) always flip an even number of s;, 
the Dirac representation 32 decomposes into a 16 with an even number 
of —4s and 16’ with an odd number. 

The physical state conditions (7.11), on these ground states, reduce to 
Go = (2a)? puh. (Note that G2 ~ Lo.) Let us pick the (massless) frame 
p? = pt. This becomes 


Go = a"? pi To (1 — Dols) = 20" piPo (4 = So), (7.20) 


which means that sọ = 5, giving a 16-fold degeneracy for the physical 
Ramond vacuum. This is a representation of SO(8) which decomposes 
into 8, with an even number of — 4s and 8. with an odd number. One 
is in the 16 and the 16’, but the two choices, 16 or 16’, are physically 
equivalent, differing only by a spacetime parity redefinition, which would 
therefore swap the 8, and the 8e. 

In the R sector the GSO projection amounts to requiring 


> s;=0 (mod 2), (7.21) 


picking out the 8s. Of course, it is just a convention that we associated 
an even number of 58 with the 8s; a physically equivalent discussion with 
things the other way around would have resulted in 8e. The difference 
between these two is only meaningful when they are both present, and at 
this stage we only have one copy, so either is as good as the other. 

The ground state spectrum is then 8,@8,, a vector multiplet of D = 10, 
N = 1 spacetime supersymmetry. Including Chan—Paton factors gives 
again a U(N) gauge theory in the oriented theory and SO(N) or USp(N) 
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in the unoriented. This completes our tree-level construction of the open 
superstring theory. 

Of course, we are not finished, since this theory is (on its own) incon- 
sistent for many reasons. One such reason (there are many others) is that 
it is anomalous. Both gauge invariance and coordinate invariance have 
anomalies arising because it is a chiral theory: e.g. the fermion 8, has 
a specific chirality in spacetime. The gauge and gravitational anomalies 
are very useful probes of the consistency of any theory. ‘hese show up 
quantum inconsistencies of the theory resulting in the failure of gauge 
invariance and general coordinate invariance, and hence must be absent. 
See insert 7.1 for more on anomalies. 

Another reason we will see that the theory is inconsistent is that, as we 
learned in chapter 4, the theory is equivalent to some number of space- 
filling D9-branes in spacetime, and it will turn out later that these are 
positive electric sources of a particular 10-form field in the theory. The 
field equation for this field asks that all of its sources must simply vanish, 
and so we must have a negative source of this same field in order to cancel 
the D9-branes’ contribution. This will lead us to the closed string sector 
i.e. one-loop, the same level at which we see the anomaly. 

Let us study some closed strings. We will find three of interest here. 
Two of them will stand in their own right, with two ten dimensional super- 
symmetries, while the third will have half of that, and will be anomalous. 
This latter will be the closed string sector we need to supplement the 
open string we made here, curing its one-loop anomalies. 


7.1.2 Closed superstrings: type IT 


Just as we saw before, the closed string spectrum is the product of two 
copies of the open string spectrum, with right- and left-moving levels 
matched. In the open string the two choices for the GSO projection were 
equivalent, but in the closed string there are two inequivalent choices, 
since we have to pick two copies to make a closed string. 

Taking the same projection on both sides gives the ‘type IIB’ case, 
while taking them opposite gives ‘type IIA’. These lead to the massless 
sectors 


Type IIA: (8, @ 8s) 8 (8y & 8c) 
Type IIB: (8, © 8s) 8 (8y @ 8s). (7.22) 


Let us expand out these products to see the resulting Lorentz (S'O(8)) 
content. In the NS—NS sector, this is 


8, 28, = Ò $ By, © Gy =16 28 35. (7.23) 
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Insert 7.1. Gauge and gravitational anomalies 


The beauty of the anomaly is that it is both a UV and an IR tool: UV 
since it represents the failure to be able to find a consistent regulator 
at the quantum level and IR since it cares only about the massless 
sector of the theory: Any potentially anomalous variations for the 
effective action I = In Z should be written as the variation of a local 
term which allows it to be cancelled by adding a local counterterm. 
Massive fields always give effectively local terms at long distance. 

An anomaly in D dimensions arises from complex representations 
of the Lorentz group which include chiral fermions in general but also 
bosonic representations if D = 4k + 2, e.g. the rank 2k + 1 (anti)self- 
dual tensor. The anomalies are controlled by the so-called ‘hexagon’ 
diagram which generalises the (perhaps more familiar) triangle of 
four dimensional field theory or a square in six dimensions. 


The external legs are either gauge bosons, gravitons, or a mixture. 
We shall not spend any time on the details”, but simply state that 
consistency demands that the structure of the anomaly, 


1 a 
ôln Z = gpz | fo: 


is in terms of a D-form I D, polynomial in traces of even powers of 
the field strength two-forms F = dA + A? and R = dw + w?. (Recall 


section 2.8.) It is naturally related to a (D+2)-form polynomial Îp42 


which is gauge invariant and written as an exact form I p+2 = dip. 
The latter is not gauge invariant, but its variation is another exact 
form: ôÍ D+1 = — dÎ p. A key example of this is the Chern—Simons three- 
form, which is discussed in insert 7.3, p. 167. See also insert 7.2 on 
p. 162 for explicit expressions in dimensions D = 4k + 2. We shall 
see that the anomalies are a useful check of the consistency of string 
spectra that we construct in various dimensions. 
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Insert 7.2. A list of anomaly polynomials 


It is useful to list here some anomaly polynomials for later use. In 
ten dimensions, the contributions to the polynomial come from three 
sorts of field, the spinors 8, c, the gravitinos 56c, and the fifth rank 
antisymmetric tensor field strength with its self-dual and anti-self- 
dual parts. The anomalies for each pair within each sort are equal 
and opposite in sign, i.e. ÎS; = = — ÎS; , etc., and we have: 


Tr(F°) 
1440 
Tr(F“*)tr(R?) Tr(F?)tr(R*) — Tr(F?)|tr(R?)]? 
18432 
ntr(R°) — ntr(R*)tr(R?)  nftr( RIJ’. 
725760 552960 1327104 ’ 
; tr( Rê tr( R*)tr( R2 2)]3 
738 = — 495 (R) oon TRR) gg ERI 
725760 552960 1327104 
a tr(R°) tr(R*)tr(R?) [tr(R2)]° 
[S+ = + 992 — 44g—— Sp ge 
12 =F PT oS 760 552960 | 1327104” 


78 _ 
li = — 


and n is the dimension of the gauge representation under which 
the spinor transforms, for which we use the trace denoted Tr. We 
also have suppressed the use of A, for brevity. For D = 6, there are 
anomaly eight-forms. We denote the various fields by their transfor- 
mation properties of the D = 6 little group SO(4) ~ SU(2) x SU(2): 


jl _4 Tr(F*) O Tr(F*)tr(R*) n ntr(R*) — n[tr(R?)]? 
24 96 5760 4608 

(RY) E 

5760 4608 ` 

tr(R*) gtr RI’ 

9760 4608 ` 


(3?) = + 245 


31) _ 4 98 


I, 


Note that the first two are for complex fermions. For real fermions, 
one must divide by two. For completeness, for D = 2 we list the three 
analogous anomaly four-forms: 


fa _ ntr(R*) Tr(F?) p3/2 _ 
4 = gD zn 4 = 40 
48 2 4 48 
It is amusing to note that the anomaly polynomials can be written 


in terms of geometrical characteristic classes. ‘This should be kept at 
the back of the mind for a bit later, in section 9.5. 
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In the R-R sector, the IIA and IIB spectra are respectively 


8; © 8 = [1] @ [3] = 8) & 56, 
8, © 8, = [0] 6 [2] 6 [4]+ = 16 28 6 354. (7.24) 


Here [n] denotes the n-times antisymmetrised representation of SO(8), 
and [4], is self-dual. Note that the representations [n| and [8 — n| are 
the same, as they are related by contraction with the eight dimensional 
e-tensor. The NS—NS and R-R spectra together form the bosonic compo- 
nents of D = 10 IIA (nonchiral) and IIB (chiral) supergravity respectively; 
We will write their effective actions shortly. 

In the NS-R and R-NS sectors are the products 


8, Q 8e = 8, 6 56, 
8, Q 8, = 8. Q 56s. (7.25) 


The 56s c are gravitinos. Their vertex operators are made roughly by 
tensoring a NS field y” with a vertex operator Vy = e~*/2S,, where the 
latter is a ‘spin field’, made by bosonising the dis of equation (7.15) and 
building: 


4 . 
S = exp í D z » d=et. (7.26) 
i=0 


(The factor e~*/? is the bosonisation (see section 4.7) of the Faddeev— 
Popov ghosts (see insert 3.2), about which we will have nothing more to 
say here.) The resulting full gravitino vertex operators, which correctly 
have one vector and one spinor index, are two fields of weight (0,1) and 
(1,0), respectively, depending upon whether Y” comes from the left or 
right. These are therefore holomorphic and anti-holomorphic world-sheet 
currents, and the symmetry associated to them in spacetime is the super- 
symmetry. In the ITA theory the two gravitinos (and supercharges) have 
opposite chirality, and in the IIB the same. 

Consider the vertex operators for the R-R states!. This will involve a 
product of spin fields, one from the left and one from the right. These 
again decompose into antisymmetric tensors, now of SO(9, 1): 


V = VaVo (TM .. TAO) ag G iuu] (X) (7.27) 


with Č the charge conjugation matrix. In the ITA theory the product is 
16 9 16’ giving even n (with n S 10 — n) and in the IIB theory it is 
16 © 16 giving odd n. As in the bosonic case, the classical equations of 
motion follow from the physical state conditions, which at the massless 
level reduce to Go: V = Go- V = 0. The relevant part of Go is just 
Pp and similarly for Go. The Pp act by differentiation on G, while y$ 
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acts on the spin fields as it does on the corresponding ground states: as 
multiplication by I’. Noting the identity 


Pr.. pel = ple. peel + (svete... THe] + perms) (7.28) 
and similarly for right multiplication, the physical state conditions become 
dG = 0 d*G = 0. (7.29) 


These are the Bianchi identity and field equation for an antisymmetric 
tensor field strength. This is in accord with the representations found: in 
the IIA theory we have odd-rank tensors of SO(8) but even-rank tensors 
of SO(9,1) (and reversed in the IIB), the extra index being contracted 
with the momentum to form the field strength. It also follows that R- 
R amplitudes involving elementary strings vanish at zero momentum, so 
strings do not carry R-R charges’. 

As an aside, when the dilaton background is nontrivial, the Ramond 
generators have aterm ® ,,0¢", and the Bianchi identity and field strength 
pick up terms proportional to d® ^A G and d® A *G. The Bianchi identity 
is non-standard, so G is not of the form dC. Defining G’ = e~°G removes 
the extra term from both the Bianchi identity and field strength. The field 
G” is thus decoupled from the dilaton. In terms of the action, the fields G 
in the vertex operators appear with the usual closed string e~7? but with 
non-standard dilaton gradient terms. The fields we are calling G’ (which 
in fact are the usual fields used in the literature, and so we will drop the 
prime symbol in the sequel) have a dilaton-independent action. 

The type IIB theory is chiral since it has different numbers of left mov- 
ing fermions from right-moving. Furthermore, there is a self-dual R-R 
tensor. These structures in principle produce gravitational anomalies, and 
it is one of the miracles (from the point of view of the low energy theory) 
of string theory that the massless spectrum is in fact anomaly free. There 
is a delicate cancellation between the anomalies for the 8. and for the 
56, and the 35,. The reader should check this by using the anomaly 
polynomials in insert 7.2, (of course, put n = 1 and F = 0) to see that 


; ; -35 
~27%s + 219° + Trot =0, (7.30) 

which is in fact miraculous, as previously stated?*”. 
' The reader might wish to think of this as analogous to the discovery that a moving 


electric point source generates a magnetic field, but of course is not a basic magnetic 
monopole source. 
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7.1.8 Type I from type IIB, the prototype orientifold 


As we saw in the bosonic case, we can construct an unoriented theory 
by projecting onto states invariant under world-sheet parity, (2. In order 
to get a consistent theory, we must of course project a theory which is 
invariant under {2 to start with. Since the left and right moving sectors 
have the same GSO projection for type IIB, it is invariant under (2, so we 
can again form an unoriented theory by gauging. We cannot gauge Q in 
type IIA to get a consistent theory, but see later. 

Projecting onto Q = +1 interchanges left-moving and right-moving 
oscillators and so one linear combination of the R-NS and NS-R gravitinos 
survives, so there can be only one supersymmetry remaining. In the NS- 
NS sector, the dilaton and graviton are symmetric under Q and survive, 
while the antisymmetric tensor is odd and is projected out. In the R-R 
sector, by counting we can see that the 1 and 35, are in the symmetric 
product of 8, ® 8, while the 28 is in the antisymmetric. The R-R state 
is the product of right- and left-moving fermions, so there is an extra 
minus in the exchange. Therefore it is the 28 that survives. The bosonic 
massless sector is thus 1 6 28 @ 35, and together with the surviving 
eravitino, this give us the D = 10 N = 1 supergravity multiplet. 

Sadly, this supergravity is in fact anomalous. The delicate balance (7.30) 
between the anomalies from the various chiral sectors, which we noted pre- 
viously, vanishes since one each of the 8, and 56,, and the 35, have been 
projected out. Nothing can save the theory unless there is an additional 
sector to cancel the anomaly.!? 

This sector turns out to be N = 1 supersymmetric Yang—Mills theory, 
with gauge group SO(32) or Egx Eg. Happily, we already know at least 
one place to find the first choice: We can use the low-energy (massless) 
sector of SO(32) unoriented open superstring theory. This fits nicely, since 
as we have seen before, at one loop open strings couple to closed strings. 
We will not be able to get gauge group Eg x Eg from perturbative open 
string theory (Chan—Paton factors can’t make this sort of group), but we 
will see shortly that there is another way of getting this group, but from 
a closed string theory. 

The total anomaly is that of the gravitino, dilatino and the gaugino, 
the latter being charged in the adjoint of the gauge group: 


Lo = -IÈ (R) + $: (R) + ÎS; (F, R). (7.31) 


Using the polynomials given in insert 7.2, it should be easily seen that 
there is an irreducible term 


tr( R) 


— 496) 
(n = 496) 735760 


(7.32) 
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which must simply vanish, and so n, the dimension of the group, must be 
496. Since SO(32) and Eg x Eg both have this dimension, this is encourag- 
ing. That the rest of the anomaly cancels is a very delicate and important 
story which deserves some attention. We will do that in the next section. 

Finishing the present discussion, in the language we learned in sec- 
tion 4.11, we put a single (space-filling) O9-plane into type IIB theory, 
making the type IIB theory into the unoriented N = 1 closed string 
theory. ‘This is anomalous, but we can cancel the resulting anomalies by 
adding 16 D9-branes. 

Another way of putting it is that (as we shall see) the O9-plane has 
16 units of Cio charge, which cancels that of 16 D9-branes, satisfying the 
equations of motion for that field. 

We have just constructed our first (and in fact, the simplest) example 
of an ‘orientifolding’ of a superstring theory to get another. More compli- 
cated orientifolds may be constructed by gauging combinations of Q with 
other discrete symmetries of a given string theory which form an ‘orien- 
tifold group’ Go under which the theory is invariant?>. Generically, there 
will be the requirement to cancel anomalies by the addition of open string 
sectors (i.e. D-branes), which results in consistent new string theory with 
some spacetime gauge group carried by the D-branes. In fact, these pro- 
jections give rise to gauge groups containing any of U (n), U Sp(n) factors, 
and not just SO(n) sectors. 


7.1.4 The Green—Schwarz mechanism 


Let us finish showing that the anomalies of M = 1, D = 10 supergravity 
coupled to Yang-Mills do vanish for the groups SO(382) and Eg x Eg. 
We have already shown above that the dimension of the group must be 
n = 496. Some algebra shows that that the rest of the anomaly (7.31), 
for this value of n can be written suggestively as: 


(n=496) __ 
Li = 3y xg 1448 (7.33) 
Traaj(F®) Traaj (F )Tragj (F4) [Traaj(F*)]° | 
1440 48 14400 
where 
1 
Ya = (RO) — gg Tra (E), (7.34) 
y, — Tat’) — [Maa _ Traj )tr(R) 
i 3 900 30 
tr(R*)]? 
+tr(R*) + rR) 
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Insert 7.3. The Chern—Simons three-form 


The Chern-—Simons three-form is a very important structure which 
will appear in a number of places, and it is worth pausing a while to 
consider its properties. Recall from insert 2.5 that we can write the 
gauge potential, and the field strength as Lie Algebra—valued forms: 
A = tA dx”, where the t° are generators of the Lie algebra. We 
can write the Yang-Mills field strength as a matrix-valued two-form, 
F = t Fip dx” \ dz’. We can define the Chern-Simons three-form as 


1 2 
wy = Tr (AAF=ZAAANA) =Tr(ANdA+ FAA ANA). 


One interesting thing about this object is that we can write: 
dw3y = Tr(F'A F). 
Furthermore, under a gauge transformation 6A = dA + |A, Al: 
wzy = Tr(dAdA) = dw, we = Tr(AdA). 


So its gauge variation, while not vanishing, is an exact three-form. 
Note that there is a similar structure in the pure geometry sector. 
From section 2.8, we recall that the potential analogous to A is 
the spin connection one-form w, = w%p,dx", with a and b being 
Minkowski indices in the space tangent to the point x” in spacetime 
and so w is an SO(D—1, 1) matrix in the fundamental representation. 
The curvature is a two-form R°» = dwp +w? Aw, = R'buyda Adz”, 
and the gauge transformation is now dw = dO + |w, ©]. We can define: 


2 
w3, = tr (w A dw + sw Aw Aw), 


with similar properties to w3y, above. Here tr means trace on the 
indices a, b. 


On the face of it, it does not really seem possible that this can be cancelled, 
since the the gaugino carries gauge charge and nothing else does, and so 
there are a lot of gauge quantities which simply stand on their own. This 
seems hopeless because we have so far restricted ourselves to quantum 
anomalies arising from the gauge and gravitational sector. If we include 
the rank two R-R potential Co) in a cunning way, we can generate a 
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mechanism for cancelling the anomaly. Consider the interaction 


1 
= 35a ia J Cio) A Xs. (7.35) 


It is invariant under the usual gauge transformations 


Sas 


ôA = dA + |A, A]; dw = dO + [w, O], (7.36) 
since it is constructed out of the field strengths F and R. It is also invariant 
under the two-form potential’s standard transformation ôC) = dà. Let 


us however give C9) another gauge transformation rule. While A and w 
transform under (7.36), let it transform as: 


a’ (1 
Ò = — | —Tr(AF’) — . . 
Oo) =Â (= (AF) t(n) ) (7.37) 
Then the variation of the action does not vanish, and is: 
1 1 
Ò = ——_____ — Tr(AF) — Xg. 
Sas = 38 np J 3o r(AF) n(n) \A8 


However, using the properties of the Chern—Simons three-form discussed 
in insert 7.3, this classical variation can be written as descending via the 
consistency chain in insert 7.1 from precisely the 12-form polynomial given 
in the first line of equation (7.34), but with a minus sign. Therefore we 
cancel that offending term with this classical modification of the transfor- 
mation of Cg). Later on, when we write the supergravity action for this 
field in the type I model, we will use the modified field strength: 
/ 
O = ac — © | Fay (A) — wl, (7.38) 
4 | 30 

where because of the transformation properties of the Chern—Simons 
three-form (see insert 7.3), G®) is gauge invariant under the new trans- 
formation rule (7.37). 


N.B. It is worth noting here that this is a quite subtle mechanism. 
We are cancelling the anomaly generated by a one loop diagram with 
a tree-level graph. It is easy to see what the tree level diagram is. 
The kinetic term for the modified field strength will have its square 
appearing, and so looking at its definition (7.38), we see that there 


is a vertex coupling Cg) to two gauge bosons or to two gravitons. 
There is another vertex that comes from the interaction (7.35) which 
couples Ci.) to four particles, pairs of gravitons and pairs of gauge 
bosons, or a mixture. So the tree level diagram in figure 7.1 can mix 
with the hexagon anomaly of insert 7.1. 
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Fig. 7.1. The tree which cures the M = 1 D = 10 anomalies. A two-form 
field is exchanged. 


Somehow, the terms in the second line must cancel amongst themselves. 
Miraculously, they do for a number of groups, SO(32) and Eg x Eg in- 
cluded. For the first group, it follows from the fact that for the group 
SO(n), we can write: 

Traaj(t°) = (n — 32)Tr,¢(t®) + 15Tr¢(t?)Tre(t*); 
*) = (n — 8)Tre(t*) + 3Tr¢(t?) Tret’); 

Traaj(t?) = (n — 2)Tr¢(t?), (7.39) 
where the subscript ‘f’ denotes the fundamental representation. For Eg, 
we have that 


1 
Traaj (tf) = 7500 [Tr;(¢*)]°, 


Trag(t4) = BP. (7.40) 


In checking these (which of course the reader will do) one should combine 
the traces as Treixa, = Tra, + Tra, ete. 

Overall, the results!?’ of this subsection are quite remarkable, and 
generated a lot of excitement which we now call the First Superstring 
Revolution. This excitement was of course justified, since the discovery 
of the mechanism revealed that there were consistent superstring theories 
with considerably intricate structures with promise for making contact 
with the physics that we see in Nature. 


7.2 The two basic heterotic string theories 


In addition to the three superstring theories briefly constructed above, 
there are actually two more supersymmetric string theories which live 
in ten dimensions. In addition, they have non-Abelian spacetime gauge 
symmetry, and they are also free of tachyons. These are the ‘Heterotic 
Strings’. The fact that they are chiral, have fermions and non-Abelian 
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gauge symmetry meant that they were considered extremely attractive as 
starting points for constructing ‘realistic’ phenomenology based on string 
theory. It is in fact remarkable that one can come tantalisingly close to 
naturally realising many of the features of the Standard Model of particle 
physics by starting with, say, the Eg x Eg Heterotic String, while remaining 
entirely in the perturbative regime. ‘This was the focus of much of the First 
Superstring Revolution. Getting many of the harder questions right led 
to the search for non-perturbative physics, which ultimately led us to the 
Second Superstring Revolution, and the realisation that all of the other 
string theories were just as important too, because of duality. 

One of the more striking things about the heterotic strings, from the 
point of view of what we have done so far, is the fact that they have non- 
Abelian gauge symmetry and are still closed strings. The SO(32) of the 
type I string theory comes from Chan—Paton factors at the ends of the 
open string, or in the language we now use, from 16 coincident D9-branes. 

We saw a big hint of what is needed to get spacetime gauge symmetry 
in the heterotic string in chapter 4. Upon compactifying bosonic string 
theory on a circle, at a special radius of the circle, an enhanced SU (2), x 
SU(2)pR gauge symmetry arose. From the two dimensional world-sheet 
point of view, this was a special case of a current algebra, which we 
uncovered further in section 4.6. We can take two key things away from 
that chapter for use here. The first is that we can generalise this to a larger 
non-Abelian gauge group if we use more bosons, although this would seem 
to force us to have many compact directions. The second is that there were 
identical and independent structures coming from the left and the right to 
give this result. So we can take, say, the left hand side of the construction 
and work with it, to produce a single copy of the non-Abelian gauge group 
in spacetime. 

This latter observation is the origin of the word ‘heterotic’ which comes 
from ‘heterosis’. The theory is a hybrid of two very different constructions 
on the left and the right. Let us take the right hand side to be a copy of 
the right hand side of the superstrings we constructed previously, and so 
we use only the right hand side of the action given in equation (7.1) (with 
closed string boundary conditions). Then the usual consistency checks give 
that the critical dimension is of course ten, as before: the central charge 
(conformal anomaly) is —26 + 11 = 15 from the conformal and supercon- 
formal ghosts. This is cancelled by ten bosons and their superpartners 
since they contribute to the anomaly an amount 10 x 1+ 10 x 5 = 15. 
The left hand side is in fact a purely bosonic string, and so the anomaly 
is cancelled to zero by the —26 from the conformal ghosts and there must 
be the equivalent of 26 bosonic degrees of freedom, contributing 26 x 1 to 
the anomaly. 
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How can the theory make sense as a ten dimensional theory? The an- 
swer to this question is just what gives the non-Abelian gauge symmetry. 
Sixteen of the bosons are periodic, and so may be thought of as com- 
pactified on a torus T! ~ (St)! with very specific properties. Those 
properties are such that the generic U(1)'° one might have expected from 
such a toroidal compactification is enhanced to one of two special rank 16 
gauge groups: SO(32), or Eg x Eg, via the very mechanism we saw in 
chapter 4: the torus is ‘self-dual’. The remaining ten non-compact bosons 
on the left combine with the ten on the right to make the usual ten 
spacetime coordinates, on which the usual ten dimensional Lorentz group 


SO(1,9) acts. 


7.2.1 SO(32) and Eg x Eg from self-dual lattices 


The requirements are simple to state. We are required to have a sixteen 
dimensional lattice, according to the above discussion, and so we can apply 
the results of chapter 4, but there is a crucial difference. Recalling what 
we learned there, we see that since we only have a left-moving component 
to this lattice, we do not have the Lorenzian signature which arose there, 
but only a Euclidean signature. But all of the other conditions apply: it 
must be even, in order to build gauge bosons as vertex operators, and it 
must be self-dual, to ensure modular invariance. 

The answer turns out to be quite simple. There are only two choices, 
since even self-dual Euclidean lattices are very rare (They only exist when 
the dimension is a multiple of eight). For sixteen dimensions, there is either 
Ig x I's or Pig. The lattice I’g is the collection of points: 


(M1, N2,- -, Ng) or (ni +ł,n2+ $,...,ng +4), N ni €2Z, 
i 


with X; n? = 2. The integer lattice points are actually the root lattice of 
SO(16), with which the 120 dimensional adjoint representation is made. 
The half-integer points construct the spinor representation of SO(16). 
A bit of thought shows that it is just like the construction we made of 
the spinor representations of SO(8) previously; the entries are only +4 
in eight different slots, with only an even number of minus signs appear- 
ing, which again gives a squared length of two. There are 2” = 128 pos- 
sibilities, which is the dimension of the spinor representation. The total 
dimension of the represetnation we can make is 120 + 128 = 248 which 
is the dimension of Eg. The sixteen dimensional lattice is made as the 
obvious tensor product of two copies of this, giving gauge group Eg x Eg, 
which is 496 dimensional. 
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The lattice yg is extremely similar, in that it is: 


1 1 1 
(n1, N2,- --, N16) or (ni + 5,N2+5,---,M16+ 5), N ni €2Z, 
i 


with X; n? = 2. Again, we see that the integer points make the root 
lattice of SO(32), but there is more. There is a spinor representation of 
SO(32), but it is clear that since 16 x 1/4 = 4, the squared length is twice 
as large as it need to be to make a massless vector, and so the gauge 
bosons remain from the adjoint of SO(32), which is 496 dimensional. 
In fact, the full structure is more than SO(32), because of this spinor 
representation. It is not quite the cover, which is Spin(32) because the 
conjugate spinor and the vector representations are missing. It is instead 
written as Spin(32)/Zə. In fact, SO(32) in the quotient of Spin(32) by 
another Zə. 

Actually, before concluding, we should note that there is an alternative 
construction to this one using left-moving fermions instead of bosons. This 
is easily arrived at from here using what we learned about fermionisation 
in section 4.7. From there, we learn that we can trade in each of the left- 
moving bosons here for two left-moving Majorana—Wey] fermions, giving 
a fermionic construction with 32 fermions &*. The construction divides 
the fermions into the NS and R sectors as before, which correspond to the 
integer and half-integer lattice sites in the above discussion. The difference 
between the two heterotic strings is whether the fermions are split into two 
sets with independent boundary conditions (giving Eg x Eg) or if they have 
all the same boundary conditions (SO(32)). In this approach, there is a 
GSO projection, which in fact throws out a tachyon, etc. Notice that in the 
R sector, the zero modes of the 32 W? will generate a spinor and conjugate 
spinor 2°! œ 231 of SO(32) for much the same reasons as we saw a 16616 
in the construction of the superstring. Just as there, a GSO projection 
arises in the construction, which throws out the conjugate spinor, leaving 
the sole massive spinor we saw arise in the direct lattice approach. 


7.2.2 The massless spectrum 


In the case we must consider here, we can borrow a lot of what we learned 
in section 4.5 with hardly any adornment. We have sixteen compact left- 
moving bosons, X’, which, together with the allowed momenta P", define 
a lattice I’. The difference between this lattice and the ones we considered 
in section 4.5 is that there is no second part coming from a family of right- 
moving momenta, and hence it is only half the expected dimension, and 
with a purely Euclidean signature. This sixteen dimensional lattice must 
again be self-dual and even. This amounts to the requirement of modular 
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invariance, just as before. More directly, we can see what effect this has 
on the low-lying parts of the spectrum. 

Recall that the NS and R sector of the right hand side has zero point 
energy equal to —1/2 and 0, respectively. Recall that we then make, after 
the GSO projection, the vector 8,, and its superpartner the spinor 8, 
from these two sectors. On the left hand side, we have the structure of the 
bosonic string, with zero point energy —1. ‘There is no GSO projection on 
this side, and so potentially we have the tachyon, |0), the familiar massless 
states a ,|0), and the current algebra elements J“,|0). These must be 
tensored together with the right hand side’s states, but we must be aware 
that the level-matching condition is modified. To work out what it is we 
must take the difference between the correctly normalised ten dimensional 
M? operators on each side. We must also recall that in making the ten 
dimensional M? operator, we are left with a remainder, the contribution 
to the internal momentum a'p? /4. The result is: 


12 
CPL 


> (l 
N-1=N-2 2 
ra 


0 ? 
where the choice corresponds to the NS or R sectors. 

Now we can see how the tachyon is projected out of the theory, even 
without a GSO projection on the left. The GSO on the right has thrown 
out the tachyon there, and so we start with N = 5 there. The left 
tachyon is N = Q, but this is not allowed, and we must have the even 
condition a’ pe /2 = 2 which corresponds to switching on a current J%,, 
making a massless state. If we do not have this state excited, then we can 
also make a massless state with N = 1, corresponding to a",|0). 

The massless states we can make by tensoring left and right, respect- 
ing level-matching are actually familiar. In the NS—NS sector, we have 
aty, J2l0); which is the graviton, Guy antisymmetric tensor B,, and 
dilaton ® in the usual way. We also have JW”; ,,|0), which gives an 
Eg x Eg or SO(32) gauge boson, A“. In the NS-R sector, we have a ,|0)q 
which is the gravitino, ~. Finally, we have J*%,|0)q, which is the super- 
partner of the gauge boson, A%. In the language we used earlier, we can 
write the left hand representations under SO(8) x G (where G is SO(32) 
or Eg x Eg) as (8y,1) or (1,496). Then the tensoring is 


(8,, 1) S (8, + 85) = (1,1) + (35, 1) + (28, 1) + (56,, 1) + (8s, 1), 
(1,496) © (8, + 85s) = (8y, 496) + (8s, 496). 
So we see that we have again obtained the V = 1 supergravity multiplet, 


coupled to a massless vector. The effective theory which must result at low 
energy must have the same gravity sector, but since the gauge fields arise 
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at closed string tree level, their Lagrangian must have a dilaton coupling 
e°? instead of e? for the open string where the gauge fields arise at open 
string tree level. 


7.3 The ten dimensional supergravities 


Just as we saw in the case of the bosonic string, we can truncate consis- 
tently to focus on the massless sector of the string theories, by focusing on 
low energy limit a’ — 0. Also as before, the dynamics can be summarised 
in terms of a low energy effective (field theory) action for these fields, 
commonly referred to as ‘supergravity’. 

The bosonic part of the low energy action for the type ITA string theory 
in ten dimensions may be written (cf. equation (2.106)) as (the wedge 
product is understood)! 5 ”: 


l 1 
SUA = z | de(—G)'? fe Rava)? — HO 
1 1 1 
~ =(G)? — — (69l -— | B@ac®dc® 
gir)” — FRC 2} zl dc) dC 


(7.41) 


As before G is the metric in string frame, ® is the dilaton, H (3) = dB” 
is the field strength of the NS—NS two form, while the Ramond-Ramond 
field strengths are G?) = dC and GM = dc® + HO) an CHI, 


For the bosonic part in the case of type IIB, we have: 


Sip = L [area fee R+4(V6)? — Tila 
2K? 12 
1 1 1 
(G8 COHEN — =(qa@M)2 — (G62 
pC +C V= dy = E } 
+5 J (oc + 5B a) GO A), (7.42) 
Ko 


Now, G®) = dC? and GS = dc + HOC®) are R-R field strengths, 
and C® is the R-R scalar. (Note that we have canonical normalisations 
for the kinetic terms of forms: there is a prefactor of the inverse of —2 x p! 
for a p-form field strength.) There is a small complication due to the 
fact that we require the R-R four form C to be self-dual, or we will 
have too many degrees of freedom. We write the action here and remind 


ourselves to always impose the self-duality constraint on its field strength 
F5) = dC) by hand in the equations of motion: F® = *F), 


t This can be derived by dimensional reduction from the structurally simpler eleven di- 
mensional supergravity action, presented in chapter 12, but at this stage, this relation 
is a merely formal one. We shall see a dynamical connection later. 
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Equation (2.109) tells us that, in ten dimensions, we must use 
Guy = POM) G y (7.43) 


to convert these actions to the Einstein frame. As before (see discussion 
below equation(2.111)), Newton’s constant will be set by 


Qn? = Q2kog? = 16nGy = (27) atg, (7.44) 


where the latter equality can be established by (for example) direct ex- 
amination of the results of a graviton scattering computation. We will see 
that it gives a very natural normalisation for the masses and charges of 
the various branes in the theory. Also gs is set by the asymptotic value 
of the dilaton at infinity: gs = e®°. 

Those were the actions for the ten dimensional supergravities with 
thirty-two supercharges. Let us consider those with sixteen supercharges. 
For the bosonic part of type I, we can construct it by dropping the fields 
which are odd under (2 and then adding the gauge sector, plus a number 
of cross terms which result from cancelling anomalies, as we discussed in 
subsection 7.1.3: 


1 
Si= 55 [recor R + 4(V)? 
KO 


p / 
-2 2 onr} (7.45) 


Here, GC) is a modified field strength for the two-form potential, defined 
in equation (7.38). Recall that this modification followed from the require- 
ment of cancellation of the anomaly via the Green—Schwarz mechanism. 

We can generate the heterotic low-energy action using a curiosity which 
will be meaningful later. Notice that a simple redefinition of fields: 


Giv(type I) = e~°G,,, (heterotic) 
(type I) = -e heterotic) 
GC) (type I) = H® (heterotic) 
A,„(type I) = A,,(heterotic), (7.46) 


takes one from the type I Lagrangian to: 
1 
SH = ee forncyre\R + 4(V®)? 
NO 


_ + (02 Smee), (7.47) 
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where (renaming C®) — B®) 
H® = dB? — — | —wsy (A) — wr (Q). (7.48) 


This is the low energy effective Lagrangian for the heterotic string theo- 
ries. Note that in (7.47), a’ is measured in heterotic units of length. 

We can immediately see two key features about these theories. The 
first was anticipated earlier: their Lagrangian for the gauge fields have a 
dilaton coupling e~?°, since they arise at closed string tree level, instead 
of e7? for the open string where where the gauge fields arise at open 
string tree level. The second observation is that since from equation (7.46) 
the dilaton relations tell us that g,(type I) = g>'(heterotic), there is a 
non-perturbative connection between these two theories, although they 
are radically different in perturbation theory. We are indeed forced to 
consider these theories when we study the type I string in the limit of 
strong coupling. 


7.4 Heterotic toroidal compactifications 


Much later, it will be of interest to study simple compactifications of the 
heterotic strings, and the simplest result from placing them on tori!’ 1%, 
Our interest here is not in low energy particle physics phenomenology, as 
this would require us to compactify on more complicated spaces to break 
the large amount of supersymmetry and gauge symmetry. Instead, we 
shall see that it is quite instructive, on the one hand, and on the other 
hand, studying various superstring compactifications with D-brane sec- 
tors taken into account will produce vacua which are in fact strong/weak 
coupling dual to heterotic strings on tori. This is another remarkable con- 
sequence of duality which forces us to consider the heterotic strings even 
though they cannot have D-brane sectors. 

Actually, there is not much to do. From our work in section 7.2 and from 
that in section 4.5, it is easy to see what the conditions for the consistency 
of a heterotic toroidal compactification must be. Placing some of the ten 
dimensions on a torus T will give us the possibility of having windings, 
and right-moving momenta. In addition, the gauge group can be broken 
by introducing Wilson lines (see insert 4.4 and section 4.9.1) on the torus 
for the gauge fields A”. This latter choice breaks the gauge group to the 
maximal Abelian subgroup, which is U(1)!°. 

The compactification simply enlarges our basic sixteen dimensional 
Euclidean lattice from I's 6 I's or lig by two dimensions of Lorentzian 
signature (1,1) for each additional compact direction, for the reasons we 
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already discussed in section 4.5. So we end up with a lattice with signature 
(16 + d,d), on which there must be an action of O(d, 16 + d) generating 
the lattices. Again, we will have that there is a physical equivalence be- 
tween some of these lattices, because physics only depends on p? and Da, 
and further, there will be the discrete equivalences corresponding to the 
action of a T-duality group, which is O(d, 16 + d, Z). 

The required lattices are completely classified, as a mathematical ex- 
ercise. In summary, the space of inequivalent toroidal compactifications 
turns out to be: 


Myra = [O(d) x O(d + 16)]\O(d,d + 16)/O(d,d+16,Z). (7.49) 


Notice, after a quick computation, that the dimension of this space is 
d*+16d. So in addition to the fields Gyv, Buy and ®, we have that number 
of extra massless scalars in the V = 2, D = 6 low energy theory. The first 
part of the result comes, as before from the available constant components, 
Gmn and Bmn, of the internal metric and antisymmetric tensor on T d The 
remaining part comes from the sixteen generic constant internal gauge 
bosons (the Wilson lines), Am for each circle. 

Let us compute what the generic gauge group of this compactified model 
is. There is of course the U(1)*° from the original current algebra sector. 
In addition, there is a U(1) x U(1) coming from each compact dimension, 
since we have Kaluza—Klein reduction of the metric and antisymmetric 
tensor. Therefore, the generic gauge group is U (1)t6+24, 

To get something less generic, we must tune some moduli to spe- 
cial points. Of course, we can choose to switch off some of the Wilson 
lines, getting non-Abelian gauge groups from the current algebra sector, 
restoring an Eg x Eg x U(1)?% or SO(32) x U(1)*4 gauge symmetry. We 
also have the possibility of enhancing the Kaluza—Klein factor by tun- 
ing the torus to special points. We simply need to make states of the 
form exp(iky, - XL Y; j2|0), where we can have left-moving momenta of 
a'p? /2 = 2 (we are referring to the components of pr, which are in the 
torus J“). This will give any of the A-D-E series of gauge groups up to 
a rank 2d in this sector. 

The reader will have noticed that we only gave one family of lattices for 
each dimension d of the torus. We did not have one choice for the Eg x Eg 
string and another for the SO(32) string. In other words, as soon as we 
compactify one heterotic string on a circle, we find that we could have 
arrived at the same spectrum by compactifying the other heterotic string 
on a circle. This is of course T-duality. It is worth examining further, and 
we do this in section 8.1.3. 
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7.5 Superstring toroidal compactification 


The placement of the superstrings on tori is at face value rather less 
interesting than the heterotic case, and so we will not spend much time 
on it here, although will return to it later when we revisit T-duality, and 
again when we study U-duality in section 12.7. 

Imagine that we compactify one of our superstring theories on the 
torus T¢. We simply ask that d of the directions are periodic with some 
chosen radius, as we did in section 4.5 for the bosonic string. This does not 
not affect any of our discussion of supercharges, etc., and we simply have 
a (10 — d)-dimensional theory with the same amount of supersymmetry 
as the ten dimensional theory which we started with. As discussed in sec- 
tion 4.4, there is a large O(d, d, Z) pattern of T-duality groups available 
to us. There are also Kaluza—Klein gauge groups U(1)?“ coming from the 
internal components of the graviton and the antisymmetric tensor. In ad- 
dition, there are Kaluza—Klein gauge groups coming from the possibility 
of some of the R-R sector antisymmetric tensors having internal indices. 
Note that there aren’t the associated enhanced gauge symmetries present 
at special radii, since the appropriate objects which would have arisen 
in a current algebra, J4, do not give masses states in spacetime, and in 
any case level matching would have forbidden them from being properly 
paired with Y“ | /2 to give a spacetime vector. 

To examine the possibilities, it is probably best to study a specific 
example, and we do the case of placing the type IIA string theory on T°. 

Let us first count the gauge fields. This can be worked out simply by 
counting the number of ways of wrapping the metric and the various p- 
form potentials (with p odd) in the theory on the five circles of the T° to 
give a one-form in the remaining five non-compact directions. From the 
NS-NS sector there are five Kaluza—Klein gauge bosons and five gauge 
bosons from the antisymmetric tensor. There are 16 gauge bosons from 
the dimensional reduction of the various R-R forms: the breakdown is 
10+5+1 from the forms C), C) and C™, respectively, since, for ex- 
ample, there are ten independent ways of making two out of the three 
indices of C|) be any two out of the five internal directions, and so on. 
Finally, in five dimensions, one can form a two form field strength from 
the Hodge dual *H of the three-form field strength of the NS-NS Bwv, 
thus defining another gauge field. 

So the gauge group is generically U(1)?". There are in fact a number 
of massless fields corresponding to moduli representing inequivalent sizes 
and shapes for the T°. We can count them easily. We have the 5? = 25 
components coming from the graviton and antisymmetric tensor field. 
From the R-R sector there is only one way of getting a scalar from C), 
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and five and ten ways from C} and C), respectively. This gives 41 
moduli. Along with the dilaton, this gives a total of 42 scalars for this 
compactification. 

By now, the reader should be able to construct the very same five 
dimensional spectrum but starting with the type IIB string and placing 
it on T°. This is a useful exercise in preparation for later. The same 
phenomenon will happen with any torus, Tt. Thus we begin to uncover the 
fact that the type IIA and type IIB string theories are (T-dual) equivalent 
to each other when placed on circles. We shall examine this in more detail 
in section 8.1, showing that the equivalence is exact. 

The full T-duality group is actually O(5,5;Z). It acts on the different 
sectors independently, as it ought to. For example, for the gauge fields, it 
mixes the first ten NS—NS gauge fields among themselves, and the 16 R-R 
gauge fields among themselves, and leaves the final NS—NS field invari- 
ant. Notice that the fields fill out sensible representations of O(5, 5; Z). 
Thinking of the group as roughly SO(10), those familiar with numerology 
from grand unification might recognise that the sectors are transforming 
as the 10, 16, and 1. 

A little further knowledge will lead to questions about the fact that 10 
16 @ 1 is the decomposition of the 27 (the fundamental representation) 
of the group Eg, but we should leave this for a later time, when we come 
to discuss U-duality in section 12.7. 


7.6 A superstring orbifold: discovering the K3 manifold 


Before we go any further, let us briefly revisit the idea of strings propagat- 
ing on an orbifold, and take it a bit further. Imagine that we compactify 
one of our closed string theories on the four torus, T4. Let us take the 
simple case where there the torus is simply the product of four circles, S+, 
each with radius R. Let us choose that the four directions (say) xê, x", x8 
and x” are periodic with period 27R. The resulting six dimensional theory 
has N = 4 supersymmetry. 


Let us orbifold the theory by the Z group which has the action 


R: x? g, rë, g? = —2°, —27, —2°, —2°, (7.50) 
which is clearly a good symmetry to divide by. We can choose to let R 
be embedded in the SU(2);, which acts on the R* (see insert 7.4). This 
will leave an SU(2)p which descends to the six dimensions as a global 
symmetry. It is in fact the R-symmetry of the remaining D = 6, NV = 2 
model. We shall use this convention a number of times in what is to come. 
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Insert 7.4. SU(2)L versus SU(2)R 


It is well worth pausing here to note a nice way of writing things, for 
later use. The space Rt with coordinates (xg, 77, £8, £9) = (T, £, Y, Z) 
has an obvious SO(4) symmetry. Note that SO(4) ~ SU(2), x 
SU(2)p, where the ‘L’ and ‘R’ labels denote left and right. What 
is the meaning of this? To see it, present two new sets of coordinates. 
Write R* with a radial coordinate r = (T? + a? + y? + 27)/?, and 
Euler angles on an S? (r,0,ġ, Y), where 0 < 0 < m, 0 < @ < 2n, 
0 < Y < 4m. The metric is: 


2 
ds? = dr*+dx*+dy*+dz* = dr? 47 (d0? +. db* + dub? +2 cos Odd). 


Further define an element g E€ SU(2): g = (71 — iF - ¥)/r for Pauli 
matrices 7; (given, e.g. in equation (13.1), where they’re called o;): 


r 


o1 (te wae) 7 ( ert) cos? — —e2($-¥) sinl 


yt T—iz ea (¢-¥) sing e7 59+) cos£ 
There are natural independent actions of h € SU (2) on this on the 
left, g — hg, or on the right, g — gh. It is really useful to ex- 
tract certain natural ‘Maurer—Cartan’ one-forms from this. They are 
Og = —iTr(tag~'dg) and are clearly invariant under the SU (2). The 
Gq, = —iTr(tadgg—') are SU(2)R invariant. Explicitly: 


201 = —sinwdé + cos Y sin Odo; 
209 = cos Yd + sin Y sin Odo; 203 = dw + cos Odo, 


and they satisfy doa = €abeTp ^ Ce. Note also that 4(0? + 09) is the 
standard round unit radius S? metric, while o? + o2 + 0% gives the 
same for S3. (The a; can be obtained by sending Y = ¢.) Now, our 
metric on R* can be written as ds? = dr? + r?(a? +03 + 02). 


7.6.1 The orbifold spectrum 


We can construct the resulting six dimensional spectrum by first working 
out (say) the left-moving spectrum, seeing how it transforms under R and 
then tensoring with another copy from the right in order to construct the 
closed string spectrum. 

Let us now introduce a bit of notation which will be useful in the future. 
Use the label x”, m = 6,7,8,9 for the orbifolded directions, and use x", 
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u = 0,...,5, for the remaining. Let us also note that the ten dimensional 
Lorentz group is decomposed as 


SO(1,9) > SO(1,5) x SO(4). 


We shall label the transformation properties of our massless states in the 
theory under the SU(2) x SU(2) = SO(A) little group. Just as we did 
before, it will be useful in the Ramond sector to choose a labelling of 
the states which refers to the rotations in the planes (x°, xt), (x7, x°), 
etc., as eigenstates so, 51,...,54 of the operator sor. $79, etc., (see equa- 
tions (7.17) and (7.19) and surrounding discussion). 

With this in mind, we can list the states on the left that survive the 


GSO projection. 


]$1S28384); $1 = +82, 83 = — S4 


|S1$25384); S1 = —S2, 83 = +84 


Crucially, we should also examine the ‘twisted sectors’ which will arise, 
in order to make sure that we get a modular invariant theory. ‘The big 
difference here is that in the twisted sector, the moding of the fields in 
the x" directions is shifted. For example, the bosons are now half-integer 
moded. We have to recompute the zero point energies in each sector in 
order to see how to get massless states (see (2.80)): 


1 1 1 1 
N : 4(—— 4 | —— 4 | — 4{— |= 
S sector ( a) + ( =) + (z) + (z) 0, 


1 1 1 1 
R sector: 4 (=z) +4 (z) +4 (z) +4 (-=) =0. (7.51) 


This is amusing; both the Ramond and NS sectors have zero vacuum 
energy, and so the integer moded sectors will give us degenerate vacua. 
We see that it is only states |s,s2) which contribute from the R sec- 
tor (since they are half-integer moded in the x” directions) and the 
NS sector, since it is integer moded in the x” directions, has states 
|$384). 
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N.B. It is worth seeing in equation (7.51) how we achieved this ability 
to make a massless field in this case. The single twisted sector ground 
state in the bosonic orbifold theory with energy 1/48, was multiplied 


by four since there are four such orbifolded directions. Combining this 
with the contribution from the four unorbifolded directions produced 
just the energy needed to cancel the contribution from the fermions. 


The states and their charges are as follows (after imposing GSO). 


SOU) charge 
20.1) 


R |s152); S1 = — S2 (1, 2) 


Now we are ready to tensor. Recall that we could have taken the oppo- 
site GSO choice here to get a left moving with the identical spectrum, but 
with the swap (1,2) — (2,1). Again we have two choices: tensor together 
two identical GSO choices, or two opposite. In fact, since six dimensional 
supersymmetries are chiral, and the orbifold will keep only two of the four 
we started with, we can write these choices as (0,2) or (1,1) supersym- 
metry, resulting from type IIB or IA on K3. It is useful to tabulate the 
result for the bosonic spectra for the untwisted sector. 


| sector | SO(A) charge 


NS_NS S OLD ELD 


NS-NS 


R-R (IIB) 
R-R (ILA) 


Recall now that we have two twisted sectors for each orbifolded circle, 
and hence there are 16 twisted sectors in all, for T4/Z2. Therefore, to 
make the complete model, we must take sixteen copies of the content of 
the twisted sector table above. 
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Now let identify the various pieces of the spectrum. ‘The gravity multi- 
plet Guy + Buv + © is in fact the first line of our untwisted sector table, 
coming from the NS—NS sector, as expected. The field B can be seen to 
be broken into its self-dual and anti-self-dual parts Br and B p, trans- 
forming as (1,3) and (3,1). There are sixteen other scalar fields, ((1, 1)), 
from the untwisted NS—NS sector. The twisted sector NS-NS sector has 
4x16 scalars. Not including the dilaton, there are 80 scalars in total from 
the NS-NS sector. 

Turning to the R-R sectors, we must consider the cases of ITA and IIB 
separately. For type IIA, there are eight one-forms (vectors, (2,2)) from 
the untwisted sector and 16 from the twisted, giving a total of 24 vectors, 
and have a generic gauge group U(1)"*. 

For type IIB, the untwisted R-R sector contains three self-dual and 
three anti-self-dual tensors, while there are an additional 16 self-dual ten- 
sors (1,3). We therefore have 19 self-dual Ch and three anti-self-dual 
Cry: There are also eight scalars from the untwisted R-R sector and 16 
scalars from the twisted R-R sector. In fact, including the dilaton, there 
are 105 scalars in total for the type IIB case. 


7.6.2 Another miraculous anomaly cancellation 


This type IIB spectrum is chiral, as already mentioned, and in view of 
what we studied in earlier sections, the reader must be wondering whether 
or not it is anomaly-free. It actually is, and it is a worthwhile exercise to 
check this, using the polynomials in insert 7.2. 

The cancellation is so splendid that we cannot resist explaining it in 
detail here. To do so we should be careful to understand the N = 2 
multiplet structure properly. A sensible non-gravitational multiplet has 
the same number of bosonic degrees of freedom as fermionic, and so it 
is possible to readily write out the available ones given what we have 
already seen. (Or we could simply finish the tensoring done in the last 
section, doing the NS-R and R-NS parts to get the fermions.) Either way, 
table 7.1 has the multiplets listed. 

The 16 components of the supergravity bosonic multiplet is accom- 
panied by two copies of the 16 components making up a gravitino and a 
dilatino. These two copies are the same chirality for type IIB and opposite 
for type ITA. 

The next thing to do is to repackage the spectrum we identified earlier 
in terms of these multiplets. First, notice that the supergravity multiplet 
has one (1,1), four (2,1)s and one (1,3). With four other scalars, we 
can make a full tensor multiplet. (The other (8,1), which is an anti-self- 
dual piece makes up the rest of B,,.) That gives us 19 complete self dual 
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Table 7.1. The structure of the N = 2 multiplets in D = 6 


(2,2)+4(1,1) 2(1,2)+2(2,1) 
(1,3) +501) 1(2,1) 


(8150.1) 


. 2(3,2) + 2(2,1 
3,3) + (3,1) +0,3) +01) | 35) cone 


tensor multiplets in total and two complete anti-self-dual ones since the 


last one is not complete. Since there are five scalars in a tensor multiplet 
this accounts for the 105 scalars that we have. 

So we can study the anomaly now, knowing what (anti-)self-dual ten- 
sors, and fermions we have. Consulting insert 7.2 (p. 162), we note that 
the polynomials listed for the fermions are for complex fermions, and so 
we must divide them by two to get the ones appropriate for the real com- 
ponents we have counted in the orbifolding. Putting it together according 
to what we have said above for the content of the spectrum, we have: 


1970) + 19 x af 4 of) 4.9 x af) 427%?) 4 73) = 0, (7.52) 


where we have listed, respectively, the contribution of the 19 self-dual ten- 
sors, the two anti-self-dual tensors, the two gravitinos, and the remaining 
piece of the supergravity multiplet. That this combination of polynomials 
vanishes is amazing!” 


7.6.8 The K8 manifold 


Quite remarkably, there is a geometrical interpretation of all of those data 
presented in the previous subsections in terms of compactifying type II 
string theory on a smooth manifold. The manifold is K3. It is a four 
dimensional manifold containing 22 independent two-cycles, which are 
topologically two-spheres more properly described as the complex surface 
CP! (see insert 16.1), in this context. Correspondingly the space of two- 
forms which can be integrated over these two cycles is 22 dimensional. So 
we can choose a basis for this space. Nineteen of them are self-dual and 
three of them are anti-self-dual, in fact. The space of metrics on K3 is in 
fact parametrised by 58 numbers. 

In compactifying the type II superstrings on K3, the ten dimensional 
gravity multiplet and the other R-R fields gives rise to six dimensional 
fields by direct dimensional reduction, while the components of the fields 
in the K3 give other fields. The six dimensional gravity multiplet arises by 
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direct reduction from the NS—NS sector, while 58 scalars arise, parametris- 
ing the 58 dimensional space of K3 metrics which the internal parts of 
the metric, Gmn, can choose. Correspondingly, there are 22 scalars arising 
from the 19+3 ways of placing the internal components of the antisym- 
metric tensor, Bmn on the manifold. A commonly used terminology is 
that the form has been ‘wrapped’ on the 22 two-cycles to give 22 scalars. 

In the R-R sector of type IIB, there is one scalar in ten dimensions, 
which directly reduces to a scalar in six. There is a two-form, which pro- 
duces 22 scalars, in the same way as the NS—NS two-form did. The self- 
dual four-form can be integrated over the 22 two cycles to give 22 two 
forms in six dimensions, 19 of them self-dual and three anti-self-dual. Fi- 
nally, there is an extra scalar from wrapping the four-form entirely on K3. 
This is precisely the spectrum of fields which we computed directly in the 
type IIB orbifold. 

Alternatively, while the NS—NS sector of type ITA gives rise to the same 
fields as before, there is in the R-R sector a one-form, three-form and 
five-form. The one-form directly reduces to a one-form in six dimensions. 
The three-form gives rise to 22 one-forms in six dimensions while the 
five-form gives rise to a single one-form. We therefore have 24 one-forms 
(generically carrying a U(1) gauge symmetry) in six dimensions. This also 
completes the smooth description of the type IIA on K3 spectrum, which 
we computed directly in the orbifold limit. See insert 7.5 for a significant 
comment on this spectrum. 


7.6.4 Blowing up the orbifold 


The connection between the orbifold and the smooth K3 manifold is as 
follows“: K3 does indeed have a geometrical limit which is T+/Zo, and it 
can be arrived at by tuning enough parameters, which corresponds here 
to choosing the vev’s of the various scalar fields. Starting with the T*/Zo, 
there are 16 fixed points which look locally like R*/Z?, a singular point of 
infinite curvature. It is easy to see where the 58 geometric parameters of 
the K3 metric come from in this case. Ten of them are just the symmetric 
Gmn constant components, on the internal directions. This is enough to 
specify a torus T4, since the hypercube of the lattice in Rt is specified by 
the ten angles between its unit vectors, e™ -e”. Meanwhile each of the 
16 fixed points has three scalars associated to its metric geometry. (The 
remaining fixed point NS-NS scalar in the table is from the field B, about 
which we will have more to say later.) 

The three metric scalars can be tuned to resolve or ‘blow-up’ the fixed 
point, and smooth it out into the CP! which we mentioned earlier. (This 
accounts for 16 of the two-cycles. The other six correspond to the six Zə 
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Insert 7.5. Anticipating a string—string duality in D = 6 


We have seen that for type ITA we have an N = 2, D = 6 supergravity 
with 80 additional scalars and 24 gauge bosons with a generic gauge 
group U(1)**. The attentive reader will have noticed an apparent 
coincidence between the result for the spectrum of type ITA on K3 and 
another six dimensional spectrum which we obtained earlier. That 
was the spectrum of the heterotic string compactified on T*, obtained 
in section 7.4 (put d = 4 in the results there). The moduli space of 
compactifications is in fact 


O(20, 4, Z)\O(20, 4) /[O(20) x O(4)] 


on both sides. We have seen where this comes from on the heterotic 
side. On the type IIA side it arises too. Start with the known 


O(19, 3, Z)\O(19, 3) /[O(19) x O(3)] 


for the standard moduli space of K3s (you should check that this has 
57 parameters; there is an additional one for the volume). It acts on 
the 19 self-dual and three anti-self-dual two-cycles. This classical ge- 
ometry is supplemented by stringy geometry arising from Buv, which 
can have fluxes on the 22 two-cycles, giving the missing 22 param- 
eters. We will not prove here that the moduli space is precisely as 
above, and hence the same as globally and locally as the heterotic 
one, but it will become apparent later in chapters 12 and 16. 

Perturbatively, the coincidence of the spectra must be an accident. 
The two string theories in D = 10 are extremely dissimilar. One 
has twice the supersymmetry of the other and is simpler, having no 
large gauge group, while the other is chiral. We place the simpler 
theory on a complicated space (K3) and the more complex theory 
on a simple space T4 and result in the same spectrum. The theories 
cannot be T-dual since the map would have to mix things which are 
unrelated by properties of circles. The only duality possible would 
have to go beyond perturbation theory. This is what we shall see 
later in chapter 16. Note also that there is something missing. At 
special points in the heterotic moduli space we have seen that it is 
possible to get large enhanced non-Abelian gauge groups. There is 
no sign of that here in how we have described the type IIA string 
theory using conformal field theory. In fact, we shall see how to go 
beyond conformal field theory and describe these special points using 
D-branes in chapter 13. 
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invariant forms dX™ A dX” on the four-torus.) The smooth space has a 
known metric, the ‘Eguchi-Hanson’ metric®*, which is locally asymptotic 
to R* (like the singular space) but with a global Zə identification. Its 
metric is: 


ds* = ( — ODE dr? +r’ ( — e) of +r7(o% +02), (7.53) 


where the o; are defined in terms of the S? Euler angles (0, ġ,%) in in- 
sert 7.4. From there we learn that 4(0? +02) = d0? +sin? 0dd?. The point 
r =a is an example of a ‘bolt’ singularity. Near there, the space is topo- 
logically Rey x So with the S° of radius a/2, and the singularity is a 
coordinate one provided w has period 27. (See insert 7.6, (p. 188).) Since 
on S’, y would have period 4m, the space at infinity is S°/Zo, just like 
an R*/Z» fixed point. For small enough a, the Eguchi-Hanson space can 
be neatly slotted into the space left after cutting out the neighbourhood 
of the fixed point. The bolt is in fact the CP! of the blow-up mentioned 
earlier. The parameter a controls the size of the CPt, while the other two 
parameters correspond to how the R? (say) is oriented in R. 

The Eguchi-Hanson space is the simplest example of an ‘Asymptoti- 
cally Locally Euclidean’ (ALE) space, which K3 can always be tuned to 
resemble locally. These spaces are classified®°? according to their identifi- 
cation at infinity, which can be any discrete subgroup’, T, of the SU(2) 
which acts on the S% at infinity, to give S/T. These subgroups have been 
characterised by McKay®’, and have an A-D-E classification which we 
shall study more in chapter 13. The metrics on the A-series are known 
explicitly as the Gibbons-Hawking metrics?!, which we shall display later, 
and Eguchi-Hanson is in fact the simplest of this series, corresponding’? 
to A,. We shall later use a D-brane as a probe of string theory on a R*/Zo 
orbifold, an example which will show that the string theory correctly re- 
covers all of the metric data (7.53) of these fixed points, and not just the 
algebraic data we have seen here. 

For completeness, let us compute one more thing about K3 using this 
description. The Euler characteristic, in this situation, can be written in 
two ways°? 


l 
x(K3) = / VG (Rava R? — ARa R” + R?) 
K3 


32m2 
1 
= Baa? Jo VRR 
1 
= ——_ TrR A R= 24. 7.54 
1672 I. : (7.54) 


Even though no explicit metric for K3 has been written, we can compute x 
as followsë® 82. If we take a manifold M, divide by some group G, remove 
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Insert 7.6. A closer look at the Eguchi—Hanson space 


Let us establish some of the properties claimed in the main body of 
the text, while uncovering a useful technique. The S°s in the met- 
ric (7.53) are the natural 3D ‘orbits’ of the SU(2) action. The S$? of 
(0, @) is a special 2D ‘invariant submanifold’. To examine the poten- 
tial singularity at r = a, look nearr = a. Choose, if you will, r = a+e 
for small £, and: 


2 162? 2 l, 5 2 
de“ + y + cos do) | + — (a° + 2ae)dQ5, 


ds? = 
° 4 


a 
4e 


which as € — 0 is obviously topologically looking locally like 
Rey x S9 p Where the 5 2 is of radius a/2. (Globally, there is a fibred 
structure due to the dyd¢ cross term.) Incidentally, this is perhaps 
the quickest way to see that the Euler number or ‘Euler charachter- 
istic’ of the space has to be equal to that of an $7, which is two. 
There is a potential ‘bolt’ singularity at r = a. It is a true singularity 
for arbitrary choices of periodicity Aw of Y, since there is a conical 
deficit angle in the plane. In other words, we have to ensure that as 
we get to the origin of the plane, £ = 0, the y-circles have circum- 
ference 27, no more or less. Infinitesimally, we make those measures 
with the metric, and so the condition is: 


| ( d(Jae'/?)Ay 
27 = lim | —— = ] 

20 \ de,/(a/4)e—1/? 
which gives Ay) = 27. So in fact, we must spoil our S which was a 
nice orbit of the SU(2) isometry, by performing an Zə identification 
on Y, giving it half its usual period. In this way, the ‘bolt’ singularity 
r = a is just a harmless artifact of coordinates®* 82. Also, we are 
left with an SO(3) = SU (2)/Zə isometry of the metric. The space at 
infinity is S/Z. 


some fixed point set F, and add in some set of new manifolds N, one at 
each point of F, the Euler characteristic of the new manifold is 


+ (N). (7.55) 


Here, G = R = Zə, and the Euler characteristic of the Eguchi-Hanson 
space is equal to two, from insert 7.6 (p. 188). That of a point is one, and 
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of the torus is zero. We therefore get 
16 
x(K3) = -7 + 16 x 2 = 24, (7.56) 


which will be of considerable use later on. 

So we have constructed the consistent, supersymmetric string propa- 
gation on the K3 manifold, using orbifold techniques. We shall use this 
manifold to illustrate a number of beautiful properties of D-branes and 
string theory in the rest of these lectures. 


7.6.5 Some other K3 orbifolds 


We can construct K3 in its orbifold limits using other Zy group actions. 
We begin with the space R* = C’, with complex coordinates z! = xê +ia7 
and z? = zë + ix’, upon which we make the identifications zê ~ zt +1 ~ 
zt +i, for N=2 or 4, and zf ~ zt +1 ~ 2'+.exp(qi/3) for N=3 or 6. These 
lattices define for us the torus T4, upon which the discrete rotations Zy, 
acts naturally as 


(z', 2°) > (8z, Bz"), (7.57) 


for B = exp(27i/N). 

We may therefore define a new space by identifying points under the 
action of Zy. This is the orbifold T*/Zy, which is a smooth surface except 
at fixed points, which are invariant under Zy or some non-trivial subgroup 
of it. For N € {2,3,4,6}, this procedure produces a family of compact 
spaces which are also orbifold limits of the K3 surface. 

The smooth K3 manifold is obtained from these limits by blowing up 
the orbifold points, removing each of the points and replacing it by a 
smooth space, just as we did in the previous section. The neighbourhood 
of a fixed point is Rt/Zm, where N > M € {2,3,4,6}, which is the 
asymptotic region of the A-series ALE space with which we replace the 
excised point. Note that the Euler characteristic of the A, ALE space is 
n+l. 

Let us denote the generator of Zy by a, The group elements are then 
the powers a‘, for m € {0,1,...,N — 1}. In fact the number, Fm, of 
/M 


points fixed under the Zm subgroup of Zy, (generated by aN ) is simply 
Fm = 16sin* +, where M is a divisor of N. 

For T*/Zs, as we have already seen, we have 16 points fixed under 
the action of a2, each of which are replaced by the A; ALE space in 
order to resolve to smooth K3. For T*/Z3 there are nine fixed points of 


a3, which are each replaced by the Ag ALE space to make the blow-up. 
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From formula (7.55), we get 
9 
x (K3) Sg +I X 3 = 24 


The case Tt/Z4 has 16 fixed points. Four of them are fixed under the 
action of a4, while the other 12 are only fixed under a7. Under ay, these 
12 Zə points transform as six doublets. Consequently, the blow-up is car- 
ried out by first constructing the Z4-invariant region by identifying these 
pairs of fixed points. One can then replace each of the original four Z4 
fixed points by an A3 ALE space and the six pairs by an A,. From for- 
mula (7.55), we get 


16 
x(K3) = -7 +4 x4 +6x2= 24. 


For T*/Zg¢ the situation is similar. There are 24 fixed points altogether. 
There is only one point fixed under ag. It is replaced by the A5 ALE space 
to make the blow-up. There are eight points fixed under the Z3 subgroup, 
generated by a%, which transform as doublets under the action of ag. 
They are therefore replaced by four copies of the Ag ALE space. ‘There 
are 15 points fixed under a2, which transform as triplets under the action 
of ag. Consequently, they are replaced by five copies of the A; space in 
performing the blow-up surgery. Once again, we get the correct value of 
the Euler number: 


24 
X(K3) =~ +5 x 24+4x34+1x 6 = 24 


We can go a lot further and recover other geometric properties of the 
K3 in each case. For example, as we shall see later in chapter 13, the 
A, ALE space is generically like n + 1 CP's (i.e. $7s) intersecting in a 
particular pattern. There is in fact a self-dual cycle associated to n of 
these. So its contribution to the K3s count of (19,3) cycles is (n,0). It s 


Table 7.2. Recovering some properties of the K3 geometry in orbifold limits 


ALE 
case 
pram Parameters orm forms 


16 x 3 = 48 16 x (1,0) 
18 x 3 = 54 9 x (2,0) 


18 x 3 = 54 6 x (1,0) +4 x (3,0) 
18 x 3 = 54 (5,0) +5 x (1,0) +4 x (2,0 
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useful to combine this with the contribution from the torus to compute 
the result for K3, and table 7.2 has a list of the arithmetic in each case. 
The origin of the 58 metric parameters can similarly be computed, using 
the fact that some come from the torus and some from the parameters 
(three for each CP! in fact) of the ALE spaces. This is also given in 
table 7.2. We’ve listed the Zə case which we already computed in the 
previous subsection. Notice that it is in some sense more special than the 
others. In both forms and metric parameters, the bare torus contributes 
more than in the other cases. This is because it is more symmetric than 
the others. This is traceable to the fact that the T4 is written naturally 
in terms of the complex parameters z1 = zę +71%7 and z = £g +7129, and 
the form of the action on it is given by equation (7.57). It is only for Zə 
that 8 = 1/6, and thus there is more symmetry between the zs. 

Therefore of the 6 forms (made from dxz™ A dx”) and 10 scalars one 
can make, only four survive in each non-Zg case. (This can be worked 
out most easily by working directly with z, and z2. Then the forms are 
dz, Adz2, dz \dZ, etc., but, for example, dz, A dž is clearly not invariant 
since it transforms as 3.) 


7.6.6 Anticipating D-manifolds 


We've just made some traditional superstring compactifications by in- 
cluding in the internal space the pure geometry of K3, resulting in a six 
dimensional vacuum. Later we will see that it is possible to construct a 
whole new class of string ‘compactification’ vacua by including D-branes 
in the spectrum in such a way that their contribution to spacetime anoma- 
lies, etc., combines with that of the pure geometry in a way that is crucial 
to the consistency of the model. This gives the idea of a ‘D-manifold’!"®. 

An analogue of the orbifold method for making these supersymmet- 
ric vacua is the generalised ‘orientifold’ construction already mentioned. 
There are constructions of ‘K3 orientifolds’ which follow the ideas pre- 
sented in this section, combined with D-brane orbifold techniques to be 
developed in chapter 14'°!. We shall also encounter K3 in its orbifold 
limits in chapter 16, where we use our knowledge gained here to ex- 
plore properties of remarkable non-perturbative type IIB vacua made 
using F-theory. D-branes will be present there too, but in a somewhat 
different way. 


8 


Supersymmetric strings and T-duality 


8.1 T-duality of supersymmetric strings 


We noticed in section 7.5, when considering the low energy spectrum of 
the type II superstrings compactified on tori, that there is an equivalence 
between them. We saw much the same things happen for the heterotic 
strings in section 7.4 too. This is of course T-duality, as we should examine 
it further here and check that it is the familiar exact equivalence. Just 
as in the case of bosonic strings, doing this when there are open string 
sectors present will uncover D-branes of various dimensions. 


8.1.1 T-duality of type IT superstrings 


T-duality on the closed oriented Type II theories has a somewhat more 
interesting effect than in the bosonic case!” 8. Consider compactifying a 
single coordinate X°, of radius R. In the R —> oo limit the momenta are 
PR = py, while in the R > 0 limit pẹ = —p}. Both theories are SO(9, 1) 
invariant but under different SO(9, 1)s. T-duality, as a right-handed parity 
transformation (see (4.18)), reverses the sign of the right-moving X°(2z); 
therefore by superconformal invariance it does so on 7°?(Z). Separate the 
Lorentz generators into their left- and right-moving parts M*” + Ving 
Duality reverses all terms in M HI so the u9 Lorentz generators of the 
T-dual theory are M!’ — M¥®. In particular this reverses the sign of the 
helicity s4 and so switches the chirality on the right-moving side. If one 
starts in the ITA theory, with opposite chiralities, the R — 0 theory has the 
same chirality on both sides and is the R — oo limit of the IIB theory, and 
vice versa. In short, ‘I-duality, as a one-sided spacetime parity operation, 
reverses the relative chiralities of the right- and left-moving ground states. 
The same is true if one dualises on any odd number of dimensions, whilst 
dualising on an even number returns the original type II theory. 
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Since the ITA and IIB theories have different R-R fields, Tọ duality 
must transform one set into the other. The action of duality on the spin 
fields is of the form 


Salz) > Sa(z),  Sa(Z) > PoSa(Z) (8.1) 


for some matrix Py, the parity transformation (nine-reflection) on the 
spinors. In order for this to be consistent with the action J? — —w°, Po 
must anticommute with I? and commute with the remaining T”. Thus 
Py =T°T" (the phase of Po is determined, up to sign, by hermiticity of 
the spin field). Now consider the effect on the R-R vertex operators (7.27). 
The Tt! just contributes a sign, because the spin fields have definite chi- 
rality. Then by the [-matrix identity (7.28), the effect is to add a 9-index 
to G if none is present, or to remove one if it is. The effect on the potential 
C (G = dC) is the same. Take as an example the type ITA vector C,. The 
component Cy maps to the IIB scalar C, while the u Æ 9 components 
map to Cyg. The remaining components of Cy, come from Cy 9, and so 
on. 

Of course, these relations should be translated into rules for T-dualising 
the spacetime fields in the supergravity actions (7.41) and (7.42). The NS- 
NS sector fields’ transformations are the same as those shown in equations 
(5.4),(5.6), while for the R-R potentials”’: 


CO") G 
x(n n—1 vylo |a]9 
Či vag = Chwa = (n= E (8.2) 


(n—1) 
C BialoG\ ajo 


y(n n+l n—1 «ev |9 
Grevag = Cpvago + PC jvm Baja + n(n — 1) ES 


8.1.2 T-duality of type I superstrings 


Just as in the case of the bosonic string, the action of T-duality in the open 
and unoriented open superstring theory produces D-branes and orientifold 
planes. Having done it once (say on X? with radius R), we get a To- 
dual theory on the line interval St/Zə, where Zə acts as the reflection 
X?’ — —X°. The St has radius R’ = a’/R). There are 16 D8-branes and 
their mirror images (coming from the 16 D9-branes), together with two 
orientifold O8-planes located at X? = 0,7R’. This is called the ‘type I” 
theory (and sometimes the ‘type IA’ theory, and then the usual open 
string is ‘type IB’), about which we will have more to say later as well. 
Starting with the type IB theory, i.e. 16 D9-branes and one O9-plane, we 
can carry this out n times on n directions, giving us 16 D(9— n) and their 


194 8 Supersymmetric strings and T-duality 


mirror images through 2” O(9 — n)-planes arranged on the hypercube of 
fixed points of T”/Z2, where the Zz acts as a reflection in the n directions. 
If n is odd, the bulk theory away from the planes and branes is type IIA 
string theory, while we are back in type IIB otherwise. 

Let us focus here on a single D-brane, taking a limit in which the other 
D-branes and the O-planes are very far away and can be ignored. Away 
from the D-brane, only closed strings propagate. The local physics is that 
of the type II theory, with two gravitinos. This is true even though we 
began with the unoriented type I theory which has only a single gravitino. 
The point is that the closed string begins with two gravitinos, one with 
the spacetime supersymmetry on the right-moving side of the world-sheet 
and one on the left. The orientation projection of the type I theory leaves 
one linear combination of these. However in the T-dual theory, the ori- 
entation projection does not constrain the local state of the string, but 
relates it to the state of the (distant) image gravitino. Locally there are 
two independent gravitinos, with equal chiralities if n, (the number of 
dimensions on which we dualised) is even and opposite if n is odd. 

This is all summarised nicely by saying that while the type I string 
theory comes from projecting the type IIB theory by Q, the T-dual string 
theories come from projecting type II string theory compactified on the 
torus T” by OQJT],,[Rm(—1)*"], where the product over m is over all the 
n directions, and Rm is a reflection in the mth direction. This is indeed 
a symmetry of the theory and hence a good symmetry with which to 
project. So we have that T-duality takes the orientifold groups into one 
another: 


{2} > {1, Qm Rm1) (8.3) 


This is a rather trivial example of an orientifold group, since it takes 
type II strings on the torus 7” and simply gives a theory which is sim- 
ply related to type I string theory on 7” by n T-dualities. Nevertheless, 
it is illustrative of the general constructions of orientifold backgrounds 
made by using more complicated orientifold groups. This is a useful piece 
of technology for constructing string backgrounds with interesting gauge 
groups, with fewer symmetries, as a starting point for phenomenological 
applications. 


8.1.3 T-duality for the heterotic strings 


As we noticed in section 7.4, there is a T-duality equivalence between 
the heterotic strings once we compactify on a circle. Let us uncover it 
carefully. 
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We can begin by compactifying the SO(32) string on a circle of radius 
R, with Wilson line: 


©] 1 1 
Ay = 5 diag f3 p00} (8.4) 


with eight 58 and eight Os breaking down the gauge group to SO(16) x 
SO(16). We can compute the mass spectrum of the nine dimensional 
theory which results from this reduction, in the presence of the Wilson 
line. ‘This is no harder than the computations which we did in chapter 4. 
The Wilson line simply shifts the contribution to the spectrum coming 
from the pt momenta. We can focus on the sector which is uncharged 
under the gauge group, i.e. we switch off the pi. The mass formula is: 


n+2m 2mR 
PL = ( + / 9 
R R Q 


where we see that the allowed windings (coming in units of two) are 
controlled by the integer m, and the momenta are controlled by m and n 
in the combination n + 2m. 

We could instead have started from the Eg x Eg string on a circle of 
radius R’, with Wilson line 


| 1 
Ay = z- diag{1, 0...0, 1,0,...,0}, (8.5) 


again in two equal blocks of eight. This also breaks down the gauge group 
to SO(16) x SO(16). A computation of the spectrum of the neutral states 
gives: 
n+ 2m) 2m R' 
pi — R! ) + / ) 
R Q 


for integers n’ and m’. We see that if we exchange n + 2m with m’ and 
m with n+ 2m then the spectrum is invariant if we do the right handed 
parity identification pr, - pi, PR © —Dp, provided that the circles’ radii 
are inversely related as R’ = a’ /(2R). 

We shall see that this relation will result in some very remarkable 
connections between non-perturbative string vacua much later, in 
chapters 12 and 16. 


8.2 D-branes as BPS solitons 


Let us return to the type II strings, and the D-branes which we can place 
in them. While there is type II string theory in the bulk (i.e. away from the 
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branes and orientifolds), notice that the open string boundary conditions 
are invariant under only one supersymmetry. In the original type I theory, 
the left-moving world-sheet current for spacetime supersymmetry jq(z) 
flows into the boundary and the right-moving current jJa(Z) flows out, so 
only the total charge Qa + Qa of the left- and right-movers is conserved. 
Under T-duality this becomes 


Qa + TmPm) Qa, (8.6) 


where the product of reflections Pm runs over all the dualised dimensions, 
that is, over all directions orthogonal to the D-brane. Closed strings couple 
to open, so the general amplitude has only one linearly realised supersym- 
metry. That is, the vacuum without D-branes is invariant under N = 2 
supersymmetry, but the state containing the D-brane is invariant under 
only N = 1: it is a BPS state? 93, 

BPS states must carry conserved charges. In the present case there 
is only one set of charges with the correct Lorentz properties, namely 
the antisymmetric R-R charges. The world volume of a p-brane natu- 
rally couples to a (p+ 1)-form potential C(,41), which has a (p + 2)- 
form field strength G(,+9). This identification can also be made from the 
g5! behaviour of the D-brane tension: this is the behaviour of an R-R 
soliton?* °° as will be developed further later. 

The IIA theory has Dp-branes for p = 0, 2, 4, 6, and 8. The vertex 
operators (7.27) describe field strengths of all even ranks from zero to 
ten. The n-form and (10 — n)-form field strengths are Hodge dual to one 
another*, so a p-brane and (6 — p)-brane are sources for the same field, 
but one magnetic and one electric. The field equation for the ten-form 
field strength allows no propagating states, but the field can still have a 
physically significant energy density 76° 9% 98. 

The IIB theory has Dp-branes for p = —1, 1, 3, 5, 7, and 9. The vertex 
operators (7.27) describe field strengths of all odd ranks from one to 
nine, appropriate to couple to all but the nine-brane. ‘The nine-brane 
does couple to a non-trivial potential, as we will see below. 

A (—1)-brane is a Dirichlet instanton, defined by Dirichlet conditions 
in the time direction as well as all spatial directions?’. Of course, it is 
not clear that T-duality in the time direction has any meaning, but one 
can argue for the presence of (—1)-branes as follows. Given zero-branes in 
the ITA theory, there should be virtual zero-brane world-lines that wind 
in a purely spatial direction. Such world-lines are required by quantum 
mechanics, but note that they are essentially instantons, being localised in 
time. A T-duality in the winding direction then gives a (—1)-brane. One 


* This works at the level of vertex operators via a I-matrix identity. 
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of the first clues to the relevance of D-branes*°, was the observation that 
D-instantons, having action g; +, would contribute effects of order e7 1/9 
as expected from the behaviour of large orders of string perturbation 
theory!. 

The D-brane, unlike the fundamental string, carries R-R charge. This is 
consistent with the fact that they are BPS states, and so there must be a 
conserved charge. A more careful argument, involving the R-R vertex op- 
erators, can be used to show that they must couple thus, and furthermore 
that fundamental strings cannot carry R-R charges (see also insert 8.1). 


8.3 The D-brane charge and tension 


The discussion of section 5.3 will supply us with the world-volume action 
(5.21) for the bosonic excitations of the D-branes in this supersymmetric 
context. Now that we have seen that Dp-branes are BPS states, and couple 
to R-R sector (p + 1)-form potential, we ought to compute the values of 
their charges and tensions. 

Focusing on the R-R sector for now, supplementing the spacetime su- 
pergravity action with the D-brane action we must have at least (recall 
that the dilaton will not appear here, and also that we cannot write this 
for p = 3): 


l x 
S= 52 J G(p+2) Gip+2) + Mp I C(p+1): (8.7) 


p+1 
where up is the charge of the Dp-brane under the (p + 1)-form Cp+1). 
Mp+1ı is the world-volume of the Dp-brane. 

Now the same vacuum cylinder diagram as in the bosonic string, as we 
did in chapter 6. With the fermionic sectors, our trace must include a 
sum over the NS and R sectors, and furthermore must include the GSO 
projection onto even fermion number. Formally, therefore, the amplitude 


looks like?®: 
œ dt 1+ (-1)% 
A= | —'ITNS+R 1+ El)" .-2ntLo . (8.8) 
o 2t 2 


Performing the traces over the open superstring spectrum gives 


2 
A = 2WVp41 J “ (8na t) PTY) /2¢—t amar 


sfi°(a) {fla + fala) — fila}, (8.9) 


where again q = e “7, and we are using the definitions given in chapter 4, 
when we computed partition functions of various sorts. Insert 14.1, p. 327, 
uncovers more of the properties of the f-functions. 


2 
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Insert 8.1. A summary of forms and branes 


Common to both type IIA and IIB are the NS—NS sector fields 
P, Guv, Buv- 


The latter is a rank two antisymmetric tensor potential, and we have 
seen that the fundamental closed string couples to it electrically by 
the coupling 
vı M, Bo), 

where vı = (2ma/)~!, Mo is the world sheet, with coordinates £, 
a=1,1. Bay = Badé&dé’, and Bay is the pullback of B, via (5.8). 
By ten dimensional Hodge duality, we can also construct a six form 
potential Big), by the relation dBig) = *d Bg). There is a natural 
electric coupling vs f Mes P(6), to the world-volume Mg of a five di- 
mensional extended object. This NS-NS charged object, which is 
commonly called the ‘NS5-brane’ is the magnetic dual of the fun- 


damental string’: “. It is in fact, in the ten dimensional sense, the 
monopole of the U(1) associated to Big). We shall be forced to discuss 
it by strong coupling considerations in section 12.3. 

The string theory has other potentials, from the R-R sector: 


type ITA : C1); C3); C15) CiT) 

type IIB: Cio) Ci); Cia); C6); Cis) 
where in each case the last two are Hodge duals of the first two, and 
Cia) is self dual. (A p-form potential and a rank q-form potential are 
Hodge dual to one another in D dimensions if p+ q = D — 2.) 


Dp-branes are the basic p-dimensional extended sources which cou- 
ple to all of these via an electric coupling of the form: 


C 
Hp Ja (p+1) 


to their p + 1-dimensional world volumes M,+1. 


The three terms in the braces come from the open string R sector 
with 5 in the trace, from the NS sector with 5 in the trace, and the NS 
sector with 5(—1)” in the trace; the R sector with $(—1)* gives no net 
contribution. In fact, these three terms sum to zero by Jacobi’s abstruse 
identity (‘aequatio identico satis abstrusa’, see insert 14.2, p. 328) as they 
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ought to since the open string spectrum is supersymmetric, and we are 
computing a vacuum diagram. 

What does this result mean? Recall that this vacuum diagram also 
represents the exchange of closed strings between two identical branes. 
the result A = 0 is simply a restatement of the fact that D-branes are 
BPS states: the net forces from the NS-NS and R-R exchanges cancel. 
A = 0 has a useful structure, nonetheless, and we can learn more by 
identifying the separate NS-NS and R-R pieces. This is easy, if we look 
at the diagram afresh in terms of closed string: In the terms with (—1)", 
the world-sheet fermions are periodic around the cylinder thus correspond 
to R-R exchange. Meanwhile the terms without (—1)" have antiperiodic 
fermions and are therefore NS—NS exchange. 

Obtaining the t — 0 behaviour as before (use the limits in insert 6.2 
(p. 145)) gives 


1 dt. 1) —(p+1)/2 na t- 
Ang = — ÁR ~N Vou | F Ct) p (t/2ma ) C 8T2al2 
= Vpy12m (4na PG- pY’). (8.10) 


Comparing with field theory calculations runs just as it did in chapter 6, 
with the result ®®: 


KOM, = 2K Te = 2m (4n al) P. (8.11) 


Finally, using the explicit expression (7.44) for « in terms of string theory 
quantities, we get an extremely simple form for the charge: 


ı— (p+1) 


[py = (2m) Pa, and T= gs Hp: (8.12) 


(For consistency with the discussion in the bosonic case, we shall still 
use the symbol Tp to mean Tpgs, in situations where we write the action 
with the dilaton present. It will be understood then that e7? contains the 
required factor of g7 +.) 

It is worth updating our bosonic formula (5.27) for the coupling of the 
Yang-Mills theory which appears on the world-volume of Dp-branes with 
our superstring result above, to give: 


DM p = Tp (2ra)? = (27)? Fa! -9)/2. (8.13) 
a formula we will use a lot in what is to follow. 
Note that our formula for the tension (8.12) gives for the D1-brane 
1 


1=>—_ 
2a! gs. 


(8.14) 
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which sets the ratios of the tension of the fundamental string, tf = T = 
(27a’)~! , and the D-string to be simply the string coupling gs. This is a 
very elegant normalisation and is quite natural. 

D-branes that are not parallel feel a net force since the cancellation is no 
longer exact. In the extreme case, where one of the D-branes is rotated by 
a, the coupling to the dilaton and graviton is unchanged but the coupling 
to the R-R tensor is reversed in sign. So the two terms in the cylinder 
amplitude add, instead of cancelling, as Jacobi cannot help us. The result 
is: 


dt / / 
A= Voss | Fmt) Wet 2madisma” fa, (8.15) 


where f(t) approaches zero as t > 0. Differentiating this with respect to 
Y to extract the force per unit world-volume, we get 


F(Y)=Y J H mt) P49) /2e HY? -270/570 f(t). (8.16) 


The point to notice here is that the force diverges as Y? — 2a’. This 
is significant. One would expect a divergence, of course, since the two 
oppositely charged objects are on their way to annihilating!?!. The in- 
teresting feature it that the divergence begins when their separation is 
of order the string length. This is where the physics of light fundamental 
strings stretching between the two branes begins to take over. Notice that 
the argument of the exponential is tU?, where U = Y/(2a’) is the energy 
of the lightest open string connecting the branes. A scale like U will ap- 
pear again, as it is a useful guide to new variables to D-brane physics at 
‘substringy’ distances!0?: 103; 104 in the limit where a’ and Y go to zero. 


8.4 The orientifold charge and tension 


Orientifold planes also break half the supersymmetry and are R-R and 
NS-NS sources. In the original type I theory the orientation projection 
keeps only the linear combination Qa + Qa. In the T-dualised theory this 
becomes Qa + (| [m Pm)Qa just as for the D-branes. The force between an 
orientifold plane and a D-brane can be obtained from the Mobius strip as 
in the bosonic case; again the total is zero and can be separated into NS- 
NS and R-R exchanges. The result is similar to the bosonic result (6.18), 


Hp = FP” up, Ty = FPT, (8.17) 


where the plus sign is correlated with SO(n) groups and the minus with 
USp(n). Since there are 2°~? orientifold planes, the total O-plane charge 
is $16, and the total fixed-plane tension is +167. 
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8.5 Type I from type IIB, revisited 


A non-zero total tension represents a source for the graviton and dilaton, 
for which the response is simply a time dependence of these background 
fields!°°. A non-zero total R-R source is more serious, since this would 
mean that the field equations are inconsistent: there is a violation of 
Gauss’s Law, as R-R flux lines have no place to go in the compact space 
T®-?. So our result tells us that on T?~?, we need exactly 16 D-branes, 
with the SO projection, in order to cancel the R-R G(,,2) form charge. 
This gives the T-dual of SO(32), completing our simple orientifold story. 

The spacetime anomalies for G # SO(32) (see also section 7.1.3) are 
thus accompanied by a divergence!” in the full string theory, as promised, 
with inconsistent field equations in the R-R sector: as in field theory, the 
anomaly is related to the ultra-violet limit of a (open string) loop graph. 
But this ultraviolet limit of the annulus/cylinder (t — oo) is in fact the 
infrared limit of the closed string tree graph, and the anomaly comes from 
this infrared divergence. From the world-sheet point of view, as we have 
seen in the bosonic case, inconsistency of the field equations indicates that 
there is a conformal anomaly that cannot be cancelled. This is associated 
to the presence of a ‘tadpole’ which is simply an amplitude for creating 
quanta out of the vacuum with a one-point function, which is a sickness 
of the theory which must be cured. 

The prototype of all of this is the original D = 10 type I theory*!. The 
N D9-branes and single O9-plane couple to an R-R ten-form, and we can 
write its action formally as 


(32 F NES f Cio: (8.18) 


The field equation from varying Cio is just G = SO(32). 


8.6 Dirac charge quantisation 


We are of course studying a quantum theory, and so the presence of 
both magnetic and electric sources of various potentials in the theory 
should give some cause for concern. We should check that the values of 
the charges are consistent with the appropriate generalisation oft!4 the 
Dirac quantisation condition. The field strengths to which a Dp-brane and 
D(6 — p)-brane couple are dual to one another, G(p42) = *Gg_p)- 

We can integrate the field strength *G(p+2) on an (8 — p)-sphere sur- 
rounding a Dp-brane, and using the action (8.7), we find a total flux 
® = up. We can write *G(p42) = Gig_p) = dC(7_p) everywhere except on 
a Dirac ‘string’ (see also insert 9.2; here it is really a sheet), at the end of 
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which lives the D(6 — p) ‘monopole’. Then 


1 1 
p = —— G = —- Ci- 8.19 
2K ho (p+2) 2K Ja (7—p)) ( ) 


where we perform the last integral on a small sphere surrounding the 


Dirac string. A (6 — p)-brane circling the string picks up a phase e'-P®, 


The condition that the string be invisible is 


[16 —p® = 2KGL6—phlp = Zan. (8.20) 


The D-branes’ charges (8.11) satisfy this condition with the minimum 
quantum n = 1. 

While this argument does not apply directly to the case p = 3, as the 
self-dual five-form field strength has no covariant action, the result follows 
by the T-duality recursion relation (5.11) and the BPS property. 


8.7 D-branes in type I 


As we saw in section 7.1.3, the only R-R potentials available in type I 
theory are the two-form and its dual, the 6-form, and so we can have D1- 
branes in the theory, and D5-branes, which are electromagnetic duals of 
each other. The overall 16 d9-branes carry an S'O(32) gauge group, as we 
have seen from many points of view. Let us remind ourselves of how this 
gauge group came about, since there are important subtleties of which we 
should be mindful!’?. 

The action of Q has representation yg, which acts on the Chan—Paton 
indices, as discussed in chapter 4: 


OQ: lh, ij) — (ye) iv QU, 7/7) (VED 54, 


where w represents the vertex operator which makes the state in ques- 
tion, and Qy is the action of Q on it. The reader should recall that we 
transposed the indices because Q exchanges the endpoints of the string. 
We can consider the square of Q: 


2 |b, ig) — aT bea’) hind (8.21) 
VW J J 
and so we see that we have the choice 


76 = +70. 


If yo is symmetric, the with n branes we can write it as Izn, the 2n x 2n 
identity matrix. Since the 99 open string vertex operator is 0,X", it has 
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(as we have seen a lot in chapter 4) Q = —1. Therefore we do have the 
symmetric choice since, as we tacitly assumed in equation (8.21) Q? = 1, 
and so we conclude that the Chan—Paton wavefunction is antisymmetric. 
Since n = 16, we have gauge group SO(32). 

If yo was antisymmetric, then we could have written it as 


_( 0 i, 
w= (a, o) 


and we would have been able to have gauge group USp(2n). In fact, 
we shall have to make this choice for D5-branes. Let us see why. Let 
us place the D5-branes so that they are pointlike in the directions Xx", 
m = 6,7,8,9, and aligned in the directions X#, u =0,1,...,5. 

Consider the 5-5 sector, i.e. strings beginning and ending on D5-branes. 
Again we have Q = —1 for the vectors 0:X", and the opposite sign for 
the transverse scalars 0,.X"™. In general, other sectors can have different 
mode expansions. Generically the mode for a fermion is yw, and Q acts 
on this as +(—1)" = +e’™ (see chapter 11 for more discussion of these 
possible modings). In the NS sector they are half-integer and since GSO 
requires them to act in pairs in vertex operators, their individual +is give 
Q = +1, with a similar result in the R sector by supersymmetry. 

The 59 sector is more subtle!’?. The X™ are now half-integer moded 
and the w’” are integer moded. The ground states of the latter therefore 
form a representation of the Clifford algebra and we can bosonise them 
into a spin field, as we did in chapter 7 in a similar situation: et” 
w+ iw, and ett ~ WS + iw. In fact, the vertex operator (the part of it 
relevant to this discussion) in that sector is 


~~ 


Vso ~ oi(H3+Ha)/2 
Now consider the square of this operator. It has parts which are either in 
the 55 sector or the 99 sector, and is of the form 


Vay ~ éH) a (apê t ip) aial + iy?) 1210). 


So it has 2 = —1, since each ~_j/2 gives +7. So Q? = —1 for Vzg for 
consistency. 

Returning to our problem of the choices to make for the Chan—Paton 
factors we see that we have an extra sign in equation (8.21), and so 
must choose the antisymmetric condition VG = —Yq. Therefore, in type I 
string theory, n D5-branes have gauge group USp(2n). Notice that this 
means that a single one has SU(2), and the Chan—Paton wavefunction 
can be chosen as the Pauli matrices. The Chan—Paton wavefunction for 
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the scalars for transverse motion must simply be 6”, since we have an- 
other sign. This simply means that the two D5-branes (corresponding to 
the two index choices) are forced to move with each other as one unit. 

Notice that this fits rather nicely with our charge quantisation com- 
putation of the previous section!?*. The orientifold projection will halve 
the force between D1-branes and between D5-branes in the charge calcu- 
lation, and so their effective charges would be reduced by V2, violating 
the Dirac quantisation condition by a factor of a half. However, the fact 
that the D5-branes are forced to move as a pair restores a factor of two 
in the quantisation condition, and so we learn that D-branes are still the 
smallest consistent charge carries of the R-R sector. 

We can augment the argument above for Dp branes in type I in general, 
and obtain!*? 


2 = (+i) 2. 
For p = 3 and p = 7, we see that simply gives an inconsistency, which is 
itself consistent with the fact that there is no R-R four-forms or eight- 
form for a stable D3-brane or D7-brane to couple to. For p = 1 we recover 
the naively expected result that they have an SO(2n) gauge group. 

In chapter 14 we shall see that when we combine the orientifold action 
with other spacetime orbifold symmetries, we can recover extra phase 
factors by means analogous to what we have uncovered here in order to 
discover other choices for D5- and D9-brane gauge groups. 


9 


World-volume curvature couplings 


We’ve now seen that we can construct D-branes which, in superstring 
theory, have important extra properties. Much of what we have learned 
about them in the bosonic theory is still true here of course, a key re- 
sult being that the world-volume dynamics is governed by the dynamics 
of open strings, etc. Still relevant is the Dirac—-Born-Infeld action (equa- 
tion (5.21)) for the coupling to the background NS-NS fields, 


SDBI = —Tp I dPtt¢ e ® det!/?(Gap + Bab + 2770" Fab), (9.1) 
pt 


and the non-Abelian extensions mentioned later in chapter 5. 
As we have seen in the previous chapter, for the R-R sector, they are 
sources of C(,41). We therefore also have the Wess—Zumino-like term 


SWZ = Lp I C(p41)- (9.2) 


p+l 


Perhaps not surprisingly, there are other terms of great importance, 
and this chapter will uncover a number of them. In fact, there are many 
ways of deducing that there must be other terms, and one way is to use 
the fact that D-branes turn into each other under T-duality. 


9.1 Tilted D-branes and branes within branes 


There are additional terms in the action involving the D-brane gauge field. 
Again these can be determined from T-duality. Consider, as an example, 
a D1-brane in the 1—2 plane. The action is 


p f de® dx! (Cor + 1X?Cop). (9.3) 
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Under a T-duality in the x?-direction this becomes 
pa | de°darda (Coi2 + 2ra Fi2C0). (9.4) 


We have used the T-transformation of the C fields as discussed in sec- 
tion 8.1.1, and also the recursion relation (5.11) between D-brane tensions. 

This has an interesting interpretation. As we saw before in section 5.2.1, 
a Dp-brane tilted at an angle 0 is equivalent to a D(p + 1)-brane with 
a constant gauge field of strength F = (1/27a‘) tan 0. Now we see that 
there is additional structure: the flux of the gauge field couples to the R-R 
potential C). In other words, the flux acts as a source for a D(p — 1)- 
brane living in the world-volume of the D(p+1)-brane. In fact, given that 
the flux comes from an integral over the whole world-volume, we cannot 
localise the smaller brane at a particular place in the world-volume: it is 
‘smeared’ or ‘dissolved’ in the world-volume. 

In fact, we shall see when we come to study supersymmetric combina- 
tions of D-branes that supersymmetry requires the DO-brane to be com- 
pletely smeared inside the D2-brane. It is clear here how it manages this, 
by being simply T-dual to a tilted Dl-brane. We shall see many conse- 
quences of this later. 


9.2 Anomalous gauge couplings 


The T-duality argument of the previous section can be generalised to dis- 
cover more terms in the action, but we shall take another route to discover 
such terms, exploiting some important physics in which we already have 
invested considerable time. 

Let us return to the type I string theory, and the curious fact that we 
had to employ the Green—Schwarz mechanism (see section 7.1.4, where we 
mixed a classical and a quantum anomaly in order to achieve consistency). 
Focusing on the gauge sector alone for the moment, the classical coupling 
which we wrote in equation (7.35) implies a mixture of the two-form C(.) 
with gauge field strengths: 


E 1 Tragj(F*) [Tra (FESI 
S = 3x aaa | Ce ( E 7 900 ) (9.5) 


We can think of this as an interaction on the world-volume of the D9- 
branes showing a coupling to a D1-brane, analogous to that which we saw 
for a DO-brane inside a D2-brane in equation (9.4). This might seem a bit 
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of a stretch, but let us write it in a different way: 


Jj = no | Oma) Oy (Bat — MaE) 


3 x 26 3 900 
Qa! 4 
= as | T ) Cay Tr(F"), (9.6) 


where, crucially, in the last line we have used the properties (7.39) of the 
traces for SO(32) to rewrite things in terms of the trace in the funda- 
mental. 

Another exhibit we would like to consider is the kinetic term for the 
modified three-form field strength, G(3), which is 


Since dw3y = Tr(F AF’) and dws = Tr( RAR), this gives, after integrating 
by parts and, dropping the parts with A for now: 


s= = Z f% \ (55 5 Traai(F A F)) 
= Wy J eral) Cio) A (Tr F A F)) (9.8) 


again, we have converted the traces using (7.39), we’ve used the rela- 
tion (7.44) for ko and we’ve recalled the definition (7.38). 

Upon consideration of the three examples (9.4), (9.6), and (9.8), it 
should be apparent that a pattern is forming. The full answer for the 
gauge sector is the result!!® 119 


Lp I Cir+n| A Tr eTA FTB, (9.9) 
p+1 


(We have included non-trivial B on the basis of the argument given in 
section 5.2.) So far, the gauge trace (which is in the fundamental) has 
the obvious meaning. We note that there is the possibility that in the full 
non-Abelian situation, the C can depend on non-commuting transverse 
fields X’, and so we need something more general. We will return to this 
later. The expansion of the integrand (9.9) involves forms of various rank; 
the notation means that the integral picks out precisely the terms whose 
rank is (p+ 1), the dimension of the Dp-brane’s world-volume. 

Looking at the first non-trivial term in the expansion of the exponential 
in the action we see that there is the term that we studied above corre- 
sponding to the dissolution of a D(p — 2)-brane into the sub two-plane 
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in the Dp-brane’s world volume formed by the axes X’ and X/, if field 
strength components fj; are turned on. 

At the next order, we have a term which is quadratic in F which we 
could rewrite as: 


S = oS f Co- ATre(F AF). (9.10) 
We have used the fact that up—4/Hp = (20Va")*. Recall that there are 
non-Abelian field configurations called ‘instantons’ for which the quan- 
tity f Tr(F A F)/8m? gives integer values. (See, for example, insert 9.4.) 
Interestingly, we see that if we excite an instanton configuration on a four 
dimensional sub-space of the Dp-brane’s world-volume, it is equivalent to 
precisely one unit of D(p — 4)-brane charge, which is remarkable. 

In trying to understand what might be the justification (other than 
T-duality) for writing the full result (9.9) for all branes so readily, the 
reader might recognise something familiar about the object we built the 
action out of. The quantity exp(iF'/(27)), using a perhaps more familiar 
normalisation, generates polynomials of the Chern classes of the gauge 
bundle of which F' is the curvature. It is called the Chern character. In 
the Abelian case we first studied, we had non-vanishing first Chern class 
TrF/(27), which after integrating over the manifold, gives a number which 
is in fact quantised. For the non-Abelian case, the second Chern class 
Tr(F AF) /(81*) computes the integer known as the instanton number, and 
so on. 

These numbers, being integers, are topological invariants of the gauge 
bundle. By the latter, we mean the fibre bundle of the gauge group over 
the world-volume, for which the gauge field A is a connection. 

A fibre bundle is a rule for assigning a copy of a certain space (the 
fibre: in this case, the gauge group G) to every point of another space (the 
base: here, the world-volume). The most obvious case of this is simply a 
product of two manifolds (since one can be taken as the base and then 
the product places a copy of the other at every point of the base), but 
this is awfully trivial. More interesting is to have only a product space 
locally. Then, the whole structure of the bundle is given by a collection of 
such local products glued together in an overlapping way, together with 
a set of transition functions which tell one how to translate from one 
local patch to another on the overlap. In the case of a gauge theory, this 
is all familiar. The transition rule is simply a G gauge transformation, 
and we are allowed to use the term ‘vector bundle’ in this case. For the 
connection or gauge field this is: A —> gAg~! + gdg~'. So the gauge field 
is not globally defined. Perhaps the most familiar gauge bundle is the 
monopole bundle corresponding to a Dirac monopole. See insert 9.1. 
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Insert 9.1. The Dirac monopole as a gauge bundle 


A gauge bundle is sometimes called a principal fibre bundle. Perhaps 
everybody’s favourite gauge bundle is the Dirac monopole. Take a 
sphere S* as our base. We will fibre a circle over it. Recall that S? 
cannot be described by a global set of coordinates, but we can use 
two, the Northern and the Southern hemisphere, with overlap in the 
vicinity of the Equator. Put standard polar coordinates (6, ¢) on $7, 
where 0 = 7/2 is the Equator. Put an angular coordinate e’” on the 
circle. We will use ¢, in the North and w_ in the South. 

So our bundle is a copy of two patches which are locally S$? x St, 


+Patch : 10, Q, e+ }; —Patch : 10, Q, eV- } 


together with a transition function which relates them. 


N(+) 


A) 


S(-) 


The relation between the two can be chosen to be 
t- = eP ely 


where n is an integer, since as we go around the equator, o —> @+ 27, 
the gluing together of the fibres must still make sense. 
The boring case n = O is sensible, but it simply gives the trivial 
bundle S? x St. The case n = 1 is the familiar Hopf fibration, which 
describes the manifold S° as a circle bundle over S$’. It is a Dirac 
monopole of unit charge. Higher values of n give charge n monopoles. 
The integer n is characteristic of the bundle. It is in fact (minus) the 
integral of the first Chern class. 

The reader who found this a little dry might turn straight to 
insert 9.2 where we describe the connection on the bundle and com- 
pute the first Chern class explicitly. 
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Insert 9.2. The first Chern class of the Dirac bundle 


Following what we did in insert 9.1, we can uncover more features, 
which will be useful later on. A natural choice for the connection 
one-form (gauge potential) in each patch is simply 


+Patch: A+ + dy}; —Patch: A_+dy_, 


so that the transition function defined in insert 9.1 allows us to con- 
nect the two patches, defining the standard U (1) gauge transforma- 
tion 


Ay = A_ + no. 


Here are the gauge potentials which are standard in this example: 


(+1 — cos 6) 


Ai = 
+a 9 


do, 

which, while being regular almost everywhere, clearly have a singular- 
ity (the famous Dirac string) in the + patch. The curvature two-form 
is simply 


F=dA = 5 Sin 9d A do. 


This is a closed form, but it is not exact, since there is not a unique 
answer to what A can be over the whole manifold. According to what 
we describe in the text, we can compute the first Chern number by 
integrating the first Chern class to get: 


—=/ >+] > =n. 
S2 2a + 20 — 2m 


9.3 Characteristic classes and invariant polynomials 


The topology of a particular fibration can be computed by working out 
just the right information about its collection of transition functions. For 
a gauge bundle, the field strength or curvature two-form F =dA+AAA 
is a nice object with which to go and count, since it is globally defined 
over the whole base manifold. When the group is Abelian, F = dA and 
so dF = 0. If the bundle is not trivial, then we can’t write F as dA 
everywhere and so F is closed but not exact. Then F is said to be an 
element of the cohomology group H?(B, R) of the base, which we’ll call B. 
The first Chern class F/2m defines an integer when integrated over B, 
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Insert 9.3. The Yang-Mills instanton as a gauge bundle 


A favourite non-Abelian example!’”? is the SU(2) Yang-Mills instan- 
ton. The base is St, with coordinates (r,6,¢,w), which is R* with 
the point at infinity added. A metric on it for radius p/2 is: 


=) 
2 re 2 2/2 2 2 
ds“ = L+ (ar +r? (o? +03 + 03)). 


The gauge group (fibre) is G = SU(2), which also happens to be 
the manifold S. By analogy with what we saw in insert 9.1, we can 
divide the S4 into Northern and Southern hemispheres. The equator 
is in fact an S° and that is where we define the overlap region. Recall 
that there is a natural SU (2) favoured writing of the coordinates, 
defining an element h(0, ġ, Y) € SU (2) as in insert 7.4. We can define 
similar Euler angles (œ, 8, y) as coordinates on the fibre g, for the 
North (+) and South (—) patches, giving: 


+Patch : 19,6, Y, a4, 04,7433 —Patch : 19,6, Y,a, B_,y_}. 


Our transition functions at the equator, taking us from the North to 
the South fibres are again parametrised by an integer, k: 


g(a, G4, V+) — h* (0, Q, p)gla—, b, y—). 


Again k = 0 is trivial. The case k = 1 is the Hopf fibration of S” as 
an S? over S4. It is the one instanton solution. Other k are the multi- 
instantons. Also k will give the second Chern class of the bundle. 


telling us to which topological class F belongs; this integer is a topological 
invariant. 

For the non-Abelian case, F is no longer closed, and so we don’t have 
the first Chern class. However, the quantity Tr(F ^F) is closed, since as we 
know from insert 7.3 (p. 167), it is actually dw3y. So if the Chern—Simons 
three-form w3y is not globally defined, we have a non-trivial bundle, and 
Tr(F A F), being closed but not exact, defines an element of the cohomol- 
ogy group H“*(B,R). The second Chern class Tr(F A F)/87? integrated 
over B gives an integer which says to which topological class F belongs. 
See insert 9.4. 

As we have said above, D-branes appear to compute certain topological 
features of the gauge bundle on their world-volumes, corresponding here 
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Insert 9.4. The BPST one-instanton connection 


Just as with the Dirac monopole case, we can write the connection 
1-form for each patch: 


+Patch : g7 A494 + g7 dg+; —Patch: gZ!A_g- +g_'dg_, 


so that the transition function defined in insert 9.3 allows us to con- 
nect the two patches with a gauge transformation 


A, = h" Ah + h¥dh™. 
The k = 1 solution can be written quite simply: 


2 
Pi P, 
TO 72 + p? ~ pep pe rem 
where the on are the left-invariant one-forms. This solution is smooth 
everywhere except at a singularity at r = 0. The South pole solution 
is obtained by gauge transformation: 


2 
= —1 -1 _ P _ Po. fs 
A_= hA h + hdh = p + r2 dhh = pepe nom 
where the o, are the right-invariant one-forms. This solution is sin- 
gular at r = oo. The curvature two-form is best described using the 
veilbiens {e°, et, e?,e°} = (14+ r/p)~*{dr, roy, roe, ro3}: 


Fy =dA+A^A= ik- GEG + sone We). 
p 


Of course, F_ = hF h~t. It is worth checking that this solution is 
self dual, i.e. *F = F, with anti-self duality made by on > ön. The 


instanton number is (minus) the second Chern class integrated over 
the S$: 


1 1 48 
k = ——~ TEAR = (a) [ ENEN N 
8T? Js, 812 \ pf S4 


where in the latter we have used that the volume of the S4 is n?pt/6. 
Here, p has the interpretation as the ‘core size’ of the instanton. 
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to the Chern classes of the cohomology. As we shall see, they compute 
other topological numbers as well, and so let us pause to appreciate a 
little of the tools that they employ, in order to better be able to put them 
to work for us. 

The first and second Chern classes shall be denoted cı(F) and co(F) 
and so on, c;(£’) for the jth Chern class. Let us call the gauge group G, 
and keep in mind U(n) (we will make appropriate modifications to our 
statements to include O(n) later). We’d like to know how to compute the 
c;(F’). The remarkable thing is that they arise from forming polynomials 
in F which are invariant under G. Forget that F is a two-form for now, 
and just think of it as an nxn matrix. The c;(F) are found by expanding 
a natural invariant expression in F as a series in t: 


det (1+ 5 =)= Lel . (9.11) 


(Here, we use the 7 in F to keep the expression real, since U(N) gener- 
ators are anti-Hermitean.) The great thing about this is that there is an 
excellent trick for finding explicit expressions for the cjs which will allow 
us to manipulate them and relate them to other quantities. Assume that 
the matrix iF/2m has been diagonalised. Call this diagora matrix X, 


with n distinct non-vanishing eigenvalues xi, t = 1,...,n. Then we have 
n 

det(tI + X) = If (t+ xi) Yel _j(x)t, (9.12) 
i=1 


and we find by explicit computation that the cjs are symmetric polyno- 
mials: 


n n 
Co = 1, Cy = ) Ti, C2 = y Lij Tiss +> 
i 44 <12 
n 


Cj = D Lij Tios... Tijs Cn = T12... Tn. (9.13) 


t1 <ta <--ij 
Now rewrite the expressions on the eigenvalues back as matrix expressions 
in terms of X, and then replace X by iF/2m, to get: 


o(F)=1, alf) = TF, 


(i) [TrF A TrF —Tr(F A F), 


1 
2 
on(F) = (E) act F. (9.14) 
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In the case of SU(N), the generators are traceless, and so 


co(F’) = + TF AF), 
8T? 

the expression we saw before. The c;(F’) are rank 27 forms, so of course, 
the largest one that gives a meaningful quantity is the one for which 
dim(B) = 27. 

The natural object which D-branes seem to have on their world-volume 
is in fact the Chern character, ch(F’) = Trexp(iF'/27). This computes a 
specific combination of the Chern classes, and we can compute this by 
using our symmetric polynomial expressions in (9.13). Working with the 
diagonal X again we have 


ch(x) -DeD (rene Fa] 


a 


1 
= nter + z(c — 2c2) ++, and so we have: 
1 
ch(F) =n+c(F)+ 5 (ci(F) — 2co(F)) +. (9.15) 


The Chern character is to be thought of as an important generating func- 
tion of the Chern classes and in fact it is a powerful tool, in that it is well 
behaved in the sense that for bundle E and a bundle F’, the relations 


ch(E@ F)=ch(F)+ch(F) and ch(EF® F)=ch(E)Ach(F) (9.16) 


are true. This is part of an important technology to doing ‘algebra’ on 
bundles allowing one to perform operations which compare them to each 
other, etc. 

For the case G = O(n), the characteristic classes are called Pontryagin 
classes. We may think of the bundle as a real vector bundle. Now we have 


F z 
det | tI + — }] = n—j(F)U. 9.17 
ot (1452) = nal) (9.17) 


Again, consider having diagonalised to X. We can’t quite diagonalise, but 
can get it into the block diagonal form: 


0 LY 


X= 0 x2 . (9.18) 
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Now we have the relation: 
det (tI + X) = det (t + XT) = det (I — X), 


and so we see that the p;(F) must be even in F. A bit of work similar to 
that which we did above for the Chern classes gives: 


1/1\?7_ o 
pi(F) = -3 (=) Irk, 
po(F) = 1 (5) [(TrF?)? — 2TrF*| etc 
2 g | 2m grees “5 
1 n 
piz (F) = (=) det F, (9.19) 


where [n/2] = n/2 if n is even or (n — 1)/2 otherwise. 

Now an important case of orthogonal groups is of course the tangent 
bundle to a manifold of dimension n. Using the veilbiens formalism of sec- 
tion 2.8, the structure group is O(n). The two-form to use is the curvature 
two-form R. Then we have, e.g. 


1 
pi(R) = Tn a lth R. (9.20) 
The Euler class is naturally defined here too. For an orientable even 
dimensional n = 2k manifold M, the Euler class class e( M) is defined via 


e(X )e(X) = pr(X). 


We write X here and not the two-form R, since we would have a 4k-form 
which vanishes on M. However, e( R) makes sense as a form since its rank 
is n, which is the dimension of M. For an example, see insert 9.5. 

Two other remarkable generating functions of importance are the A 
(‘A-roof’) or Dirac genus: 


A= Wega = IL (1+ Sp ype Po 
, sinh x; /2 Par x 
i l 
=1- Tpi —4 z 9.21 


and the Hirzebruch £-polynomial 


ieia eae 


“7, tanh x; jel i 


1 
= | + 5pi + 


— .22 
Spm + (T) + (9.22) 
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Insert 9.5. The Euler number of the sphere 


Lets test this out for the two-sphere S*. Using the formalism of 
section 2.8, the curvature two-form can be computed as Rgg = 
sin 6d@ A dd. Then we can compute 


1 1 2 
pi(S*) = ga RA R= (= sin dô ^ d) . 


So we see that 


1 
e(S*) = = sin 6d6 A^ dd. 


The integral of this from over the manifold given the Euler number: 


x= | (8%) =2, 


a result we know well and have used extensively. 


where the Bn are the Bernoulli numbers, Bı = 1/6, Bə = 1/30, B3 = 
1/42,.... These are very important characteristics as well, and again have 
useful algebraic properties for facilitating the calculus of vector bundles 
along the lines given by equations (9.16). As we shall see, they also play 
a very natural role in our story here. 


9.4 Anomalous curvature couplings 


So we seem to have wandered away from our story somewhat, but in fact 
we are getting closer to a big part of the answer. If the above formula (9.9) 
is true, then D-branes evidently know how to compute the topological 
properties of the gauge bundle associated to their world-volumes. This is 
in fact a hint of a deeper mathematical structure underlying the structure 
of D-branes and their charge, and we shall see it again later. 

There is another strong hint of what is going on based on the fact that 
we began to deduce much of this structure using the terms we discovered 
were needed to cancel anomalies. So far we have only looked at the terms 
involving the curvature of the gauge bundle, and not the geometry of 
the brane itself which might have non-trivial R associated to its tangent 
bundle. Indeed, since the gauge curvature terms came from anomalies, we 
might expect that the tangent bundle curvatures do too. Since these are so 
closely related, one might expect that there is a very succinct formula for 
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those couplings as well. Let us look at the anomaly terms again. The key 
terms are the curvature terms in (7.35) and the curvature terms arising 
from the modification (7.38) of the field strength of C(s) to achieve gauge 
invariance. The same deduction we made to arrive at (9.8) will lead us 
to TrR? terms coupling to C6). Also, if we convert to the fundamental 
representation, we can see that there is a term 


l 2 2 
3% 26 (27)? | CTF trR*. 


This mixed anomaly type term can be generated in a number of ways, but 
a natural guess!!9 111, 112 (motivated by remarks we shall make shortly) 
is that there is a VA term on the world volume, multiplying the Chern 
characteristic. In fact, the precise term, written for all branes, is: 


Mp I S Cw [27 +? | y A(4nP aR). (9.23) 
ptl į 


Working with this expression, using the precise form given in (9.21) 
will get the mixed term precisely right, but the Cig) tr R will not have the 
right coefficient, and also the remaining fourth order terms coupling to 
Cg) are incorrect, after comparing the result to (7.35). 

The reason why they are not correct is because there is another crucial 
contribution which we have not included. There is an orientifold O9-plane 
of charge —32j19 as well. As we saw, it is crucial in the anomaly cancel- 
lation story of the previous chapter and it must be included here for 
precisely the same reasons. While it does not couple to the SO(32) gauge 
fields (open strings), it certainly has every right to couple to gravity, and 
hence source curvature terms involving R. Again, as will be clear shortly, 
the precise term for Op-planes of this type is 125: 


iy | N Coy lma R), (9.24) 
Mp+ı 


a 


where L(R) is defined above in equation (9.22). Remarkably, expand- 
ing this out will repair the pure curvature terms so as to give all of 
the correct terms in Xg to reproduce (7.35), and the Cie) coupling is 
precisely: 


2ma y? 

S = n | 5 ) Coe) A (Tr(F A F) — TrR A R) 
Qara!)? 

= n | ES o A Y4. (9.25) 
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Beyond just type I, it is worth noting that the RA R term will play an 
important role on the world volumes of branes. It can be written in the 
form: (4na)? 

T'O 

m Ja C(p—3) /\ p1(R). (9.26) 
By straightforward analogy with what we have already observed about 
instantons, another way to get a D(p — 4)-brane inside the world-volume 
of a Dp-brane is to wrap the brane on a four dimensional surface of non- 
zero pı(R). Indeed, as we saw in equation (7.54), the K3 surface has 
pı = —2x = —48, and so wrapping a Dp-brane on K3 gives D(p — 4)- 
brane charge of precisely —1. This will be important to us later!!> 121, 


9.5 A relation to anomalies 


There is one last amusing fact that we should notice, which will make 
it very clear that the curvature couplings that we have written above 
are natural for branes and O-planes of all dimensionalities. The point 
is that the curvature terms just don’t accidentally resemble the anomaly 
polynomials we saw before, but are built out of the very objects which can 
be used to generate the anomaly polynomials that we listed in insert 7.2. 

In fact, we can use them to generate anomaly polynomials for dimension 
D = 4k +2. We can pick out the appropriate powers of the curvature two 
forms by using the substitution 


2k+1 1 
Ss 27m = —(-1)™trR?™, 
i=l 2 


Then in fact the polynomial I 1/2 1s given by the A genus: 


non 7, sinh x; /2 
2k+1 2 4 —1 
= Yj Wy 
= lI CEEE ) 
j=l 
2k+1 
1 7 əl 
— 1— Hy? + — yt — —— ê =) 
LU ( 6% * 360% ~ 15120% * 
1 1 1 
—j]--— — — y? 
re + i804 + a5 2 
1 1 1 
— 6 - 2 — 3 + (9.27) 


2839 1080 1296 
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where 


2k+1 1 1 m 
Yom = >, y" = = (-3) trR2™. 


The trick is then to simply pick out the piece of the expansion which 
fits the dimension of interest, remembering that the desired polynomial 
is of rank D+ 2. So for example, picking out the order 12 terms will give 
precisely the 12-form polynomial in insert 7.2, etc. 

The gravitino polynomials come about in a similar way. In fact, 


2k+1 
[3/19 = lijo —] +2 D cosh x; 


j=l 
4 8 


Also, the polynomials for the antisymmetric tensor come from 


1. Lj 

Ia = —L = —- J 
A gh (A) 8 tanh x 
j=l J 

1 1 7 ly 
=-5- p+ (G75 :) 

1 
Hagg (—496V6 + 588V2V4 — 140V3 +-+). (9.29) 


Finally, it is easy to work out the anomaly polynomial for a charged 
fermion. One simply multiplies by the Chern character: 


I ja(F, R) = Tre I o(R). (9.30) 


Now it is perhaps clearer what must be going on!!! 142, The D-branes 
and QO-planes, and any intersections between them all define sub- 
spacetimes of the ten dimensional spacetime, where potentially anoma- 
lous theories live. This is natural, since as we have already learned, and 
shall explore much more, there are massless fields of various sorts living 
on them, possibly charged under any gauge group they might carry. 

As the world-volume intersections may be thought of as embedded in 
the full ten dimensional theory, there is a mechanism for cancelling the 
anomaly which generalises that which we have already encountered. For 
example, since the Dp-brane is also a source for the R-R sector field 
G+?) it modifies it according to 


Gp42) = AC(p41) — Hpô (z0). - - E(£p)dzx0 A... dt pF (R, F), (9.31) 
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where the delta functions are chosen to localise the contribution to the 
world-volume of the brane, extended in the directions x9, %1,..., Zp. Also 
Hp is the Dp-brane (or Op-plane) charge, and the polynomial F must 
be chosen so that the classically anomalous variation 6C()+1) required 
to keep G+?) gauge invariant can cancel the anomaly on the branes’ 
intersection. Following this argument to its logical conclusion, and using 
the previously mentioned fact that the possible anomalies are described 
in terms of the characteristic classes exp(iF), A(R) and £(R), reveals 
that F takes the form of the couplings that we have already written. 
We see that the Green—Schwarz mechanism from type I is an example of 
something much more general, involving the various geometrical objects 
which can appear embedded in the theory, and not just the fundamental 
string itself. 

Arguments along these lines also uncover the feature that the normal 
bundle also contributes to the curvature couplings as well. ‘The full ex- 
pressions, for completeness, are: 


u J Ci Je? TA E+B 9.32 
p Mou Oo ol | (9.32) 
and 
` LÊ n?o! Ry 
Mop+1 i Lia Q Ry) 


where the subscripts ‘T’, ‘N’ denote curvatures of the tangent and the 
normal frame, respectively. 


9.6 D-branes and K-theory 


In fact, the sort of argument above is an independent check on the precise 
normalisation of the D-brane charges, which we worked out by direct 
computation in previous sections. As already said before, the close relation 
to the topology of the gauge and tangent bundles of the branes suggests 
a connection with tools which might uncover a deeper classification. This 
tool is called ‘K-theory’. K-theory should be thought of as a calculus for 
working out subtle topological differences between vector bundles, and as 
such makes a natural physical appearance here!!* 18, 

This is because there is a means of constructing a D-brane by a mech- 
anism known as ‘tachyon condensation’ on the world-volume of higher 
dimensional branes. Recall that in chapter 8 we observed that a Dp-brane 
and an anti-Dp-brane will annihilate. Indeed, there is a tachyon in the 
spectrum of pp strings. Let us make the number of branes be N, and the 
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number of anti-branes be N. Then the tachyon is charged under the gauge 
group U(N) x U(N). The idea is that a suitable choice of the tachyon can 
give rise to topology which must survive even if all of the parent branes 
annihilate away. For example, if the tachyon field is given a topologically 
stable kink (see insert 1.4, p. 18) as a function of one of the dimensions 
inside the brane, then there will be a p—1 dimensional structure left over, 
to be identified with a D(p — 1)-brane. This idea is the key to seeing how 
to classify D-branes, by constructing all branes in this way. 

Most importantly, we have two gauge bundles, that of the Dp-branes, 
which we might call £, and that of the Dp-branes, called F’. To classify the 
possible D-branes which can exist in the world volume, one must classify 
all such bundles, defining as equivalent all pairs which can be reached by 
brane creation or annihilation: If some number of Dp-branes annihilate 
with Dp-branes (or if the reverse happens, i.e. creation of Dp-Dp pairs), 
the pair (E, F) changes to (E 6 G, F @ G), where G is the gauge bundle 
associated to the new branes, identical in each set. These two pairs of 
bundles are equivalent. The group of distinct such pairs is (roughly) the 
object called K(X), where X is the spacetime that the branes fill (the base 
of the gauge bundles). Physically distinct pairs have non-trivial differences 
in their tachyon configurations which would correspond to different D- 
branes after complete annihilation had taken place. So K-theory, defined 
in this way, is a sort of more subtle or advanced cohomology which goes 
beyond the more familiar sort of cohomology we encounter daily. 

The technology of K-theory is beyond that which we have room for 
here, but it should be clear from what we have seen in this chapter 
that it is quite natural, since the world-volume couplings of the charge 
of the branes is via the most natural objects with which one would 
want to perform sensible operations on the gauge bundles of the branes 


nw 


like addition and subtraction: the characteristic classes, exp(iF'), A(R) 


and L(R). Actually, this might have been enough to simply get the re- 
sult that D-brane charges were classified by cohomology. That it is in 
fact _K-theory (which can compute differences between bundles that co- 
homology alone would miss) is probably related to a very important 
physical fact about the underlying theory which will be more manifest 
one day. 


9.7 Further non-Abelian extensions 


One can use T-duality to go a bit further and deduce a number of non- 
Abelian extensions of the action, being mindful of the sort of complications 
mentioned at the beginning of section 5.5. In the absence of geometrical 
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curvature terms it turns out to be?! 32; 


Hp J a Tr ( [Toisia EpC) ermal +B), (9.34) 


Here, we ascribe the same meaning to the gauge trace as we did previ- 
ously (see section 5.5). The meaning of ix is as the ‘interior product’ in 
the direction given by the vector 6’, which produces a form of one degree 
fewer in rank. For example, on a two form C(g)(®) = (1/2)Cij(®)dX'dX!, 


we have 


1pC(2) = ®D Cij(®)dX?; ipigC(2)(®) = Ph Ci; (®) = z? , |C (®), 
(9.35) 


where we see that the result of acting twice is non-vanishing when we 
allow for the non-Abelian case, with Č having a non-trivial dependence 
on ®. We shall see this action work for us to produce interesting physics 
later. 


9.8 Further curvature couplings 


We deduced geometrical curvature couplings to the R-R potentials a 
few subsections ago. In particular, such couplings induce the charge of 
lower p branes by wrapping larger branes on topologically non-trivial sur- 
faces. 

In fact, as we saw before, if we wrap a Dp-brane on K3, there is induced 
precisely —1 units of charge of a D(p — 4)-brane. This means that the 
charge of the effective (p — 4)-dimensional object is 


H = [lp Vic3 — Hp—4, (9.36) 


where Vk is the volume of the K3. However, we can go further and notice 
that since this is a BPS object of the six dimensional NV = 2 string theory 
obtained by compactifying on K3, we should expect that it has a tension 
which is 

T = Ty VK3 — Tp—4 = 9; H. (9.37) 


If this is indeed so, then there must be a means by which the curvature 
of K3 induces a shift in the tension in the world-volume action. Since 
the part of the action which refers to the tension is the Dirac-Born— 
Infeld action, we deduce that there must be a set of curvature couplings 
for that part of the action as well. Some of them are given by the 
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following!** 128. 


1 


— +1 —® 1/2 
S=—1 | a Ee dee? Gat Fas)(1~ pra” 


(Rave R” = Raga RP” 4 Rag RP = RaR) 4 ora!) 
(9.38) 


where Raped = (40770’) Raed, etc., and a,b, c, d are the usual tangent space 
indices running along the brane’s world-volume, while a, are normal 
indices, running transverse to the world-volume. 

Some explanation is needed. Recall that the embedding of the brane 
into D-dimensional spacetime is achieved with the functions X(€°), 
(a = 0,...,p; = 0,...,D — 1) and the pull-back of a spacetime field 
F’, is performed by soaking up spacetime indices u with the local ‘tan- 
gent frame’ vectors Oa X”, to give Fy = Fpa X”. ‘There is another frame, 
the ‘normal frame’, with basis vectors Ç#, (a = p+ 1,...,D — 1). Or- 
thonormality gives C0¢3Guv = ag and also we have Coa X” G uv = 0. 

We can pull back the spacetime Riemann tensor R,,,;,, in a number 
of ways, using these different frames, as can be seen in the action. R 
with two indices are objects which were constructed by contraction of the 
pulled-back fields. They are not the pull-back of the bulk Ricci tensor, 
which vanishes at this order of string perturbation theory anyway. 

In fact, for the case of K3, it is Ricci flat and everything with normal 
space indices vanishes and so we get only Rabe R appearing, which 
alone computes the result (7.54) for us, and so after integrating over K3, 
the action becomes: 


S=- J dP-3¢ e7? [T Vgs — Tp—4] det!/? (Gap + Fab), (9.39) 


where again we have used the recursion relation between the D-brane 
tensions. So we see that we have correctly reproduced the shift in the 
tension that we expected on general grounds for the effective D(p — 4)- 
brane. We will use this action later. 


10 
The geometry of D-branes 


As we have seen, branes of various sorts are solutions of string theory 
which are localised to some extent, and have well-defined mass and charge 
per unit volume. Since these masses and charges are measured at infinity, 
meaning that the branes are sources of fields from the massless sector, we 
might expect that they must be actually be solutions of the low energy 
equations of motion: the gravity sector and other fields such as the various 
antisymmetric tensor fields, and possibly the dilaton. These field configu- 
rations can be thought of as representing interesting backgrounds in which 
the string can propagate. It has become increasingly important in many 
recent research areas to consider the details of such solutions, and we shall 
begin exploring this highly developed technology in the present chapter. 


10.1 A look at black holes in four dimensions 


Before we launch into a description of the solutions associated to branes, 
it is a good idea to start with something more familiar in order to gain 
some intuition about how the solutions work. We will start in four di- 
mensions with a familiar system: Einstein’s gravity coupled to Maxwell’s 
electromagnetism. The more advanced reader may wish to skip directly to 
section 10.2 if the following is too elementary, but beware, since we shall 
be uncovering and emphasising probably less familiar features in order to 
prepare for analogous properties of branes in higher dimensions. 


10.1.1 A brief study of the Einstein—Mazwell system 
Let us consider the Einstein—Hilbert action for gravity coupled to the 
Maxwell system: 


1 
16aG 


[as (—g)\/? [R — GFF", (10.1) 
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where 

Fiy = O,Ay — Ag. 
The equations of motion for this system resulting from varying with re- 
spect to guy are of course: 


1 
Ru ~~ 5 Iu — STG Tuv, (10.2) 
where 
l 76 1 76 


A particularly interesting spherically symmetric solution of this system, 
(see insert 10.1) representing a source of mass M and electric charge Q 
is, for the metric: 


2M 2 2M 2\ 7! 
ds? = — 1- 2MG Q dt? + -MG Q dr? + r7dQ3, 
r r? r r2 


(10.4) 
where d02 = dé? + sin? 6d¢?, is the metric on a round S$? in standard 
polar coordinates, and 


Fer = Err) = —Fr, Err) = g or F = Sat Adr. 


Let us note some of the key properties of these solutions. 


10.1.2 Basic properties of Schwarzschild 


We begin with the case Q = 0, an empty-space solution (i.e. a solution 
of pure Einstein gravity), which is the Schwarzschild solution. The first 
thing to take note of is that the solution has various obvious symmetries. 
Notice that the metric components do not depend on ¢ or @. So there is 
a pair of symmetries coming from invariance under translations in these 
coordinates. In other words, the solution is static, and symmetric about 
the ¢@ axis. Well, of course it is manifestly spherically symmetric as well. 
In a more sophisticated language, we would say that there are ‘Killing 
vectors’ k, of this solution satisfying 


Vuk, + Vik, = 0, (10.7) 


where Vu is the covariant derivative. Our two obvious ones are: 
H Ə” 
= | — = (1.0.0.0): 10.8 
(Z) = (0,0,0) (10.8) 


nt = (=) = (0,0,0,1), (10.9) 
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Insert 10.1. Checking the Reissner—Nordstrom solution 


It is worthwhile listing some of the objects that the diligent reader 
would have computed if checking by hand that equation (10.4) is a 
solution. ‘They will be useful later. The non-vanishing components of 
the ‘affine’ or ‘metric’ connection are: 


Mr —Q? (r? —2Mr4+Q?)(Mr-— Q?) 
~ (r2—-2M r+ Q2)’ r5 
Mr- Q?’ r—2Mr+Q* 

“re? 2M ey Vy 
(r? -2Mr+Q?)sin°d 
r 


1 1 
= —sind cos6; r =-; = ——; lw=-; (10.5) 
r r 


remembering that it is symmetric in its lower components. Taking 
some more derivatives to make the Riemann-Christoffel tensor, and 
then contracting gives the non-vanishing components of the Ricci 
tensor: 


(r? —2Mr +Q’) Q’ 
Ri = Ee 
r 
sin?0 Q? 
— 


2 
Roo = Fo Rog = 


r 


from which it is easy to see that its trace, the Ricci scalar R, actually 
vanishes. Computing the stress tensor gives the result that Tuv = 
Rv /87, proving that it is a solution. 


in an obvious notation*. To see the full spherical symmetry, it is in fact 
better to change variables to the ‘isotropic coordinates’, so called because 
it makes the spatial part of the metric conformal to flat space, which 
means that all distances measured are rescaled by an overall factor, but 
the locally measured angles between vectors are preserved. Changing to 


* Here, and in many other places, we will use the fact that in curved spacetime it is 
very useful to define vectors as differential operators. 
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a new coordinate p defined by 


the metric becomes! 
2 


ds? = ap + (G + ny (dz? + dy? +dz2°), (10.10) 
1+ 3 


where p? = xz? +y? +22. Then the Killing vectors corresponding to spher- 
ical symmetry are 


o O o O o O 
Ls = ta Ya Ly = V5, Dy L = 257° T oe. 
One can check that they satisfy the Aj (i.e. SO(3)) Lie algebra: [L;, L;] = 
EijkLg. It is worth knowing that the existence of Killing vectors guarantees 
certain important properties of the solutions, helping to exhibit certain 
conserved physical quantities. For example, 0/Ot, being timelike, ensures 
that the geometry is static, since Killing’s equation results in Og, /Ot = 0. 

Recall that a vector (or more properly a vector field in curved space- 
time) define a curve, by being the tangent to it at every point. In fact, 
along a curve generated by a Killing vector k, the combination u -k is a 
conserved quantity, which will be useful later on. Notice that € and 7, as 
defined above, define for us (respectively) a conserved energy and angular 
momentum per unit rest mass. 

Now, it is of course a familiar feature of the solution that the spherical 
surface r = ry = 2M is an horizon, since we can see that, for example, 
git vanishes there. While looking at the vanishing of gu is a quick way 
of reading off the location horizon, for the general geometry (10.4), it is 
misleading in general. We should characterise it as follows: 

The spherical surface at radius r = R has a unit normal vector to it, n, 
given by (see insert 10.2) 


1 H 


In fact, the norm n* = nn, takes the value +1 for r > ry and —1 
for r < ry, while for r = ry, it is zero. So the spherical surface cor- 
responding to the horizon is a ‘null hypersurface’. For r > ry, had we 


2 


T It is worth checking that this can be done for non-zero Q also, solving for the new 
radial coordinate via (r? —2Mr+Q?)~!/*dr = p~'dp. More generally, any spherically 
symmetric solution can be written in isotropic form, with sufficient effort. 
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approached this spacetime in a spaceship, we can blast our rockets and 
avoid the horizon if we choose, so any hypersurface this side of it is time- 
like, while any hypersurface the other side of it is spacelike, since we have 
to encounter them. Why do we have to encounter them? Well, looking 
back at the metric we see that in fact the role of t and r have exchanged 
roles for r < ry. This is because it is now the coefficient of dr? which 
is negative, and so it is really a time coordinate. So once we are in the 
region r < ry, all smaller values of r are in the inevitable future. The 
‘singularity’ at r = 0 is a special case of one the inevitable spacelike hy- 
persurfaces, so it is in our future as soon as we cross the horizon. In other 
words, Schwarzschild has a spacelike singularity, which is an important 
fact. 


10.1.8 Basic properties of Reissner—Nordstrom 


Let us consider the case of Q Æ 0, the charged black hole geometry. 
The set of spacelike Killing vectors representing spherical symmetry is 
similar to the case we had before, and there is again a timelike Killing 
vector arising form the t-invariance of the metric components, showing 
that the solution is static. When we come to look at the horizon structure, 
things get interesting. There are two, since there are two places where the 
hypersurface normal in equation (10.11) can go null: 


re = M +4 M? -— Q’. 


It should be clear that there is a singularity at r = 0 again. Very inter- 
estingly, we can can see by looking at n that the singularity is timelike, 
and so it is in fact avoidable with sufficient effort, if one were moving in 
the geometry. 

We have tacitly assumed that M > Q, or there will be no horizons, 
and the singularity at r = 0 will be a ‘naked singularity’, which is not 
allowed by the cosmic censors, it is believed?’*. That this is a strict and 
physical bound makes a lot of sense when we study this solution further, 
especially in a supersymmetric context, which we should do next. 


10.1.4 Extremality, supersymmetry, and the BPS condition 


There is a very important special case arising when we saturate the lower 
bound on M, making it equal to Q. Then we see that both horizons 
coincide at r = Q. Let us change coordinates to R = r — Q, giving: 

R? (R+Q)? 


ds? = ———___dt? + 


2 2 2 - 2 2 
+O} pa dR? + R?(d6? + sin? Add*)], (10.15) 
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Insert 10.2. A little hypersurface technology 


Let us formulate the idea of hypersurfaces within the parent geometry 
a bit more generally. This is a natural thing to consider in a text 
emphasising branes as hypersurfaces, and it shall be very useful to 
us later. Our spacetime M has coordinates x", and a metric Guy. A 
general hypersurface X within M deserves its own coordinates &°%, 
and so it is specified by an equation of the form f(a#"(€7)) = 0. We 
have already met that there is natural metric induced on X, which is 
the ‘pull-back’ of the spacetime metric: 


Ox Ox” 
0&" OE’ 
and we can define other useful quantities too. For example, the unit 
vector normal to this hypersurface is then specified as 


Gab — Gv, 


of afp? 


10.12 
Ox! Ox” (10.12) 


where o = o” 
In the simple case where X is, say, a spherical hypersurface of ra- 
dius R, of one dimension fewer than M (with radial coordinate r), the 
equation specifying X is just f = r — R = 0. We can use the remain- 
ing angular coordinates of M as coordinates on X. Now, Of /Or = 1, 
giving (note the contravariant index): 


=) 
Grr] Kr) 


A final useful thing we shall need is the extrinsic curvature or ‘second 
fundamental form’ of the surface, which is given by the pull-back of 
the covariant derivative of the normal vector: 


Ox" Ox” OP xh Ox” Ox? 
— — V Z — — U —— . 1 dl 
ab OEL age un Ny ear tiyo Ogee a | (10.13) 


Like the induced metric, this is a tensor in the spacetime X. This 
might seem to be a daunting expression, but (like many things) it 
simplifies a lot in simple symmetric cases. So in our spherical exam- 
ple, using r = R, and the coordinates €° = x“, we get the simple 
expression: 

u OGab 


. 10.14 
+ pzu (10.14) 


1 
+ 
Ka = 3” 
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and the reader should notice that the metric is in a very special isotropic 
form. It is worth emphasising that the whole solution has a nice form, 
and can be written as: 


ds? = —e”™™ dt? +e *" (dR? + R*dN3); 
A = — (e0 — 1) dt, where eV =1+Ž. (10.16) 


This special form and generalisations of it (involving higher dimensions, 
extended objects, and the presence of other fields) will appear many times 
in what we study later, and so this is a good place to admire it properly 
before things get more complicated. 

A very important reason why the extremal Reissner—Nordstrom solu- 
tion is quite special is because it behaves very much like a BPS object, 
where M > Q is the BPS bound. This is worth looking at very carefully, 
since it is an important theme that we have already visited, and we shall 
see many times again. To see the BPS properties, we can think of our 
Einstein-Maxwell action as the bosonic part of an M = 2 supersymmet- 
ric theory of gravity. N = 2 supergravity in four dimensions has three 
important types of massless multiplet. The gravity multiplet itself con- 
tains the graviton, two gravitinos and a vector called the graviphoton. So 
the bosonic content of our Einstein—Maxwell theory matches this nicely. 
We need only include a pair of spin 3 (‘Rarita—Schwinger’) fields W to 
play the role of the gravitino. The other two multiplets are the massless 
vector multiplet which contains a vector, a scalar and two spin 5 parti- 


cles, and the hypermultiplet which contains two spin 5 particles and four 
scalars. The supersymmetry variations take bosonic fields into fermionic 
ones and vice versa, and the algebra can be written as: 


{Qi Qy} = 2yh g Pu", 
{Qh Qh} = 2eap Z”, (10.17) 


where the supercharges are written as Weyl spinors Q}, (a = 1,2, i = 
1,2), with Q'! being the Hermitian conjugate. The quantity Z” is anti- 
symmetric, and commutes with everything else in the algebra. It is the 
central charge. Let us consider massive representations of the superalge- 
bra. We can choose a basis in which P, = (M, 0,0,0). The little group is 
SO(3). Writing the Z eigenvalue as simply Zt? = Z, we get 


{Qi QY} = M6, 
{Q QS} = €aalZle", 
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which, after taking linear combinations, we can write in terms of two fam- 
ilies of fermionic creation and annihilation operators, aa af and ba, b: 


(aa, a$} = (M + |Z))6%, 
(ba, b} = (M = |Z). 


We can build representations of the algebra by starting with a Lorentz 
representation of some SO(3) spin, s. We can write a ground state |s}, 
which is defined as being annihilated by af and bf, and then we can 
proceed make 2* states by acting with the a, and ba. For example, starting 
with spin 1, one can make a massive vector multiplet whose content is 
the sum of the vector and hypermultiplet above. ‘This the generic ‘long’ 
massive multiplet®?. 

Since we must make unitary representations, the left hand side of the 


algebra above must be positive, and so we find that there is a bound 
M > |Z|. (10.18) 


The only way to saturate this bound is if the state is annihilated by the 
bts, which is to say the state is invariant under half of the supersymmetry 
algebra. Then we only have the aas acting to make our multiplets and 
they are half the size. These are the special ‘short’ massive multiplets®* 64, 
There is a vector and a hyper of the same content mentioned above for 
the massless case, except that these can have any mass M. 

The key point about extremal Reissner—Nordstrom is that it is part of 
a short hypermultiplet® 69. This comes about in two stages. First, it has 
no fermion fields, and so the variation of all of the bosonic fields vanish 
when evaluated on this solution. This would be true for any old bosonic 
solution, of course. The remaining property is of course that the fermionic 
variations vanish for some choice of infinitessimal spinor €a generating 
the variation. Of course, it must be that only some of the spinors do this, 
otherwise we would be in a trivial situation. Setting the variation of the 
eravitino to zero, asks that there exists a spinor which solves: 


1 
Duta — ET PP yea = 0, (10.19) 
where F5, = (Fw +i*F,,), and recall from equation (2.125) that the 


covariant derivative on the spinor involves the spin connection, w®®? u 


1 
Dur€a = (5000 + One Pa, Polas ) Ê. 
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This is asking for the existence of a ‘covariantly constant’, or ‘Killing’, 
spinor. It is a useful exercise to show that there are indeed such spinors. 
In fact, the problem reduces to just one differential equation which is 
satisfied everywhere by half of the available spinor components, matching 
the result above that half of the supersymmetries annihilate the solution. 

In terms of the mass and the charge, things match as well. The gravipho- 
ton embedded in the gravity multiplet is a U(1) gauge field whose charge is 
in fact the central charge. (There are gauge symmetries associated to the 
central charge operator which are local symmetries in supergravity®”.) So 
in fact, Z is the integral of the field strength two-form: Z = (f F)/4r = Q, 
in the normalisation we are using. This matches with the property of our 
black hole solution. 


10.1.5 Multiple black holes and multicentre solutions 


It is important to note that there is a simple generalisation of the extremal 
solution to a case representing N distinct black holes of the same type: 


ds? = —e*" dt? + e~*" (dR? + R?d3): 


N . 
A= — (eY — 1) dt, where e" =1+ D N 


(10.20) 


where, in this ‘multicentre’ solution, R; is a three-vector giving the lo- 
cation of the centre of the ith black hole with mass m; = qi. The total 
charge sourced by the whole configuration is, by Gauss’s Law, simply 
Q = qi, which, by the BPS bound, is also equal to the total mass. 
This implicitly tells us that there is also a no-force condition applying 
to our black holes, since the total mass-energy is simply the sum of the 
individual mass-energies — there is no binding energy, coming from work 
against interaction forces. 

The quickest way to see that this form arises as a solution is to rewrite 
the equation for the present Killing spinor as a condition on the solution 
written in the form in the first line of equation (10.20). We can do it for 
the slightly more general form where dR? + R?dQ2 is replaced by dz - dz. 
The resulting equation is simply that the e~” be an harmonic function 
on the transverse space RÌ, for which after normalising it to be unity 
at infinity, we can choose for it to be written in the multicentre form. 
These are in general known as the Majumdar—Papapetrou solutions™, 
and the spherical cases we’ve been looking at here are a special subclass 
corresponding to Reissner—Nordstrom. 
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10.1.6 Near horizon geometry and an infinite throat 


It is particularly interesting to look closely at the horizon of the charged 
black hole in the extremal limit. Let us look at equation (10.15) in the 
neighbourhood of R = 0, the horizon, where we have 


2 
-E dt? + oak? + Q” (d0° + sin? 0de’). (10.21) 


Q 


ds? = 


The spatial part of the solution has degenerated into the product of an 
infinitely long tube or ‘throat’ of topology R x S$? with fixed radius set by 
the charge. The whole geometry, called the ‘Bertotti-Robinson’ universe 
is actually AdSə x S*, a two dimensional ‘anti-de Sitter’ spacetime being 
the (t, R) part. Anti-de Sitter spacetime is the most symmetric ‘vacuum’ 
solution to two dimensional Einstein’s equations with a negative cosmo- 
logical constant. This pleasingly simple near-horizon geometry is a sign 
of something more general which will occur in all its glory in chapter 18 
and so it is worthwhile understanding the toy example presented here, 
and also worthwhile digressing on solutions of Einstein’s equations in the 
presence of cosmological constant, for later use. 

This has special meaning for the supersymmetric discussion above as 
well. At infinity, the solution is of course flat space, which has all eight of 
the maximum set of available Killing spinors. At arbitrary radius, there 
are four, as mentioned above. It turns out that the Bertotti-Robinson ge- 
ometry also has eight Killing spinors, and so is also a maximally supper- 
symmetric vacuum of the theory, just like flat space. In this sense we see 
that the extremal Reissner—Nordstrom solution is akin to a soliton®’, since 
it behaves as an interpolating solution between two vacua (see insert 1.4). 
Much the same thing will be true for some of the extremal brane solutions 
which we shall encounter later®® 


10.1.7 Cosmological constant; de Sitter and anti-de Sitter 


In General Relativity, the Einstein tensor Gy, = Ryv — 5 Juv is arrived 
at by asking that the field equations be written in terms of the unique 
symmetric, rank two covariantly conserved object constructed out of the 
metric and its derivatives which has Minkowski space as a vacuum solu- 
tion. If we wish to relax that final condition somewhat, we have a slightly 
more general choice. Of course, the metric itself is a symmetric rank two 
tensor, and since V,,g"” = 0, so it is also a candidate. We can add it in 
with an arbitrary constant, to give 


Rw — 49u R — Agu = 80GTy, (10.22) 
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for which the generalisation of the Einstein—Hilbert Lagrangian is 
L= (-g)"?(R- 2A). 


Recall from General Relativity??? the form of the stress tensor for a perfect 
fluid of scalar density and pressure p and p: 


TY’ = (p+ pluu” + pg”. (10.23) 


We see that the ‘cosmological constant’ A acts like an intrinsic universal 
pressure. A > 0 is a cosmological repulsion, while A < 0 is an attraction. 

While Minkowski space is no longer a solution, there are highly sym- 
metric solutions analogous to it in the presence of non-zero A. Actually, 
the type of solutions we are looking for are called ‘maximally symmetric’ 
and satisfy the condition 


2 2A 
Ry uev = F72 (Dre Jp — Javnu) » OF Ryu = Ep -gm 
D—1IXD-2 
where P=- 2DP- aoz 


Already familiar are the signature (+ ++---) spaces which satisfy equa- 
tion (10.24) with the plus sign, the round spheres S”. In fact, for signature 
(—++---) the spaces of interest here may be written as: 


2 2\—1 
ds? = — ( — “| dt? + ( — s5) dr? + r7dQ%_»5, (10.25) 


where dO, o is the metric on a unit round D — 2 sphere. 

The cosmological constant sets a length scale, 4. The larger the cosmo- 
logical constant, the smaller the scale. The limit r < £ therefore returns us 
locally to Minkowski space, since if we fall below the length scale set by A, 
we simply do not notice, locally, that we have a cosmological constant, A. 
For r œ~ £ or greater we cannot ignore the effect of the cosmological 
constant. 


10.1.8 de-Sitter spacetime and the sphere 


For instance, notice that for the case of the plus sign, de Sitter space, 
there is an horizon at r = l. Since r cannot exceed f, we might as well 
write r = lsin. A little algebra shows that, if we analytically continue 
time via it = fy, we get the metric 


ds? = (d0? + cos”6 dy)” + sin? 8 d5 o), (10.26) 


which is the metric on a round sphere S”, with radius @, if ù and 0 have 
the appropriate periodicities. 
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10.1.9 Anti-de Sitter in various coordinate systems 


The case of anti-de Sitter, the minus sign, we can instead take r = ¢sinh p, 
and get 


ds? = — cosh? p dt? + (dp? + © sinh? pdb o, (10.27) 


which is a useful form which we will see much later. Notice that we can 
view this as an analytic continuation of the metric of the sphere S”, given 
in equation (10.26). 

There is a useful form of the metric to present which can be thought of 
as the r > £ limit. In this case, drop the 1 from (1+1r?/é?), and work with 
local coordinates. So write (?dQ%_.», the metric on the SY? of radius £ 
embedded in RP? in Cartesian coordinates 
(2d 02,9 = da?4dr? $e tdr) pp Hades + dT Fo + wp —2dep—2)" 

“D1 


where 7%_) = -YR 7 x?. Then we can work in the local neighbourhood 


of x; ~ 0, rp_) ~ £, giving 
(7d0%,_5 ~ dx? + dr +--+ +dx4_5. 


Choosing these local coordinates is equivalent to the large radius limit of 
the sphere, and the rest of the geometry therefore takes the form: 


r2 
e 
which is known as the ‘Poincaré’ form of the metric, which arose already 
as part of the throat (10.21) of the Reissner-Nordstrom solution, and 
it shall arise again later. The radial coordinate R used there should be 
compared to r here, and the infinite line R coordinatised by t should be 
compared to the R’~! coordinatised by (t, £1, ...,£p—2). Notice that the 
metric on that subspace (obtained by radial slices of constant r) is actually 
that of D — 1 dimensional Minkowski, a fact which will be important for 
us later. The horizon at R = 0 compares to an horizon at r = 0 here, 
which is an important clue as to where anti-de Sitter will arise in later 
sections and chapters. 

Actually, we can write another metric for AdS as follows: 


2 2 2 2 o dr° 
ds (dt? + daf +--+ daha) +P, (10.28) 
r 


2 r? 2 re i 2 2 742 
dsf = — | —1 + — | dt + -i+ z dr“ + r°dEp_ 9, 


where dE2 o is the ‘unit’ metric on a D — 2 dimensional hyperbolic space 
H” -?. This metric can be obtained by analytically continuing dF, a. For 
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this case, the radial slices are H?~? x R instead of D — 1 Minkowski space 
for the previous form (10.28) or SP72 x R for the form in equation (10.25). 
Just as before, we can do a hyperbolic change to a new coordinate r = £ 
cosh p, and get 


ds? = — sinh? p dt? + dp’ + € cosh’ p d24_ 9). 


In summary, we have AdSp in the following metrics: 


2 d 2 2 
ds? = — (i + 7 | d? + (+8) + dB po, (10.29) 
Z 


where the (D — 2)-dimensional metric dd; p_2 ÍS 


Ld o for k = +1 
dE p- = 4 DEY dx? for k = 0 (10.30) 
LdEh_o fork =—1, 


The k = 0 form can be thought of as the local physics in all three cases. 
Anti-de Sitter space in D dimensions has an SO(2, D — 1) isometry, of 
which a subgroup SO(1,1) x ISO(1, D — 2) is manifest as 


(t,u,%1,...,%p—2) — (At, Atu, Avy, ..., ATp_2), 


for the first factor, and the Poincaré group (i.e. Lorentz boosts and trans- 
lations) acting on the Minkowski part. The group SO(2, D — 1) is the 
conformal group in D —1-dimensional Minkowski space, and the S'O(1, 1) 
is the dilation part of it. The reader may recall that we met this group all 
the way back in chapter 3, and its appearance here will be given physical 
significance in terms of a duality in chapter 18. 


10.1.10 Anti-de Sitter as a hyperbolic slice 


It is worth noting that AdSp has a very natural geometrical represen- 
tation. Start with the (D + 1)-dimensional spacetime with signature 
(—,-,+,+,---), with metric: 
D-1 
ds? = —dXj — dX}, + X` dX?. (10.31) 
i=1 
Notice that the isometry group of this homogeneous and isotropic space- 
time is SO(2, D—1). Now consider the hyperboloid within this spacetime, 
given by the equation 


D-1 
X +X- SO XP HL. 
1=1 
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A solution of this equation is 
Xo = fcoshpcost/l, Xp =fcoshpsint/f, Xi = @O;sinh p, 


where the angles Q; are chosen such that Dui Q; = 1. We can substitute 
this solution into the metric (10.31) in order to find the metric on this hy- 
perboloid, and we find the global AdSp metric given in equation (10.27). 
With 0 < T < 2m and O < p, our solution covers the entire hyperboloid 
once, and this is why these are called the ‘global’ coordinates on AdS. 
The time 7 is usually taken not as a circle (which gives closed timelike 
curves) but on the real line, —co < T + © giving the universal cover of 
the hyperboloid. 
Another solution to the hyperboloid equation is: 


1 
Xo = — (+PEP —-#)), Xp=rt 
T 
l 7 
XD-] = 5 (1-r'(-# +)), Xi =1TXj, 


which defines coordinates which cover a half of the hyperboloid. ‘The re- 
sulting metric after substitution into equation (10.31) is the Poincaré form 
exhibited in equation (10.28). These are the ‘local’ coordinates. 


10.1.11 Revisiting the extremal solution 


How did constant curvature spaces, and negative cosmological constant 
become relevant to the Reissner—Nordstrom solution near the horizon at 
extremality? Well, it is worth examining the Ricci tensor in the extremal 
limit, in the coordinate R = r — Q, in the neighbourhood of the horizon 


r= Q: 


R? 1 . 
Ru = QT Rrr = TRZ’ Roo = 1; Rog = sin? 0, (10.32) 
and so we see that, upon comparing to equation (10.21): 
1 
Ruy = T gzIm: for u,v = torr; 
1 
Ruw = + agus for u,v = 0 or ¢. (10.33) 


Since the Maxwell stress tensor essentially obeys the same relations, giv- 
ing something proportional to the metric tensor, it can be seen that the 
flux due to the charge carried by the hole is what is responsible for supply- 
ing the effective cosmological constant. It is worth noting that we could 


238 10 The geometry of D-branes 


have formulated the same sort of features in terms of magnetic fields. 
In that case, we would have traded in the electric two form components 
for magnetic components F = Qe2, where €o = sin 0d0 A dọ is the vol- 
ume form of $7. In this form, the decomposition of the throat solution 
by dualising the electric source into a magnetic source will generalise 
into something called the ‘Freund—Rubin’ ansatz in higher dimensional 
supergravity!”. 


10.2 The geometry of D-branes 


Now let us return to the full ten dimensional equations of motion of the 
type IIA and type IIB supergravity equations (7.41) and (7.42), where 
we have additional fields coming from the R-R sector and the NS-NS 
sector. 


10.2.1 A family of ‘p-brane’ solutions 


There is an interesting family of ten dimensional solutions, which source 
gravity, the dilaton, and the R-R potentials, and can be written as 
follows?* 95; 


P dr? 
2 _ rF-1/2 2 2 1/2 2 2 
dS? = Z7"? (r) (Koar +5 ae) + Zh (r) ( KO) +r aop) , 


i=1 
(10.34) 
where dp is the metric on a unit round S®~? sphere, and 
Tp ‘Pp 
Zy(r) = 1+ ap (2) ) 
(—p 
rH 
K(r) = 1— | — 
o=1-(#) 
(3—p) 
e? — 93 Zp() 2; 
C(p41) = qo Zp(r) l 1 dx? N- Ada. (10.35) 


In the above 


_ 7 
PP = dp (2m) Pg Na T), dy = 2 Pn 2 T (F ) 
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One should not be intimidated by the form of these solutions. They rep- 
resent p-dimensional extended objects called ‘p-branes’, and as such, are 
localised in the 9 — p directions transverse to them. Since we have rota- 
tional symmetry in those directions, we can use polar coordinates with a 
radial coordinate r, and the angles on an (8 — p)-sphere. The branes are 
aligned along the (xt, x?,..., x£?) directions, and move in time, so they 
have a (p+ 1) dimensional world volume, with geometry R?*!, generalis- 
ing the worldline of the black hole solutions we studied earlier. It is useful 
to observe how the solution is split between the transverse and parallel co- 
ordinates and then look at, say, the Schwarzschild or Reissner—Nordstrom 
solution (10.4) and see that the analogue of this is happening in that solu- 
tion too. There, the world-volume is replaced by a simple world-line, the 
space R coordinatised by t. The rest of the solution concerns the trans- 
verse part of the spacetime. Since there is rotational symmetry it has a 
simple presentation in terms of the radius r and the two angles on the 
round S$’. From our analysis of the black hole solutions, it should be clear 
that these solutions have an horizon at radius r = ry, and a singularity 
at r= 0. 


10.2.2 The boost form of solution 


Actually there is another way of writing the solution which is instructive 
and useful for later. We could instead write: 


7—p 7—p 7—p 
gosia (2) ($) = aan (22) 


TH T 


where, given the nice form of a, in equation (10.36), we can write 


and hence 


Qp = tanh bp; 


The tension and charge can be written in terms of these nicely as: 


(—p 
TH ~ ( 1 9 ) 
Ty = | — — | —— + cosh , 
P (=) gs \T—p Pp 


(—p 
Q= N (=) sinh 6p cosh 6, = N. (10.37) 
Tp 
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So we see that in fact the solutions above are normalised such that they 
carry N units of the basic D-brane R-R charge up, where N is an integer. 
Observe that the mass is larger than the charge, in a manner analogous 
to the Reissner—Nordstrom solution. 

Notice that when the parameter p goes to zero, the solution simpli- 
fies drastically, becoming uncharged. The function Zp becomes unity, the 
dilaton becomes constant, and the solution simply becomes a (10 — p)- 
dimensional Schwarzschild black hole, with horizon at r = ry, times the 
space RP. 


10.2.8 The extremal limit and coincident D-branes 


Just like in the case of the charged black hole solution, there are extremal 
limits of these solutions. The extremal cases are BPS solutions of the 
ten dimensional supersymmetry algebra, as we shall see. For now, the 
similarity with the detailed case study of Reissner—Nordstrom black holes 
in earlier sections should be borne in mind, although there are differences 
which will become apparent shortly. The extremal limit is simply a, = 1, 
where the solutions are: 


ds? = H7 ny dada” + H}!?dx'dz", 


e’? — gH, 7, 
Cpt) = —(Ap 1 — 1)gg td? A+++ A da, (10.38) 
where u = 0,...,p, andi = p+ 1,...,9, and the harmonic function Hp is 
Tp \ P 
Hy =1+ (2) , (10.39) 
r 


where rp is still given in equation (10.36). In the boost form mentioned 
at the end of the last subsection, it is the limit of infinite boost, 6p — ov, 
combined with sending the horizon parameter ry to zero while holding 
fixed the combination r& TP) e2bp /4= ri. 

It is worth comparing this to the form in equation (10.16), where the 
extremal black hole is written in isotropic form analogous to what we 
have here. Furthermore, it should be clear that there is a multicentre 
generalisation of this solution, where we write for the harmonic function 


=P 
ty Fo = 7 (10.40) 


This represents N different branes located at arbitrary positions given 
by the vectors r;. A clear sign that the solution is a BPS object made 
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of lots of smaller such objects is the fact that the mass computed for 
this solution is just the sum of the individual masses and is equal to the 
total charge. There is no binding energy since the interaction forces are 
Zero. 

It is clear that in all cases (except p = 3) the horizon, located at r = 0, 
is a singular place of zero area, since the radius of the S®~? vanishes there. 
In the p = 3 case, however, the inverse quartic power of r appearing in 
the harmonic function means that the square root yields a cancellation 
between the vanishing of the horizon size and the divergence of the metric, 
leaving an horizon of finite size r} a (4ng, N )1/ 2. Some simple algebra 
shows that the geometry is simply AdS5 x S°, with the sizes of each 
factor set bys! *. The dilaton is constant, and the R-R field is Fẹ) = 
dC (4) + *dC(4), where dC (4) = r3€(5) where €(5) is the volume form on S°. 

Note again the sharp analogy with the case of Reissner—Nordstrom. ‘The 
appearance of this simple smooth near-horizon geometry is interesting, 
and we will explore this much later, in chapter 18. 

More complicated supergravity solutions preserving fewer supersym- 
metries (in the extremal case) can be made by combining these simple 
solutions in various ways, by intersecting them with each other, boosting 
them to finite momentum, and by wrapping, and/or warping them on 
compact geometries. This allows for the construction of finite area hori- 
zon solutions, corresponding to R-R charged Reissner—Nordstrom black 
holes, and generalisations thereof. We shall in fact do this in chapter 17. 

These solutions are R-R charged with N units of Dp-brane charge, but 
we have already established to all orders in string perturbation theory 
that Dp-branes actually are the basic sources of the R-R fields. It is nat- 
ural to suppose that there is a connection between these two families of 
objects: perhaps the solution (10.38) is ‘made of D-branes’ in the sense 
that it is actually the field due to N Dp-branes, all located at r = 0. This 
is precisely how we are to make sense of this solution as a supergravity 
soliton solution. We must do so, since (except for p = 3 as we have seen) 
the solution is actually singular at r = 0, and so one might have sim- 
ply discarded them as pathological, since solitons ‘ought to be smooth’. 
However, string duality, which we shall encounter in chapter 12, forces 
us to consider them, since smooth NS—NS solitons of various extended 
sizes (which can be made by wrapping or warping NS5-branes (see sec- 
tion 12.3 for their entry into our story) in an arbitrary compactification) 
are mapped!® into these R-R solitons under it, generalising what we 
have already seen in ten dimensions. With the understanding that there 
are D-branes ‘at their core’, which fits with the fact that they are R-R 
charged, they make sense of the whole spectrum of extended solitons in 
string theory. 
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Let us build up the logic of how they can be related to D-branes. Re- 
call that the form of the action of the ten dimensional supergravity with 
NS-NS and R-R field strengths H and G respectively is, roughly: 


S= J dx /=g [e (R-E?) — G?), (10.41) 


There is a balance between the dilaton dependence of the NS-NS and 
gravitational parts, and so the mass of a soliton solution? carrying 
NS-NS charge (like the NS5-brane) scales like the action: Tys ~ e7?? ~ 
g,*. An R-R charged soliton has, on the other hand, a mass which goes 
like the geometric mean of the dilaton dependence of the R-R and gravi- 
tational parts: TR ~ e7? ~ g7 t. This is just the behaviour we saw for the 
tension of the Dp-brane, computed in string perturbation theory, treating 
them as boundary conditions. 

We have so far treated Dp-branes as point-like (in their transverse di- 
mensions) in an otherwise flat spacetime. We were able to study an ar- 
bitrary number of them by placing the appropriate Chan-Paton factors 
into amplitudes. However, the solutions (10.38) have non-trivial spacetime 
curvature, and is only asymptotically flat. How are these two descriptions 
related? 

Well, for every Dp-brane which is added to a situation, another bound- 
ary is added to the problem, and so a typical string diagram has a factor 
gsN since every boundary brings in a factor gs and there is the trace over 
the N Chan-Paton factors. So open string perturbation theory is good 
as long as gN < 1. Notice that this is the regime where the supergrav- 
ity solution (10.38) fails to be valid, since the typical squared curvature 
invariant behaves as 


(aan (E) 
r 5 l 


r 


On the other hand, for gN > 1, the supergravity solution has its curva- 
ture weakened, and can be considered as a workable solution. This regime 
is where the open string perturbation theory, on the other hand, breaks 
down. 

So we have a fruitful complementarity between the two descriptions. In 
particular, since we only derived the supergravity equations of motion in 
string perturbation theory, i.e. gs < 1, for most computations, we can work 
with the supergravity solution with the interpretation that N is very large, 
such that the curvatures are small. Alternatively, if one restricts oneself to 
studying only the BPS sector, then one can work with arbitrary N, and 
extrapolate results — computed with the D-brane description for small 
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gs — to the large gs regime (since there are often non-renormalisation 
theorems which apply), where they can be related to properties of the 
non-trivial curved solutions. ‘This is the basis of the successful statistical 
enumeration of the entropy of black holes, for cases where the solutions 
(10.38) are used to construct R-R charged black holes. We shall do this 
in chapter 17. 

In summary, for a large enough number of coincident D-branes or for 
strong enough string coupling, one cannot consider them as points in 
flat space: they deform the spacetime according to the geometry given 
in equation (10.38). Given that D-branes are also described very well 
at low energy by gauge theories, this gives plenty of scope for finding a 
complementarity between descriptions of non-trivially curved geometry 
and of gauge theory. This is the basis of what might be called ‘gauge 
theory /geometry’ correspondences. In some cases, when certain conditions 
are satisfied, there is a complete decoupling of the supergravity description 
from that of the gauge theory, signalling a complete duality between the 
two. This is the basis of the AdS/CFT correspondence, which we shall 
come to in chapter 18. 


10.3 Probing p-brane geometry with Dp-branes 


In the previous section, we argued that the spacetime geometry given 
by equations (10.38) represents the spacetime fields produced by N Dp- 
branes. We noted that as a reliable solution to supergravity, the product 
gsN ought be be large enough that the curvatures are small. This corre- 
sponds to either having N small and g, large, or vice versa. Since we are 
good at studying situations with g, small, we can safely try to see if it 
makes sense to make N large. 


10.3.1 Thought experiment: building p with Dp 


One way to imagine that this spacetime solution came about at weak 
coupling was that we built it by bringing in N Dp-branes, one by one, 
from infinity. If this is to be a sensible process, we must study whether 
it is really possible to do this. Imagine that we have been building the 
geometry for a while, bringing up one brane at a time from r = o to 
r = 0. Let us now imagine bringing the next brane up, in the background 
fields created by all the other N branes. Since the branes share p common 
directions where there is no structure to the background fields, we can 
ignore those directions and see that the problem reduces to the motion of 
a test particle in the transverse 9 — p spatial directions. What is the mass 
of this particle, and what is the effective potential in which it moves? 
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We can answer this sort of question using the toolbox which com- 
bines the fact that at low energy we know the world-volume action of the 
D-brane, describing how it interacts with the background fields with the 
fact that the probe brane is a heavy object which can examine many 
distance scales in the theory!™. 


10.3.2 Effective Lagrangian from the world-volume action 


We can find the answers to all of the above questions by deriving an effec- 
tive Lagrangian for the problem which results from the world-volume ac- 
tion of the brane. We can exploit the fact that we have spacetime Lorentz 
transformations and world-volume reparametrisations at our disposal to 
choose the work in the ‘static gauge’. In this gauge, we align the world- 
volume coordinates, °, of the brane with the spacetime coordinates such 
that: 


=a =t; 
& = rt; i=1,...,p, 
E” = E(t); m=p+1,...,9. (10.42) 


The Dirac-Born-Infeld part of the action (5.21) requires the insertion of 
the induced metric derived from the metric in question. In static gauge, 
it is easy to see that the induced metric becomes: 


Goo + mn GimnUmUn 0 Qo +s: 0 
0 Gi, 0 
[G]a = . Poot. tT, (10.48) 
0 0 0 s+ Gop 


where vm = dx™/dé° = «™. 
In our particular case of a simple diagonal metric, the determinant 
turns out as 


_ (p+1) 9 _ (p+!) 
det|-Ga] = Hp * |1- X vm] =Hp * (1-H?) 
m=p+1 


(10.44) 
The Wess—Zumino term representing the electric coupling of the brane is, 
in this gauge: 


cays xto Axl! Orr 
by | Cos — by | P'E g2041 C41) luon.. up DET Den wee DE 


— LipVp | at fH! 1] gz! (10.45) 
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where Vp = | d’x, the spatial world-volume of the brane. Now, we are 
going to work in the approximation that we bring the branes slowly up the 
the main stack of branes so we keep the velocity small enough such that 
only terms up to quadratic order in v are kept in our computation. We can 
therefore the expand the square root of our determinant, and putting it all 
together (not forgetting the crucial insertion of the background functional 
dependence of the dilaton from (10.38)) we get that the action is: 


yo 1 a _ 
S = Vp | at (-0 Hy + 5— + ge H =g) 
S 


— [auc — [a (3mm — m), (10.46) 


which is just a Lagrangian for a free particle moving in a constant po- 
tential, (which we can set to zero) where Mp = TpVp is the mass of the 
particle. 

This result has a number of interesting interpretations. The first is sim- 
ply that we have successfully demonstrated that our procedure of ‘build- 
ing’ our geometry (10.38) by successively bringing branes up from infinity 
to it, one at a time, makes sense. There is no non-trivial potential in the 
effective Lagrangian for this process, so there is no force required to do 
this; correspondingly there is no binding energy needed to make this sys- 
tem. 

That there is no force is simply a restatement of the fact that these 
branes are BPS states, all of the same species. This manifests itself here as 
the fact that the R-R charge is equal to the tension (with a factor of 1/gs), 
saturating the BPS bound. It is this fact which ensured the cancellation 
between the r-dependent parts in (10.46) which would have otherwise re- 
sulted in a non-trivial potential U(r). (Note that the cancellation that we 
saw only happens at order v? — the slow probe limit. Beyond that order, 
the BPS condition is violated, since it really only applies to statics.) 


10.3.8 A metric on moduli space 


All of this is pertinent to the world-volume field theory as well. Recall 
that there is a U(N) (p + 1)-dimensional gauge theory on a family of N 
Dp-branes. Recall furthermore that there is a sector of the theory which 
consists of a family of (9 — p) scalars, 6”, in the adjoint. Geometrically, 
these are the collective coordinates for motions of the branes transverse to 
their world-volumes. Classical background values for the fields, (defining 
vacua about which we would then do perturbation theory) are equivalent 
to data about how the branes are distributed in this transverse space. 
Well, we have just confirmed that there is a ‘moduli space’ of inequivalent 


246 10 The geometry of D-branes 


vacua of the theory corresponding to the fact that one can give a vacuum 
expectation value to a component of a ®™, representing a brane moving 
away from the clump of N branes. That there is no potential translates 
into the fact that we can place the brane anywhere in this transverse 
clump, and it will stay there. 

It is also worth noting that this metric on the moduli space is flat; 
treating the fields ®™ as coordinates on the space R’~?, we see (from the 
fact that the velocity squared term in (10.46) appears as v? = bynv™v") 
that the metric seen by the probe is simply 


ds? ~ mnd” dE”. (10.47) 


This flatness is a consequence of the high amount of supersymmetry (16 
supercharges). For the case of D3-branes (whether or not they are in the 
AdSs x S” limit, to be described later), this result translates into the fact 
there that there is no running of the gauge coupling g¥,, of the supercon- 
formal gauge theory on the brane, (since in this example, and in the case 
of eight supercharges, supersymmetry relates the coupling to the kinetic 
term). This is read off from the prefactor gx, = 73(27a’)? = (2mgs)™} in 
the metric. The supersymmetry ensures that any corrections which could 
have been generated are zero. We shall later see less trivial versions, where 
we have nontrivial metrics in the case of eight supercharges and even four 
supercharges. Before we do that, we have to go back to studying D-branes 
as boundary conditions, in order to see how to put together multiple 
D-branes, and branes of different types. 


10.4 T-duality and supergravity solutions 


In principle, nothing stops us from studying the action of ‘I-duality on 
the Dp-branes, now starting with their representation as a supergrav- 
ity solution, and correspondingly using the background field T-duality 
rules given in equation (5.4) for the NS—NS sector, and equations (8.2) 
for the R-R sector. One should expect to get the supergravity solution 
of a D(p + 1)-brane or D(p — 1)-brane, depending upon whether one 
T-dualised in a direction containing the Dp-brane’s world-volume or not. 
This expectation is indeed borne out to some extent, but we must be 
careful. Let us discuss the subtlety by example. 


10.4.1 Dip +1) from Dp 


Start with the case of T-dualising in a direction transverse to a Dp-brane, 
lying in directions X!,...,X?. What this really means, recall, is that we 
must place the branes on a circle of radius R, and find an equivalent 
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representation for the system on a dual circle of radius R’ = a’/R. We 
can represent this as an infinite array of identical branes on the line with 
coordinate X?*!, a distance 27R apart, identifying XPT! ~ XPT! + OTR. 
We can easily write a supergravity solution for this, since the branes are 
BPS, and so the multibrane harmonic function in equation (10.40) can be 
employed here. Let us write the radius in the directions transverse to the 
Dp-brane in terms of XP+! and a radius in the remaining directions: 


r2 — (XP+? 4 (XP?) Heet (X°)? — pe 4 (XP+)? 


in terms of which the appropriate harmonic function including all of the 
images is: 


ri —P 
array __ Mp 
HeY = 1 + Yom O mn RADA (10.48) 
If the circle’s radius is very small, then the sum in the above can be 
replaced by an integral, to a good approximation, since the difference 
between each term in the sum is small. Defining a new variable u via 
fu = 2nm R — X?t!, we get: 


ri-P ] oo du 
rr P 
Ay aY a] + ——_ J (14 u2) 2 (10.49) 


where we have used fóu = 2m Rón to get the measure right. The integral 


is: 
[ du _ vat [36 —p)| 
-oo (1 + u2)(0—p)/2 E T 3(7 —p) 
and so looking at the definition of the constant rp given in equa- 
tion (10.36), we see that 


Varp (P+D 


Ho” ~ p+1 = 1 + — 4 
which is the correct form of the harmonic function for a D(p + 1)-brane. 
We should check normalisations here. If we had started with a single 
brane on the array, i.e. with N = 1, then we get the new number of branes 
as N = Va’/R. So if R = Va’, then we have the correct normalisation for 
a single brane on the dual side also. Better perhaps is to have N = R/ Val, 
giving a single N = 1 as the T-dual. This has the interpretation in the 
original theory as R/ Va! for each 27R of length, or 27V/a’ branes per 
unit length. 
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We can work on the full Dp-brane metric with the T-duality rules (5.4), 
treating XP+! as the isometry direction. Following the rules through, we 
see that the transformation will invert the metric function Gp+1,p+1, which 
will indeed convert the metric for a p-brane to that of a (p+ 1)-brane. So 
the new dilaton is, according to the rules in equation (5.4), 
~ e2? ez? > (= (@+)) 


e? ——— — 


Gp+1.p+1 HL!” Js Hp ’ 
which after replacing Hp by Hp” ® , which becomes Hp+1 as we have shown 
above, gives the dilaton for the D(p + 1)-brane supergravity solution. 
Similarly, equations (8.2) give the correct R-R potential. 

This works very well because it is easy to soften the power of r which 
appears in the denominator of the harmonic function, as needed for a 
larger brane. 


10.4.2 Dip —1) from Dp 


Harder to get is the increase of the power of r in the dependence of 
the harmonic function, which we would need for a D(p — 1)-brane, if we 
T-dualised in a world-volume direction, say X?. Clearly the powers of the 
harmonic function itself will in the metric, dilaton and R-R potential, 
using the rules (5.4) and (8.2). The problem is that we would get 


ri—P 


—. (10.51) 


m=1+ -4 


This is not really what we want. We can, however, interpret this as the 
result of ‘smearing’ the brane in the direction X?, i.e. the result of inte- 
grating a uniform density of branes (with the correct 1/r87P) behaviour) 
over X?. This will indeed yield the behaviour given in (10.51). We shall en- 
counter such smeared solutions, or ‘brane distributions’ in later chapters. 


11 
Multiple D-branes and bound states 


In chapter 5, we saw a number of interesting terms arise in the Dp-brane 
world-volume action which had interpretations as smaller branes. For ex- 
ample, a U(1) flux was a D(p — 2)-brane fully delocalised in the world- 
volume, while for the non-Abelian case, we saw a D(p — 4)-brane arise as 
an instanton in the world-volume gauge theory. Interestingly, while the 
latter breaks half of the supersymmetry again, as it ought to, the former 
is still half BPS, since it is T-dual to a tilted D(p + 1)-brane. 

It is worthwhile trying to understand this better back in the basic 
description using boundary conditions and open string sectors, and this 
is the first goal of this chapter. After that, we’ll have a closer look at the 
nature of the BPS bound and the superalgebra, and study various key 
illustrative examples. 


11.1 Dp and Dy’ from boundary conditions 


Let us consider two D-branes, Dp and Dp’, each parallel to the coordinate 
axes. (We can of course have D-branes at angles!”’, but we will not con- 
sider this here.) An open string can have both ends on the same D-brane 
or one on each. The p — p and p’ — p’ spectra are the same as before, but 
the p—p’ strings are new if p Æ p’. Since we are taking the D-branes to be 
parallel to the coordinate axes, there are four possible sets of boundary 
conditions for each spatial coordinate X* of the open string, namely NN 
(Neumann at both ends), DD, ND, and DN. What really will matter is 
the number v of ND plus DN coordinates. A T-duality can switch NN 
and DD, or ND and DN, but v is invariant. Of course v is even because 
we only have p even or p odd in a given theory in order to have a chance 
of preserving supersymmetry. 
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The respective mode expansions are 


/ H 
NN: X"(z,Z) = 2" — ia'p” In(zzZ) +1 a Ss Am („=m +27"), 
2 m 
mÆ0 
DN, ND: X"(z,Z)=i/— X Tz"), 


T 
2 eEA/2 


E OX E fal am nm 
DD: X"(z,z) =—-i z In(z/Z) + i4/ — Ss eT eT). 
(11.1) 


In particular, the DN and ND coordinates have half-integer moding. ‘The 
fermions have the same moding in the Ramond sector (by definition) and 
opposite in the Neveu-Schwarz sector. The string zero point energy is 0 
in the R sector as always, and using (2.80) we get: 


(8 )( l a) + (ata) = ty (11.2) 
Aaa ag) sæ 94) 27 8 : 


in the NS sector. 

The oscillators can raise the level in half-integer units, so only for v 
a multiple of four is degeneracy between the R and NS sectors possible. 
Indeed, it is in this case that the Dp—Dp’ system is supersymmetric. We 
can see this directly. As discussed in sections 8.1.1 and 8.2, a D-brane 
leaves unbroken the supersymmetries 


Qa + PQa, (11.3) 


where P acts as a reflection in the direction transverse to the D-brane. 
With a second D-brane, the only unbroken supersymmetries will be those 
that are also of the form 


Qa + P'Qa — Qa + P(P™'P')Qa, (11.4) 


with P’ the reflection transverse to the second D-brane. Then the unbro- 
ken supersymmetries correspond to the +1 eigenvalues of P~!P’. In DD 
and NN directions this is trivial, while in DN and ND directions it is a net 
parity transformation. Since the number v of such dimensions is even, we 
can pair them as we did in section 7.1.1, and write P~!P’ as a product 
of rotations by m, 

lM Sit FIy/2) | (11.5) 
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In a spinor representation, each e’™” has eigenvalues +i, so there will be 
unbroken supersymmetry only if v is a multiple of four as found above”. 

For example, type I theory, besides the D9-branes, will have D1-branes 
and D5-branes. This is consistent with the fact that the only R-R field 
strengths are the three-form and its Hodge-dual seven-form. ‘The D5- 
brane is required to have two Chan—Paton degrees of freedom (which can 
be thought of as images under 2) and so an SU(2) gauge group!*” 132, 

When v = 0, P~!'P’ = 1 identically and there is a full ten-dimensional 
spinor of supersymmetries. This is the same as for the original type I 
theory, to which it is T-dual. In D = 4 units, this is M = 4, or sixteen 
supercharges. For v = 4 or v = 8 there is D = 4 N = 2 supersymmetry. 

Let us now study the spectrum for v = 4, saving v = 8 for later. 
Sometimes it is useful to draw a quick table showing where the branes are 
located. Here is one for the (9,5) system, where the D5-brane is pointlike 
in the zf, x", x8, x° directions and the D9-brane is (of course) extended 
everywhere. 


A dash under x’ means that the brane is extended in that direction, while 
a dot means that it is pointlike there. 

Continuing with our analysis, we see that the NS zero-point energy is 
zero. There are four periodic world-sheet fermions yt, namely those in the 
ND directions. The four zero modes generate 24/2 or four ground states, 
of which two survive the GSO projection. In the R sector the zero-point 
energy is also zero; there are four periodic transverse w, from the NN and 
DD directions not counting the directions u = 0,1. Again these generate 
four ground states of which two survive the GSO projection. The full 
content of the p — p’ system is then is half of an N = 2 hypermultiplet. 
The other half comes from the p’ — p states, obtained from the orientation 
reversed strings: these are distinct because for v Æ 0 the ends are always 
on different D-branes. 

Let us write the action for the bosonic p — p’ fields x“, starting with 
(p,p) = (9,5). Here A is a doublet index under the SU (2)r of the N = 2 
algebra. The field x4 has charges (+1,—1) under the U(1) x U(1) gauge 
theories on the branes, since one end leaves, and the other arrives. The 


* We will see that there are supersymmetric bound states when v = 2. 
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minimally coupled action is then 


[ve (Sie a + ida — iA! x]? + 


AF Mp t Muy i 
(11.6) 


with A, and A; the brane gauge fields, gym,» and gymp the effective 
Yang-Mills couplings (8.13), and 7’ the Pauli matrices. The second term 
is from the N = 2 D-terms for the two gauge fields. It can also be written 
as a commutator Tr [¢', 1]? for appropriately chosen fields ¢’, showing 
that its form is controlled by the dimensional reduction of an F? pure 
Yang-Mills term. See section 13.1 for more on this. 

The integral is over the five-brane world-volume, which lies in the nine- 
brane world-volume. Under ‘I-dualities in any of the ND directions, one 
obtains (p,p) = (8,6), (7,7), (6,8), or (5,9), but the intersection of the 
branes remains (5+ 1)-dimensional and the p — p’ strings live on the inter- 
section with action (11.6). In the present case the D-term is non-vanishing 
only for x4 = 0, though more generally (say when there are several co- 
incident p and p’-branes), there will be additional massless charged fields 
and flat directions arise. 

Under T-dualities in r NN directions, one obtains (p, p’) = (9-1, 5—r). 
The action becomes 


=6-r 


+ ( -—+ az) Voir? ) (11.7) 


49yMp — “9YMp! 7 j= 


t 5 
. | x'x 
[a «(Ele atila IADA + GO D (Ka Xi)" 


The second term, proportional to the separation of the branes, is from 
the tension of the stretched string. 


11.2 The BPS bound for the Dp—Dp’ system 


The ten dimensional M = 2 supersymmetry algebra (in a Majorana 
basis) is 
{Qa Qo} = 20°T)ag(Pu + Qg” /200) 
(Qa, Q8} = 20°T")ag(Pu — QK /2ma") 
~ T. 
{Qa; QB} 29 g E T o Tammo (11.8) 
p 
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Here QS is the charge to which the NS—NS two-form couples, it is es- 
sentially the winding of a fundamental string stretched along Mı: 


NS 
ns _ Q . NS 1 / ~2 x 77(3) 
= —— dX” th = H 11.9 
Qy vi JM, w Q Vol S” Js7 É (11.9) 
and the charge QNS is normalised to one per unit spatial world-volume, 
vı = L, the length of the string. It is obtained by integrating over the S” 
which surrounds the string. The QÈ are the R-R charges, defined as a 


generalisation of winding on the space Mp: 


1 
H H i R> x a(p+2) 
ioe =e J A dX, with ON = gE Ja, Get), 

(11.10) 


The sum in (11.8) runs over all orderings of indices, and we divide by p! 
Of course, p is even for ITA or odd for IIB. The R-R charges appear in 
the product of the right- and left-moving supersymmetries, since the cor- 
responding vertex operators are a product of spin fields, while the NS—NS 
charges appear in right—right and left—left combinations of supercharges. 

As an example of how this all works, consider an object of length L, 
with the charges of p fundamental strings (‘F-strings’, for short) and q 
D1-branes (‘D-strings’) in the IIB theory, at rest and aligned along the 
direction Xt. The anticommutator implies 


1 [| Qa ~ 1 0 | p 1/96) LIT )aa 
— x = Mo — 
2 l Fa [Qs as] o 1 9 [a/g =p | 2mo 
(11.11) 
The eigenvalues of IOT} are +1 so those of the right hand side are M + 


L(p? + q?/q?)'/?/2na’. The left side is a positive matrix, and so we get 
the ‘BPS bound’ on the tension 133 


M VP +P 95 _ 
~ 2s 


nal Tp q: (11.12) 
Quite pleasingly, this is saturated by the fundamental string, (p,q) = 
(1,0), and by the D-string, (p,q) = (0,1). 
It is not too hard to extend this to a system with the quantum numbers 
of Dirichlet p and p’ branes. The result for v a multiple of four is 


M > Tp + Tp'Up' (11.13) 


and for v even but not a multiple of four it is | 


22 4 7242 
M > y Thug HTO Up (11.14) 


' The difference between the two cases comes from the relative sign of P (I ou and 
rer)? 
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The branes are wrapped on tori of volumes vp and a in order to make 
the masses finite. 

The results (11.13) and (11.14) are consistent with the earlier results 
on supersymmetry breaking. For v a multiple of four, a separated p-brane 
and p’-brane do indeed saturate the bound (11.13). For v not a multiple 
of four, they do not saturate the bound (11.14) and cannot be supersym- 
metric. 


11.3 Bound states of fundamental strings and D-strings 


Consider a parallel Di-brane (D-string) and a fundamental string 
(F-string) lying along Xt. The total tension 


gg +1 
2na 


TDI + TF1 = (11.15) 
exceeds the BPS bound (11.12) and so this configuration is not super- 
symmetric. However, it can lower its energy? as shown in figure 11.1. 
The F-string breaks, its endpoints attached to the D-string. The end- 
points can then move off to infinity, leaving only the D-string behind. Of 
course, the D-string must now carry the charge of the F-string as well. 
This comes about because the F-string endpoints are charged under the 
D-string gauge field, so a flux runs between them; this flux remains at the 
end. Thus the final D-string carries both the NS-NS and R-R two-form 
charges. The flux is of order gs, its energy density is of order gs, and so the 
final tension is (g7 t + O(gs))/2mra’. This is below the tension of the sepa- 
rated strings and of the same form as the BPS bound (11.12) for a (1,1) 
string. A more detailed calculation shows that the final tension saturates 


(a) (b) (c) 


Fig. 11.1. (a) A parallel D-string and F-string, which is not supersymmet- 
ric. (b) The F-string breaks, its ends attaching to the D-string, resulting 
in (c) the final supersymmetric state, a D-string with flux. 
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the bound!!®, so the state is supersymmetric. In effect, the F-string has 
dissolved into the D-string, leaving flux behind. 

We can see quite readily that this is a supersymmetric situation using 
T-duality. We can choose a gauge in which the electric flux is Fo, =A. 
T-dualising along the x! direction, we ought to get a DO-brane, which we 
do, except that it is moving with constant velocity, since we get X! = 
2na’'A,. This clearly has the same supersymmetry as a stationary DO- 
brane, having been simply boosted. 

To calculate the number of BPS states we should put the strings in a 
box of length L to make the spectrum discrete. For the (1,0) F-string, 
the usual quantisation of the ground state gives eight bosonic and eight 
fermionic states moving in each direction for 162 = 256 in all. This is 
the ultrashort representation of supersymmetry: half the 32 generators 
annihilate the BPS state and the other half generate 2° = 256 states. The 
same is true of the (0,1) D-string and the (1,1) bound state just found, 
as will be clear from the later duality discussion of the D-string. 

It is worth noting that the (1,0) F-string leaves unbroken half the su- 
persymmetry and the (0, 1) D-string leaves unbroken a different half of the 
supersymmetry. The (1,1) bound state leaves unbroken not the intersec- 
tion of the two (which is empty), but yet a different half. The unbroken 
symmetries are linear combinations of the unbroken and broken super- 
symmetries of the D-string. 

All the above extends immediately to p F-strings and one D-string, 
forming a supersymmetric (p,1) bound state. The more general case of 
p F-strings and q D-strings is more complicated. The gauge dynamics 
are now non-Abelian, the interactions are strong in the infrared, and no 
explicit solution is known. When p and q have a common factor, the 
BPS bound makes any bound state only neutrally stable against falling 
apart into subsystems. To avoid this complication let p and q be relatively 
prime, so any supersymmetric state is discretely below the continuum 
of separated states. This allows the Hamiltonian to be deformed to a 
simpler supersymmetric Hamiltonian whose supersymmetric states can 
be determined explicitly, and again there is one ultrashort representation, 
256 states. It is left to the reader to consult the literature*® ! for the 
details. 


11.4 The three-string junction 


Let us consider further the BPS saturated formula derived and studied in 
the two previous subsections, and write it as follows: 


Tp, = y (PT1,0)* + (470,1). (11.16) 
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An obvious solution to this is 


Tp,q Sin A = T0,1; Tp g COS Q = PT10- (11.17) 


with tana = q/(pgs). Recall that these are tensions of strings, and there- 
fore we can interpret the equations (11.17) as balance conditions for 
the components of forces. In fact, it is the required balance for three 
strings!8" 135. and we draw the case of p = q = 1 in figure 11.2. 

Is this at all consistent with what we already know? The answer is yes. 
An F-string is allowed to end on a D-string by definition, and a (1,1) 
string is produced, due to flux conservation, as we discussed above. The 
issue here is just how we see that there is bending. The first thing to 
notice is that the angle a goes to 7/2 in the limit of zero string coupling, 
and so the D-string appears in that case to run straight. This had better 
be true, since it is then clear that we simply were allowed to ignore the 
bending in our previous weakly coupled string analysis. (This study of 
the bending of branes beyond zero coupling has important consequences 
for the study of one-loop gauge theory data!®?. We shall study some of 
this later on.) 

Parenthetically, it is nice to see that in the limit of infinite string cou- 
pling, œ goes to zero. The diagram is better interpreted as a D-string 
ending on an F-string with no resulting bending. This fits nicely with 
the fact that the D- and F-strings exchange roles under the strong/weak 
coupling duality (‘S-duality’) of the type IIB string theory, as we shall see 
in chapter 12. 

When we wrote the linearised Blon equations in section 5.7, we ignored 
the 1+1 dimensional case. Let us now include that part of the story here 


(0,1) 
(a) (b) 


Fig. 11.2. (a) When an F-string ends on a D-string it causes it to bend at 
an angle set by the string coupling. On the other side of the junction is 
a (1,1) string. This is in fact a BPS state. (b) Switching on some amount 
of the R-R scalar can vary the other angle, as shown. 
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as a 1+1 dimensional gauge theory discussion. There is a flux Fo; on the 
world-volume, and the end of the F-string is an electric source. Given that 
there is only one spatial dimension, the F-string creates a discontinuity 


on the flux, such that e.g.140 ©: 
m=% 179 11.18 
01 — 0, £I < 0 ’ ( ° ) 
so we can choose a gauge such that 
1 
x, £1 >0 
Ao = 1% Co (11.19) 


Just as in section 5.7, this is BPS if one of the eight scalars ®” is also 
switched on so that 
(x!) = Ao. (11.20) 


How do we interpret this? Since (2ma’)®? represents the x? position of 
the D-string, we see that for x! < 0 the D-string is lying along the z! 
axis, while for zt > 0, it lies on a line forming an angle tan~'(1/gs) with 
the zt, axis. 

Recall the Tı-dual picture we mentioned in the previous section, where 
we saw that the flux on the D-string (making the (1,1) string) is equivalent 
to a D0O-brane moving with velocity (27a’)Fo,. Now we see that the DO- 
brane loses its velocity at x! = 0. This is fine, since the apparent impulse 
is accounted for by the momentum carried by the F-string in the T-dual 
picture. (One has to tilt the diagram in order to T-dualise along the (1,1) 
string in order to see that there is F-string momentum.) 

Since we have seen many times that the presence of flux on the world- 
volume of a Dp-brane is equivalent to having a dissolved D(p — 2)-brane, 
i.e. non-zero C(p—1) source, we can modify the flux on the xt < 0 part 
of the string this way by turning on the R-R scalar Co. This means that 
7(x') will be linear there too, and so the angle 3 between the D- and F- 
strings can be varied too (see figure 11.2(6)). It is interesting to derive the 
balance conditions from this, and then convert it into a modified tension 
formula, but we will not do that heret. 

It is not hard to imagine that given the presence we have already de- 
duced of a general (p,q) string in the theory that there are three-string 
junctions to be made out of any three strings such that the (p, q)-charges 
add up correctly, giving a condition on the angles at which they can 
meet. ‘This is harder to do in the full non-Abelian gauge theories on their 
world-volumes, but in fact a complete formula can be derived using the 
underlying SL(2, Z) symmetry of the type IIB string theory. We will have 
more to say about this symmetry later. 
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General three-string junctions have been shown to be important in a 
number of applications, and there is a large literature on the subject which 
we are unfortunately not able to review here. 


11.5 Aspects of D-brane bound states 


Bound states of p-branes and p’-branes have many applications. Some of 
them will appear in our later lectures, and so it is worth listing some of 
the results here. Here we focus on p’ = 0, since we can always reach it 
from a general (p, p’) using T-duality. 


11.5.1 0-0 bound states 


The BPS bound for the quantum numbers of n O-branes is n79, so any 
bound state will be at the edge of the continuum. What we would like 
to know is if there is actually a true bound state wave function, i.e. a 
wavefunction which is normalisable. To make the bound state counting 
well defined, compactify one direction and give the system momentum 
m/R with m and n relatively primet}. The bound state now lies discretely 
below the continuum, because the momentum cannot be shared evenly 
among unbound subsystems. 

This bound state problem is T-dual to the one considered in section 
11.3. Taking the T-dual, the n DO-branes become D1-branes, while the 
momentum becomes winding number, corresponding to m F-strings. ‘There 
is therefore one ultrashort multiplet of supersymmetric states when m and 
n are relatively prime!*!. This bound state should still be present back in 
infinite volume, since one can take R to be large compared to the size of 
the bound state. There is a danger that the size of the wavefunction we 
have just implicitly found might simply grow with R such that as R — co 
it becomes non-normalisable again. More careful analysis is needed to 
show this. It is sufficient to say here that the bound states for arbitrary 
numbers of DO-branes are needed for the consistency of string duality, 
so this is an important problem. Some strong arguments have been pre- 
sented in the literature (n = 2 is proven), but the general case is not yet 
proven!*?, 


11.5.2 0-2 bound states 


Now the BPS bound (expression (11.14)) puts any bound state discretely 
below the continuum. One can see a hint of a bound state forming by 
noticing that for a coincident DO-brane and D2-brane the NS 0-2 string 
has a negative zero-point energy (11.2) and so a tachyon (which survives 
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the GSO projection), indicating an instability towards forming something 
else. In fact the bound state (one short representation) is easily described: 
the DO-brane dissolves in the D2-brane, leaving flux, as we have seen 
numerous times. The brane R-R action (expression (9.9)) contains the 
coupling C4) F'’, so with the flux the D2-brane also carries the D0-brane 
charge!**. There is also one short multiplet for n DO-branes. This same 
bound state is always present when v = 2. 


11.5.3 0-4 bound states 


The BPS bound (11.13) makes any bound state marginally stable, so the 
problem is made well-defined as in the 0-0 case by compactifying and 
adding momentum!**. The interactions in the action (11.7) are relevant 
in the infrared so this is again a hard problem, but as before it can be 
deformed into a solvable supersymmetric system. Again there is one mul- 
tiplet of bound states!44+. Now, though, the bound state is invariant only 
under 4 of the original supersymmetry, the intersection of the supersym- 
metries of the D0-brane and of the D4-brane. The bound states then lie 
in a short (but not ultrashort) multiplet of 21? states. 

For two DO-branes and one D4-brane, one gets the correct count as 
follows'*®. Think of the case that the volume of the D4-brane is large. 
The 16 supersymmetries broken by the D4-brane generate 256 states that 
are delocalised on the D4-brane. ‘The eight supersymmetries unbroken by 
the D4-brane and broken by the D0-brane generate 16 states (half bosonic 
and half fermionic), localised on the DO-brane. The total number is the 
product 2!*. Now count the number of ways two DO-branes can be put 
into their 16 states on the D4-brane: there are eight states with both DO- 
branes in the same (bosonic) state and 516 -15 states with the D-branes in 
different states, for a total of 8-16 states. But in addition, the two-branes 
can bind, and there are again 16 states where the bound state binds to the 
D4-brane. The total, tensoring again with the D4-brane ground states, is 
9-16- 256. 

For n DO-branes and one D4-brane, the degeneracy Dy is given by the 
generating functional 4° (see insert 3.4, p. 92): 


0° œ 4 k\ 8 
SO a Da = 256 II ( =a | (11.21) 
n=O 


k=1 l—q 


where the term k in the product comes from bound states of k D0-branes 
then bound to the D4-brane. Some discussion of the DO—D4 bound state, 
and related issues, can be found in the references!“°. 
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11.5.4 0-6 bound states 


The relevant bound is (11.14) and again any bound state would be below 
the continuum. The NS zero-point energy for 0-6 strings is positive, so 
there is no sign of decay. One can give DO-brane charge to the D6-brane 
by turning on flux, but there is no way to do this and saturate the BPS 
bound. So it appears that there are no supersymmetric bound states. 
Notice that, unlike the 0-2 case, the 0—6 interaction is repulsive, both at 
short distance and at long. 


11.5.5 0-8 bound states 


The case of the D&-brane is special, since it is rather big. It is a domain 
wall, because there is only one spatial dimension transverse to it. In fact, 
the D&-brane on its own is not really a consistent object. Trying to put 
it into type IIA runs into trouble, since the string coupling blows up a 
finite distance from it on either side because of the nature of its coupling 
to the dilaton. To stop this happening, one has to introduce a pair of 
O8-planes, one on each side, because they (for SO groups) have negative 
charge (—8 times that of the D8-brane) and can soak up the dilaton. We 
therefore should have 16 D8-branes for consistency, and so we end up in 
the type I’ theory, the T-dual of type I. The bound state problem is now 
quite different, and certain details of it pertain to the strong coupling 
limit of certain string theories, and their ‘matrix’!’’ formulation!*” 148, 
We shall revisit this in section 12.5. 


12 
Strong coupling and string duality 


One of the most striking results of the mid-1990s was the realisation that 
all of the superstring theories are in fact dual to one another at strong 
coupling’. This also brought eleven dimensional supergravity into the 
picture and started the search for M-theory, the dynamical theory within 
which all of those theories would fit as various effective descriptions of 
perturbative limits. All of this is referred to as the ‘Second Superstring 
Revolution’. Every revolution is supposed to have a hero or heroes. We 
shall consider branes to be cast in that particular role, since they (and 
D-branes especially) supplied the truly damning evidence of the strong 
coupling fate of the various string theories. 

We shall discuss aspects of this in the present section. We simply study 
the properties of D-branes in the various string theories, and then trust 
to that fact that as they are BPS states, many of these properties will 
survive at strong coupling. 


12.1 Type IIB/type IIB duality 
12.1.1 D1-brane collective coordinates 


Let us first study the D1-brane. This will be appropriate to the study of 
type IIB and the type I string by {2-projection. Its collective dynamics 
as a BPS soliton moving in flat ten dimensions is captured by the 1+1 
dimensional world-volume theory, with 16 or 8 supercharges, depending 
upon the theory we are in. (See figure 12.1(a).) 

It is worth first setting up a notation and examining the global symme- 
tries. Let us put the D1-brane to lie along the zt direction, as we will do 
many times in what is to come. This arrangement of branes breaks the 
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Lorentz group up as follows: 

SO(1,9) D SO(1, 1)o1 x SO(8)2-9. (12.1) 
Accordingly, the supercharges decompose under (12.1) as 


16=8, 68_ (12.2) 


where + subscripts denote a chirality with respect to SO(1, 1). 

For the 1-1 strings, there are eight Dirichlet—Dirichlet (DD) directions, 
the Neveu-Schwarz (NS) sector has zero point energy —1/2. The massless 
excitations form vectors and scalars in the 1+1 dimensional model. For the 
vectors, the Neumann—Neumann (NN) directions give a gauge field A”. 
Now, the gauge field has no local dynamics, so the only contentful bosonic 
excitations are the transverse fluctuations. These come from the eight 
Dirichlet—Dirichlet (DD) directions z”, m = 2,...,9, and are 


b' (x, x"): Apr 0). (12.3) 


The fermionic states € from the Ramond (R) sector (with zero point 
energy 0, as always) are built on the vacua formed by the zero modes 
ws, i=0,...,9. This gives the initial 16. The GSO projection acts on the 
vacuum in this sector as: 


(—1)* — eiT (Sot Si +S2+S3+54) (12.4) 


A left- or right-moving state obeys IOT tE} = +4, and so the projection 
onto (—1)* ¿=£ says that left- and right-moving states are odd and (re- 
spectively) even under I*...I°, which is to say that they are either in 
the 8, or the 8e. So we see that the GSO projection simply correlates 
world-sheet chirality with spacetime chirality: €_ is in the 8e of SO(8) 
and é, is in the 8g. 

So we have seen that for a D1-brane in type IIB string theory, the 
right-moving spinors are in the 8, of SO(8), and the left-moving spinors 
in the 8e. These are the same as the fluctuations of a fundamental IIB 
string, in static gauge’°, and here spacetime supersymmetry is manifest. 
(It is in ‘Green-Schwarz’ form!°*.) There, the supersymmetries Qa and 
Qa have the same chirality. Half of each spinor annihilates the F-string 
and the other half generates fluctuations. Since the supersymmetries have 
the same SO(9,1) chirality, the SO(8) chirality is correlated with the 
direction of motion. 

So far we have been using the string metric. We can switch to the 


. . . E — S . . . . . . 
Einstein metric, guv = € ®/ 2 Opi’ 3 since in this case gravitational action 
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has no dependence on the dilaton, and so it is invariant under duality. 
The tensions in this frame are: 


F-string: g!/?/2ma’ 
D-string: gy /?/2qa’. (12.5) 


Since these are BPS states, we are able to trust these formulae at arbitrary 
values of gs. 

Let us see what interpretation we can make of these formulae. At weak 
coupling the D-string is heavy and the F-string tension is the lightest scale 
in the theory. At strong coupling, however, the D-string is the lightest ob- 
ject in the theory (a dimensional argument shows that the lowest dimen- 
sional branes have the lowest scale!°°), and it is natural to believe that 
the theory can be reinterpreted as a theory of weakly coupled D-strings, 
with gf = g>'. One cannot prove this without a non-perturbative defi- 
nition of the theory, but quantising the light D-string implies a large 
number of the states that would be found in the dual theory, and self- 
duality of the IIB theory seems by far the simplest interpretation — given 
that physics below the Planck energy is described by some specific string 
theory, it seems likely that there is a unique extension to higher energies. 
This agrees with the duality deduced from the low energy action and other 
considerations!*”: 164, In particular, the NS-NS and R-R two-form poten- 
tials, to which the D- and F-strings respectively couple, are interchanged 
by this duality. 

This duality also explains our remark about the strong and weak cou- 
pling limits of the three string junction depicted in figure 11.2. The roles 
of the D- and F-strings are swapped in the gs — 0,0 limits, which fits 
with the two limiting values a — 7/2, 0. 


12.1.2 S-duality and SL(2, Z) 


The full duality group of the D = 10 type IIB theory is expected to be 
SL(2,Z)*°!: 153, This relates the fundamental string not only to the R-R 
string but to a whole set of strings with the quantum numbers of p 
F-strings and q D-strings for p and q relatively prime!**. The bound states 
found in section 11.3 are just what is required for SL(2,Z) duality”®. 
As the coupling and the R-R scalar are varied, each of these strings be- 
comes light at the appropriate point in moduli space. We shall study this 
further in section 16.1, on the way to uncovering ‘F-theory’, a tool for 
generating very complicated type IIB backgrounds by geometrising the 
SL(2,Z) symmetry. 
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12.2 SO(32) Type I/heterotic duality 
12.2.1 D1-brane collective coordinates 


Let us now consider the D1-brane in the type I theory. We must modify 
our previous analysis in two ways. First, we must project onto Q)-even 
states. 

As in section 2.6, the U(1) gauge field A is in fact projected out, 
since ó; is odd under Q. ‘The normal derivative n, is even under Q, and 
hence the ®” survive. Turning to the fermions, we see that Q acts as 
e'™(S1+52+53+54) and so the left-moving 8e is projected out and the right- 
moving 8, survives. 

Recall that D9-branes must be introduced after doing the Q projection 
of the type IIB string theory. These are the SO(32) Chan—Paton factors. 
This means that we must also include the massless fluctuations due to 
strings with one end on the D1-brane and the other on a D9-brane (see 
figure 12.1(b)). The zero point energy in the NS sector for these states is 
1/2, and so there is way to make a massless state. The R sector has zero 
point energy zero, as usual, and the ground states come from excitations 
in the z, xt direction, since it is in the NN sector that the modes are 
integer. The GSO projection (—)* = T° will project out one of these, 
A_, while the right-moving one will remain. The Q projection simply 
relates 1—9 strings to 9-1 strings, and so places no constraint on them. 
Finally, we should note that the 1-9 strings, as they have one end on a 
D9-brane, transform as vectors of SO(32). 

Now, by the argument that we saw in the case of the type IIB string, 
we should deduce that this string becomes a light fundamental string in 
some dual string theory at strong coupling. We have seen such a string 
before in section 7.2. It is the ‘heterotic’ string, which has (0, 1) spacetime 
supersymmetry, and a left-moving family of 32 fermions transforming 
as the 32 of SO(32). They carry a current algebra which realises the 


See 


/ 


(a) (b) 
Fig. 12.1. D1-branes (a) in type IIB theory its fluctuations are described 


by 1-1 strings; (b) in type I string theory, there are additional contribu- 
tions from 1-9 strings. 
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SO(32) as a spacetime gauge symmetry. The other ten dimensional het- 
erotic string, with gauge group Eg x Eg, has a strong coupling limit which 
we will examine shortly, using the fact that upon compactifying on a circle, 
the two heterotic string theories are perturbatively related by T-duality 
(see section 8.1.3)! 174, 

We have obtained the SO(32) string here with spacetime supersymme- 
try and with a left-moving current algebra SO(32) in fermionic form!®?. 
As we learned in section 7.2, we can bosonise these into the 16 chiral 
bosons which we then used to construct the heterotic string in the first 
instance. This also fits rather well with the fact that we had already 
noticed that we could have deduced that such a string theory might ex- 
ist just by looking at the supergravity sector in section 7.3. ‘This is just 
how type I/heterotic duality was deduced first!°* 164 and then D-brane 
constructions were used to test it more sharply!©?. We shall see that con- 
siderations of the strong coupling limit of various other string theories 
will again point to the existence of the heterotic string. We have already 
seen hints of that in chapter 7, as discussed in insert 7.5. Of course, the 
heterotic strings were discovered by direct perturbative construction, but 
it is amusing to thing that, in another world, they may be discovered by 
string duality. 

We end with a brief remark about some further details that we shall 
not pursue. Recall that it was mentioned at the end of section 7.2, the 
fermionic SO(32) current algebra requires a GSO projection. By consid- 
ering a closed D1-brane we see that the Q projection removes the U(1) 
gauge field, but in fact allows a discrete gauge symmetry: a holonomy +1 
around the D1-brane. This discrete gauge symmetry is the GSO projec- 
tion, and we should sum over all consistent possibilities. The heterotic 
strings have spinor representations of SO(32), and we need to be able to 
make them in the Type I theory, in order for duality to be correct. In the R 
sector of the discrete D1-brane gauge theory, the 1-9 strings are periodic. 
The zero modes of the fields Y’, representing the massless 1-9 strings, 
satisfy the Clifford algebra {U4}, U4} = 6”, for i,j =1,...,32, and so just 
as for the fundamental heterotic string we get spinors 23! @ 231, One of 
them is removed by the discrete gauge symmetry to match the spectrum 
with a single massive spinor which we uncovered directly using lattices in 
section 7.2.1. 
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There is an instructive way to see how the D-string tension turns into 
that of an F-string. In terms of supergravity fields, part of the duality 
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transformation (7.46) involves 
Gv > eG, ð — —9O, (12.6) 


where the quantities on the right, with tildes, are in the dual theory. This 
means that in addition to gs = gz", for the relation of the string coupling 
to the dual string coupling, there is also a redefinition of the string length, 
via 


which is the same as 


Starting with the D-string tension, these relations give: 
1 1 


F 
= —> = T 
L 2malgs må V’ 
precisely the tension of the fundamental string in the dual string theory, 
measured in the correct units of length. 
One might understandably ask the question about the fate of other 


branes under S-dualities!®°. For the type IIB’s D3-brane: 
1 1 

——_—— — ——_—— 

(277) 3a’? gs (277)? a’" s 


showing that the dual object is again a D3-brane. For the D5-brane, in 
either type IIB or type I theory: 


1 1 r 
STS E T. 
(2m)5a gs  (2m)5ag >? 


This is the tension of a fivebrane which is not a D5-brane. This is inter- 
esting, since for both dualities, the R-R two-form C) is exchanged for 
the NS-NS two-form B’), and so this fivebrane is magnetically charged 
under the latter. It is in fact the magnetic dual of the fundamental string. 
Its g7 ° behaviour identifies it as a soliton of the NS-NS sector. 

So we conclude that there exists in both the type IIB and SO(32) het- 
erotic theories such a brane, and in fact such a brane can be constructed 
directly as a soliton solution. They should perhaps be called ‘F5-branes’, 
since they are magnetic duals to fundamental strings or ‘F1-branes’, but 
this name never stuck. They go by various names like ‘NS5-brane’, since 
they are made of NS—NS sector fields, or ‘solitonic fivebrane’, and so on. 
As they are constructed completely out of closed string fields, T-duality 
along a direction parallel to the brane does not change its dimensionality, 
as would happen for a D-brane. We conclude therefore that they also exist 
in the T-dual type ITA and Eg x Eg string theories. Let us study them a 
bit further. 


T3 = = 73, 


T5 = 
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12.3.1 The heterotic NS-fivebrane 


For the heterotic cases, the soliton solution also involves a background 
gauge field, which is in fact an instanton. This follows from the fact that 
in type I string theory, the D5-brane is an instanton of the D9-brane gauge 
fields as we saw with dramatic success in section 9.2. We shall have even 
more to say about this later, when we uncover more properties of how 
to probe branes with branes. As we saw there and in chapter 7, through 
equation (7.38), Tr(F A F) and tr(R A R) both magnetically source the 
two-form potential Cg), since by taking one derivative: 


dG?) = -2 TF? — trR?|, 


By strong/weak coupling duality, this must be the case for the NS-NS 
two form Big). To leading order in a’, we can make a solution of the 
heterotic low energy equation of motion with these clues quite easily as 
follows. Take for example an SU(2) instanton (the very object described 
in insert 9.4 when we reminded ourselves about non-trivial second Chern 
class) embedded in an SU(2) subgroup of the SO(4) in the natural de- 
composition: SO(32) D SO(28) x SO(4). As we said, this will source 
some dH, which in turn will source the metric and the dilaton. In fact, 
to leading order in a’, the corrections to the metric away from flat space 
will not give any contribution to tr(R A R), which has more derivatives 
than Tr(F A F), and is therefore subleading in this discussion. The result 
should be an object which is localised in R* with a finite core size (the 
‘dressed’ instanton), and translationally invariant in the remaining 5+ 1 
directions. This deserves to be called a fivebrane. A solution realising this 
logic can be found, and it can be written as’? "3: 


ds? = —dt? + (dx')? +--+ (dx)? + e°? (ar + r?d03) 


(r? + 2p”) o 
e2 g ( + TEETE + Ola’) , Aw = TEA sP 


2 6 tm? By fd 
r 4 L(x tiz x? +ia 
An — (- | z) g Ong: g = r (i _ in? gê — Ar) (12.7) 


showing its structure as an SU (2) instanton localised in zê, x’, xë, x°, with 
core size p. As before, r° is the radial coordinate, and d03 is a metric on 
a round S°. 

Once we have deduced the existence of this object in the SO(32) het- 
erotic string, it is straightforward to see that it must exist in the Eg x Eg 
heterotic string too. We simply compactify on a circle in a world-volume 
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direction where there is no structure at all. Shrinking it away takes us to 
the other heterotic theory, with an NS5-brane of precisely the same sort 
of structure as above. Alternatively, we could have just constructed the 
fivebrane directly using the ideas above without appealing to T-duality 
at all. 


12.3.2 The type IIA and type ITB NS5-brane 


As already stated, similar reasoning leads one to deduce that there must 
be an NS5-brane in type II string theory*. We can deduce its supergravity 
fields by using the ten dimensional S-duality transformations to convert 
the case p = 5 of equations (10.38), (10.39), to give’ "3: 


ds? = —dt? + (da)? + e. + (dx)? + Zs (dr" 4 r?d03) 


~ a’ N 
e°? = g ls = ge (14 ) 


2 
r 
By) = (Z7! —1)gsdx° A+++ A daž. (12.8) 


This solution has N units of the basic magnetic charge of Bo), and is a 
point in zf, x”, x8, x°. Note that the same sort of transformation will give 
a solution for the fields around a fundamental IIB string, by starting with 
the p = 1 case of (10.38)'°* 164, We shall do this in chapter 16. 

For the same reasons as for the heterotic string, once we have made 
an NS5-brane for the type IIB string, it is easy to see that we can use 
T-duality along a world-volume direction (where the solution is trivial) 
in order to make one in the type IA string theory as well. 

A feature worth considering is the world-volume theory describing the 
low energy collective motions of these type II branes. ‘This can be worked 
out directly, and string duality is consistent with the answer: from the 
duality, we can immediately deduce that the type IIB’s NS5-brane must 
have a vector multiplet, just like the D5-brane. Also as with D5-branes, 
there is enhanced SU(N) gauge symmetry when N coincide’, the extra 
massless states being supplied by light D1-branes stretched between them. 
(See figure 12.2.) The vector multiplet can be read off from table 7.1 as 
(2,2)+4(1,1)+2(1, 2)+2(2,1). There are four scalars, which are the four 
transverse positions of the brane in ten dimensions. ‘The fermionic content 
can be seen to be manifestly non-chiral giving a (1,1) supersymmetry on 
the world-volume. 


“In the older literature, it is sometimes called a ‘symmetric fivebrane’, after its left- 
right symmetric o-model description, in constrast to that of the heterotic NS5-brane. 
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NS5-branes 


\ 


D1-brane 


Fig. 12.2. Dl-branes stretched between NS5-branes in type IIB string 
theory will give extra massless vectors when the NS5-branes coincide. 


For the type ITA N§S5-brane, things are different. Following the T- 
duality route mentioned above, it can be seen that the brane actually 
must have a chiral (0,2) supersymmetry. So it cannot have a vector mul- 
tiplet any more, and instead there is a six dimensional tensor multiplet 
on the brane. So there is a two-form potential instead of a one-form po- 
tential, which is interesting. The tensor multiplet can be read off from 
table 7.1 as (1,3) + 5(1,1) + 4(2,1), with a manifestly chiral fermionic 
content. There are now five scalars, which is suggestive, since in their in- 
terpretation as collective coordinates for transverse motions of the brane, 
there is an implication of an eleventh direction. This extra direction will 
become even more manifest in section 12.4. 

There is an obvious U(1) gauge symmetry under the transformation 
Bi) — Bo + dA(,), and the question arises as to whether there is a 
non-Abelian generalisation of this when many branes coincide. On the 
D-brane side of things, it is clear how to construct the extra massless 
states as open strings stretched between the branes whose lengths can 
shrink to zero size in the limit. Here, there is a similar, but less well- 
understood phenomenon. The tensor potential on the world-volume is 
naturally sourced by six dimensional strings, which are in fact the ends of 
open D2-branes ending on the NS5-branes. The mass or tension of these 
strings is set by the amount that the D2-branes are stretched between 
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NS5-branes 


\ 


D2-brane 


Fig. 12.3. D2-branes stretched between NS5-branes in type IIA string 
theory will give extra massless self-dual tensors when the NS5-branes 
coincide. 


two NS-branes, by precise analogy with the D-brane case. So we are led 
to the interesting case that there are tensionless strings when many NS5- 
branes coincide, forming a generalised enhanced gauge tensor multiplet. 
(See figure 12.3.) These strings are not very well understood, it must be 
said. They are not sources of a gravity multiplet, and they appear not to 
be weakly coupled in any sense that is understood well enough to develop 
an intrinsic perturbation theory for them’. 

However, the theory that they imply for the branes is apparently well- 
defined. The information about how it works fits well with the dualities 
to better understood things, as we have seen here, and as we will see 
later when we shall say a little more about it in chapter 18, since it can 
be indirectly defined using the AdS/CFT correspondence. It should be 
noted that we do not have to use D-branes or duality to deduce a number 
of the features mentioned above for the world-volume theories on the 
NS5-branes. That there is either a (1,1) vector multiplet or a (0,2) tensor 
multiplet was first uncovered by direct analysis of the collective dynamics 
of the NS5-branes as supergravity solitons in the type II theories!°”. 


' The cogniscenti will refer to theories of non-Abelian ‘gerbes’ at this point. The reader 
should know that these are not small furry pets, but well-defined mathematical ob- 
jects. They are (reportedly) a generalisation of the connection on a vector bundle, 
appropriate to two-form gauge fields”. 
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12.4 Type IIA /M-theory duality 


Let us turn our attention to the type IIA theory and see if at strong 
coupling we can see signs of a duality to a useful weakly coupled theory. 
In doing this we will find that there are even stranger dualities than just a 
string—-string duality (which is strange and beautiful enough as it is!), but 
in fact a duality which points us firmly in the direction of the unexplored 
and the unknown. 


12.4.1 A closer look at D0-branes 


Notice that, in the IIA theory, the DO-brane has a mass To = al Vg. as 
measured in the string metric. As gs — oo, this mass becomes light, and 
eventually becomes the lightest scale in the theory, lighter even than that 
of the fundamental string itself. 

We can trust the extrapolation of the mass formula done in this way 
because the DO-brane is a BPS object, and so the formula is protected 
from, for example, levelling off to some still not-too-light scale by loop 
corrections, etc. So we are being shown new features of the theory here, 
and it would be nice to make sense of them. Notice that in addition, we 
have seen in section 11.5 that n DO-branes have a single supersymmetric 
bound state with mass n79. So in fact, these are genuine physical particles, 
charged under the U(1) of the R-R one-form Cq), and forming an evenly 
spaced tower of mass states which is become light as we go further to 
strong coupling. How are we to make sense of this in ten dimensional 
string theory? 

In fact, the spectrum we just described is characteristic of the appear- 
ance of an additional dimension’®” 153, where the momentum (Kaluza- 
Klein) states have masses n/R and form a continuum is R — oo. Here, 
R = a''/2q5, so weak coupling is small R and the theory is effectively ten 
dimensional, while strong coupling is large R, and the theory is eleven 
dimensional. We saw such Kaluza—Klein behaviour in section 4.2. The 
charge of the nth Kaluza—Klein particle corresponds to n units of mo- 
mentum 1/R in the hidden dimension. In this case, this U(1) is the R-R 
one form of type ITA, and so we interpret D0-brane charge as eleven di- 
mensional momentum. 


12.4.2 Eleven dimensional supergravity 


In this way, we are led to consider eleven dimensional supergravity as the 
strong coupling limit of the type HA string. This is only for low energy, 
of course, and the issue of the complete description of the short distance 
physics at strong coupling to complete the ‘M-theory’, is yet to be settled. 
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It cannot be simply eleven dimensional supergravity, since that theory 
(like all purely field theories of gravity) is ill-defined at short distances. 
A most widely examined proposal for the structure of the short distance 
physics is ‘Matrix Theory’!°’, and we shall briefly discuss it in chapter 16. 

In the absence of a short distance theory, we have to make do with the 
low-energy effective theory, which is a graviton, and antisymmetric 3-form 
tensor gauge field A,3), and their superpartners. Notice that this theory 
has the same number of bosonic and fermionic components as the type II 
theory. Take type IIA and note that the NS-NS sector has 64 bosonic 
components as does the R-R sector, giving a total of 128. Now count the 
number of physical components of a graviton, together with a three-form 
in eleven dimensions. The answer is 9 x 10/2—1 = 44 for the graviton and 
9x8x7/(3 x2) = 84 for the three-form. The superpartners constitute the 
same number of fermionic degrees of freedom, of course, giving an M = 1 
supersymmetry in eleven dimensions, equivalent to 32 supercharges. In 
fact, acommon trick to be found in many discussions for remembering how 
to write the type IIA Lagrangian? is simply to dimensionally reduce the 
eleven dimensional supergravity Lagrangian. Now we see that a physical 
reason lies behind it. The bosonic part of the action is: 


1 
SuD = RZ sx | ev= G(R- zw) IR, | Ae A F(a) A Fay, 
(12.9) 


and we shall work out 2«7, = 16m7GX! shortly. 

To relate the type IIA string coupling to the size of the eleventh di- 
mension we need to compare the respective Einstein—Hilbert actions’, 
ignoring the rest of the actions for now: 


2 
z | a V-—-G;R; = mr Pa vV—Gı1Rıı. (12.10) 


Tr 


The string and eleven dimensional supergravity metrics are equal up to 
an overall rescaling, 


Gsuv = C Giru (12.11) 


and so Ç = 2mRrĉgł/k?;. The respective masses are related n/R = 
my = CMs = nū or R= a 1/2 aI. Combining these with the re- 
sult (7.44) for ko, we obtain 


C = gl? [2 ale] (12.12) 


and the radius in eleven dimensional units is: 


R = gP [2g it), (12.13) 
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In order to emphasise the basic structure we hide in braces numerical 
factors and factors of k11 and a’. The latter factors are determined by di- 
mensional analysis, with «1; having units of (11D supergravity length®/2) 
and a’ (string theory length”). We are free to set ¢ = 1, using the same 
metric and units in M-theory as in string theory. In this case 


Ki, = 9 aa’), and then R= gsh. (12.14) 


The reason for not always doing so is that when we have a series of 
dualities, as below, there will be different string metrics. For completeness, 
let us note that if we define Newton’s constant via 2K34 = 16aGX), then 
we have: 


Ky =O b = gV = gabe. (12.15) 


See insert 12.1 for more about the Kaluza—Klein reduction. 


12.5 Eg x Eg heterotic string/M-theory duality 


We have deduced the duals of four of the five ten dimensional string 
theories. Let us study the final one, the Eg x Eg heterotic string, which 
is T-dual to the S$O(32) string!” 14, 

Compactify on a large radius Rya and turn on a Wilson line which 
breaks Eg x Eg to SO(16) x SO(16). As we learned in section 8.1.3, this is 
T-dual to the SO(82) heterotic string, again with a Wilson line breaking 
the group to SO(16) x SO(16). The couplings and radii are related 


(2 
Rup = —5, 
HB Rua 
£ 
gs, HB = Is HA T . (12.16) 
HA 


Now use type I/heterotic duality to write this as a type I theory with!’ 


1/2 1/2 el? 
= = s 
RIB = 9s, HB HB = 9s HA TI. 
RHA 
_ _, RHA 
JsIB = Isp = IA . (12.17) 


The radius is very small, so it is useful to make another T-duality, to the 
‘type I” or ‘type IA’ theory. The compact dimension is then a segment of 
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Insert 12.1. Kaluza—Klein relations 


It is amusing to work out the relationship between the metric in 
Einstein frame, and the metric and scalar in one dimension fewer, in 
either Einstein or another frame. The general case might be useful, 
so we will work it out, bearing in mind that for the eleven to ten case, 
the scalar is the type ITA dilaton ®, but in other cases it is simply an 
additional modulus (there may already be a dilaton). We want to get 
to D dimensions, reducing on x”, and the higher dimensional metric 
shall be written in Kaluza—Klein form: 


GPE) dM daN = 620" (Gp dat da” + e°?” (da? + Aydex")*), 


where we have included the possibility that we will have to do a 
rescaling to change frames in the lower dimensions, by multiplying 
by e2°®. This results in the Ricci scalar of the new metric being 
multiplied by e~??. The determinant of the original metric becomes 
e2(D+1)2 e2? det|—G™/)], and so the reduced action is 


a(D+1)®,® det? GP) e208 RD), 


The total power of e? which appears is a(D +1) + 1 — 2a = 1+ 
a(D—1). So now we can dial up whatever frame we desire. String 
frame would have an e~?®, and so we get 1+ a(D—1) = —2, i.e. 
a = —3/(D — 1). For the case the D = 10, a = —1/3 and this means 
that 


GUP daM da” = 6 3°09) dada” + 68 ® (dy! + A,dx")?. 


length mR, with eight D8-branes and O&8-planes at each end, and 


Ria = R = ghia Rae, 
IB 
bs -1/2 _RHA 


Js1A = Js IB > F = 9 . (12.18) 
S S Rinv2 s,HA ENG 


It is worth drawing a picture of this arrangement, and it is displayed in 
figure 12.4. Notice that since the charge of an O8-plane is precisely that 
of eight D8-branes, the charge of the R-R sector is locally cancelled at 
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8 D8—branes 
1 O8—plane 


and O8-planes resulting from a SO(16) x SO(16) Wilson line. 


each end. ‘There is therefore no R-R flux in the interior of the interval and 
so crucially, we see that the physics between the ends of the segment is 
given locally by the ITA string. Now we can take Rya — œ to recover the 
original ten dimensional theory (in particular the Wilson line is irrelevant 
and the original Eg x Eg restored). Both the radius and the coupling of 
the type IA theory become large. Since the bulk physics is locally that of 
the IIA string, the strongly coupled limit is eleven dimensional. Taking 
into account the transformations (12.11) and (12.13), the radii of the two 
compact dimensions in M-theory units are 


Ro = Gal Ria = gel? [2 Ba nt 
Rie CA a 7/9 8/8 if = oye Rua ar al aa 
(12.19) 


Again, had we chosen Cta = 1, we would have 


Rio = Rya27 "3, Ro = gsls2'/°. (12.20) 


t Notice that this is not the case if the D8-branes are placed in a more general arrange- 
ment where the charges are not cancelled locally. For such arrangements, the dilaton 
and R-R nine-form is allowed to vary piecewise linearly between neighbouring D8- 
branes. The supergravity between the branes is the ‘massive’ supergravity considered 
by Romans”’. This is a very interesting topic in its own right, which we shall not 
have room to touch upon here. A review of some aspects, with references, is given in 
the bibliography !®!. 
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As R — œ, Rio —> œ also, while Rg remains fixed and (for gs large) 
large compared to the Planck scale. This suggests that in the strongly 
coupled limit of the ten dimensional Eg x Eg heterotic string an eleventh 
dimension again appears: it is a line segment of length Rg, with one Eg 
ninebrane factor on each endpoint!®’. 

We have not fully completed the argument, since we only have argued 
for SO(16) at each end. One way to see how the Eg arises is to start 
from the other end and place eleven dimensional supergravity on a line 
segment. This theory is anomalous, but the anomaly can be cancelled 
by having 248 vector fields on each ten dimensional boundary!®©’. So the 
120 of SO(16) is evidently joined by 128 new massless states at strong 
coupling. As we saw in section 7.2 in the decomposition of Eg to SO(16), 
the adjoint breaks up as 248 = 120 6 128, where the 128 is the spinor 
representation of SO(16). Now we see why we could not construct this in 
perturbative type IA string theory. Spinor representations of orthogonal 
groups cannot be made with Chan—Paton factors. However, we can see 
these states as massive DO—D8 bound states, T-dual to the D1—D9 spinors 
we were able to make in the SO(32) case in section 12.2. Now, with SO(16) 
at each end, we can make precisely the pair of 128s we need. 


12.6 M2-branes and M5-branes 
12.6.1 Supergravity solutions 


Just as in the other supergravities, we can make extended objects in 
the theory. The most natural one to consider first, given what we have 
displayed as the content of the theory is one which carries the charge 
of the higher rank gauge field, A3). This is a two dimensional brane 


(a membrane) which we shall call the ‘M2-brane’, and the solution is!°°: 


ds? = fy °!? (-dt? + (dx')? + (dx?)?) + f3? (dr? + r?dQF) 


TNE, —1 1 2 
f =|1+—3 j Aw = fg dt Ada! Ada’, (12.21) 


where the eleven dimensional Planck length @, is given by equation (12.15). 

By eleven dimensional Hodge duality, it is easy to see that there is 
another natural object, a fivebrane which is magnetically dual to the M2- 
brane, called the ‘M5-brane’l*’: 


ds? = fs '!° (—dt? + (dal)? + +++ + (dw®)?) + fg” (dr? + 1?d4) 


320° NLS E i 5 
f =|1+—za p Aw = fe dt Ada ^ Ada. (12.22) 
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The tensions of the single (i.e. N = 1) M2- and M5-branes of eleven 
dimensional supergravity are: 


Ty) = (m) 705°; TH = (277) À. (12.23) 
The product of the M-branes’ tensions gives 
oe 2T 
T3 TE = 2m (2m) S? = TER (12.24) 


and so is the minimum allowed by the quantum theory, in close analogy 
with what we know for D-branes from equation (8.20). 


12.6.2 From D-branes and NS5-branes to M-branes and back 


It is interesting to track the eleven dimensional origin of the various 
branes of the IIA theory!*. The DO-branes are, as we saw above, are 
Kaluza—Klein states!°*. The F1-branes, the ILA strings themselves, are 
wrapped M2-branes of M-theory. The D2-branes are M2-branes transverse 
to the eleventh dimension Xt?. The D4-branes are M5-theory wrapped 
on X!°, while the NS5-branes are M5-branes transverse’ to X!°. The 
D6-branes, being the magnetic duals of the DO-branes, are Kaluza—Klein 
monopoles!© 152 (we shall see this directly later in section 15.2). As men- 
tioned before, the D8-branes have a more complicated fate. To recapitu- 
late, the point is that the D&-branes cause the dilaton to diverge within 
a finite distance!®’, and must therefore be a finite distance from an ori- 
entifold plane, which is essentially a boundary of spacetime as we saw in 
section 4.11. As the coupling grows, the distance to the divergence and 
the boundary necessarily shrinks, so that they disappear into it in the 
strong coupling limit: they become part of the gauge dynamics of the 
nine dimensional boundary of M-theory!©’, used to make the Eg x Esg 
heterotic string, as discussed in more detail above. ‘This raises the issue 
of the strong coupling limit of orientifolds in general. There are various 
results in the literature, but since the issues are complicated, and because 
the techniques used are largely strongly coupled field theory deductions, 
which take us well beyond the scope of this book, except for an O6-plane 
in section 15.3 and the O7-plane in sections 16.1.11 and 16.1.12, we will 
have to refer the reader to the literature?”’. 

One can see further indication of the eleventh dimension in the world- 
volume dynamics of the various branes. We have already seen this in 


8 The reader might like to check, using the Kaluza—Klein relations given at the end of 
insert 12.1, that the D2-brane and NS5-brane metrics can be obtained from the M2- 
and M5-brane metrics and vice versa by reduction or the reverse, ‘oxidation’. 
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section 12.3.2 where we saw that the type ITA NS5-brane has a chiral 
tensor multiplet on its world-volume, the five scalars of which are indica- 
tive of an eleven dimensional origin. We saw in the above that this is 
really a precursor of the fact that it lifts to the M5-brane with the same 
world-volume tensor multiplet, when type IIA goes to strong coupling. 
The world-volume theory is believed to be a 5+1 dimensional fixed point 
theory (see insert 3.1). Consider as another example the D2-brane. In 
2+ 1 dimensions, the vector field on the brane is dual to a scalar, through 
Hodge duality of the field strength, xF = dọ. ‘This scalar is the eleventh 
embedding dimension!®°. It joins the other seven scalars already defining 
the collective modes for transverse motion to show that there are eight 
transverse dimensions. Carrying out the duality in detail, the D2-brane 
action is therefore found to have a hidden eleven dimensional Lorentz in- 
variance. We shall see this feature in certain probe computations later on 
in section 15.2. So we learn that the M2-brane, which it becomes, has a 
2+1 dimensional theory with eight scalars on its world-volume. The exis- 
tence of this theory may be inferred in purely field theory terms as being 
an infra-red fixed point (see insert 3.1) of the 2+1 dimensional gauge 
theory!®°. 


12.7 U-duality 


A very interesting feature of string duality is the enlargement of the non- 
perturbative duality group under further toroidal compactification. There 
is a lot to cover, and it is somewhat orthogonal to most of what we 
want to do for the rest of the book, so we will err on the side of brevity 
(for a change). The example of the type II string on a five-torus T° is 
useful, since it is the setting for the simplest black hole state counting 
that we’ll study in chapter 17, and we have already started discussing it 
in section 7.5. 


12.7.1 Type II strings on T° and F6(6) 


As we saw in section 7.5, the T-duality group is O(5,5, Z). The 27 gauge 
fields split into 10+16+1 where the middle set have their origin in the R-R 
sector and the rest are NS—NS sector fields. The O(5, 5; Z) representations 
here correspond directly to the 10, 16, and 1 of SO(10). There are also 
42 scalars. 

The crucial point here is that there is a larger symmetry group of the 
supergravity, which is in fact E¢ (6). It generalises the SL(2, R) (SU(1, 1)) 
S-duality group of the type IIB string in ten dimensions. In that case 
there are two scalars, the dilaton ® and the R-R scalar Co), and they 
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take values on the coset space 


SL(2,R) _ SU(1,1) 


UG) — SO(2) © 
The low energy supergravity theory for this compactification has a con- 
tinuous symmetry, £66) which is a non-compact version!” of Es. (See 
insert 12.2.) 

The gauge bosons are in the 27 of E¢g)(Z), which is the same as the 27 
of E66). The decomposition under SO(10) ~ O(5,5;Z) is familiar from 
grand unified model building: 27 — 10+ 16 + 1. Another generalisation 
is that the 42 scalars live on the coset 


Es (6) 
U Sp(8) 


In the light of string duality, just as the various branes in type IIB string 
theory formed physical realisations of multiplets of SL(2, Z), so do the 
branes here. A discrete subgroup E¢y6)(Z) is the ‘U-duality’ symmetry. 
The particle excitations carrying the 10 charges are just the Kaluza— 
Klein and winding strings. The U-duality requires also states in the 16. 
These are just the various ways of wrapping Dp-branes to give D-particles 
(10 for D2, 5 for D4 and 1 for DO). Finally, the state carrying the 1 charge 
is the NS5-brane, wrapped entirely on the T°. 

In fact, the U-duality group for the type II strings on T? is Foa4i,(d+1): 
where for d = 4,3,2,1,0 we have that the definition of the appropriate 
E-group is SO(5,5), SL(5), SL(2) x SL(3), SL(2) x Ry, SL(2). These 
groups can be seen with similar embedding of Dynkin diagrams to what 
we have done in insert 12.2. 


12.7.2 U-duality and bound states 


It is interesting to see how some of the bound state results from chap- 
ter 11 fit the predictions of U-duality. We will generate U-transformations 
as a combination of Tmn--p, which is a T-duality in the indicated direc- 
tions, and S, the IIB strong/weak coupling transformation. The former 
switches between N and D boundary conditions and between momentum 
and winding number in the indicated directions. The latter interchanges 
the NS-NS and R-R 2-duals but leaves the R-R four-dual invariant, and 
acts correspondingly on the solitons carrying these charges. We denote by 
Dmn--p a D-brane extended in the indicated directions, and similarly for 
Fm a fundamental string and pm a momentum-carrying BPS state. 
The first duality chain is 


T S T 
(Do, F9) > (Drs9, F9) > (D7g9,D9) = (Dzs, Dg). 
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Insert 12.2. Origins of Eş (6) and other U-duality Groups 


One way of seeing roughly where Fg (6) comes from is as follows: 
The naive symmetry resulting from a T° compactification would be 
SL(5, R), the generalisation of the SL(2,R) of the T? to the higher 
dimensional torus. There are two things which enlarge this somewhat. 
The first is an enlargement to SL(6, R), which ought to be expected, 
since the type IIB string already has an SL(2, R) in ten dimensions. 
This implies the existence of an an extra circle, enlarging the naive 
torus from T° to T°. This is of course something we have already dis- 
covered in section 12.4: at strong coupling, the type IIA string sees 
an extra circle. Below ten dimensions, T-duality puts both type II 
strings on the same footing, and so it is most efficient to simply think 
of the problem as M-theory (at least in its eleven dimensional super- 
gravity limit) compactified on a T°. Another enlargement is due to 
T-duality. As we have learned, the full T-duality group is O(5, 5, Z), 
and so we should expect a classical enlargement of the naive SL(5, R) 


to O(5,5). That Eg (6) contains these two enlargements can be seen 
181 


quite efficiently in the following Dynkin diagrams 


o_o —_e—-e 


SL(5) s 


KO 
(Actually, the above embedding is not unique, but we are not at- 
tempting a proof here; we are simply showing that Ee (6) as is not un- 
reasonable, given what we already know.) The notation Eg (6) means 
that by analytic continuation of some of the generators, we make a 
non-compact version of the group (much as in the same way as we 
get SL(2, R) from SU(2)). The maximal number of generators for 
which this is possible is the relevant case here. 
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(The last symbol denotes a DO-brane, which is of course not extended 
anywhere.) Thus the D-string—F-string bound state is U-dual to the 0-2 
bound state, as previously indicated in sections 11.3 and 11.5. 

The second chain is 


T g T S 
(De7zs9, Do) = (Drs9, D6) > (D7g9,F6) > (De, pe) > (Fe, pe). 


The bound states of n D0-branes and m D4-branes are thus U-dual to 
fundamental string states with momentum n and winding number m. 
The bound state degeneracy (11.21) for m = 1 precisely matches the 
fundamental string degeneracy! "n 144, 178. 

For m > 1 the same form (11.21) should hold but with n — mn. This 
is believed to be the case, but the analysis (which requires the instanton 
picture described in the next section) does not seem to be complete!”®. 

A related issue is the question of branes ending on other branes!” 
and we shall see more of this later. An F-string can of course end on a 
D-string, so from the first duality chain it follows that a Dp-brane can 
end on a D(p + 2)-brane. The key issue is whether the coupling between 
spacetime forms and world-brane fields allows the source to be conserved, 
as with the NS—NS two-dual source in figure 11.1. Similar arguments can 
be applied to the extended objects in M-theory!™: 143., 
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D-branes and geometry I 


In previous chapters we became increasingly aware of the intimate rela- 
tion of D-branes to both spacetime geometry and to gauge theory, via 
the collective description of their low energy dynamics. In fact, we have 
already seen that we can reinterpret many aspects of the spacetime ge- 
ometry in which the brane moves by reference to the vevs of scalars in 
the world-volume gauge theory. In this chapter we explore this in much 
more detail, by using D-branes to probe a number of string theory back- 
erounds, and find that they allow us to get a new handle on quite detailed 
properties of the geometry. In addition, we will find that D-branes can 
take on the properties of a variety of familiar objects, such as monopoles 
and instantons, depending upon the situation. 


13.1 D-branes as probes of ALE spaces 


One of the beautiful results which we uncovered soon after constructing 
the type II strings was that we can ‘blow-up’ the 16 fixed points of the 
T*/Z ‘orbifold compactification’ to recover string propagation on the 
smooth hyper-Kahler manifold K3. (We had a lot of fun with this in 
section 7.6.) Strictly speaking, we only recovered the algebraic data of 
the K3 manifold this way, and it seemed plausible that the full metric 
geometry of the space is recovered, but how can we see this directly? 
We can recover the metric data by using a brane as a short distance 
‘probe’ of the geometry. This is a powerful technique, which has many 
useful applications as we shall see in numerous examples as we proceed. 


13.1.1 Basic setup and a quiver gauge theory 


Let us focus on a single orbifold fixed point, and the type IIB the- 
ory. The full string theory is propagating on R® x (R*/Z2), which arises 
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from imposing a symmetry under the reflection R : (2°, x", x8, x°?) > 
(—a°, —x’, —x2°,—2°), which we used before in section 7.6. Now we can 
place a D1-brane in this plane at x?,...,2? = 0. Let’s draw a little table 


to help keep track of where everything is. 


(We have represented the R*/Zs (ALE) space as a sort of five dimensional 
extended object in the table, since it only has structure in the directions 
xË, x£", x8, x.) 

The D1-brane can quite trivially sit at the origin and respect the sym- 
metry R., but if it moves off the fixed point, it will break the Zə symmetry. 
In order for it to be able to move off the fixed point there also needs to 
be an image brane moving to the mirror image position. We therefore 
need two Chan—Paton indices: one for the D1-brane and the other for its 
Zə image. So (to begin with) the gauge group carried by our D1-brane 
system living at the origin appears to be U(2), but this will be modified 
by the following considerations. Since R exchanges the D1-brane with its 
image, it can be chosen to act on an open string state as the exchange 


y = g}, and we shall use the Pauli matrices 


o (1 0 1_ (0 1 »_ (0 =i 1_(1 0 
m=( i) T=(0 og) PHF Oo) t= 4) 


(13.1) 


So we can write the representation of the action of R as: 
-_ Pty —] . 
RY, ij) — Yii Ry, TINY, that 15, 
R|, ij) = ow |Ry, ij) ozy. (13.2) 


So it acts on the oscillators in the usual way but also switches the 
Chan-Paton factors for the brane and its image. The ideat’? is that we 
must choose an action of the string theory orbifold symmetry on the 
Chan-Paton factors when there are branes present and make sure that 
the string theory is consistent in that sector too. Note that the action on 
the Chan-Paton factors is again chosen to respect the manner in which 
they appear in amplitudes, just as in section 2.5. 

We can therefore compute what happens. In the NS sector, the massless 
R-invariant states are, in terms of vertex operators: 


DX” ot, u=0,1 
A, Xo? i = 2,3,4,5 
On Xo? , m = 6,7, 8,9. (13.3) 


284 13 D-branes and geometry I 


The first row is the vertex operator describing a gauge field with U(1) x 
U(1) as the gauge symmetry. The next row constitutes four scalars in the 
adjoint of the gauge group, parametrising the position of the D1-brane 
within the six-plane R°, and the last row is four scalars in the ‘bifunda- 
mental’ charges (+1, F1) of the gauge group the transverse position on 
x, x", x8, ©. Let us denote the corresponding D-string fields A“, Xt, X™, 
all 2 x 2 matrices. We may draw a ‘quiver diagram’!®> displaying this 
gauge and matter content (see figure 13.1). 

Such diagrams have in general an integer m inside each node, repre- 
senting a factor U(m) in the gauge group. An arrowed edge of the dia- 
gram represents a hypermultiplet transforming as the fundamental (for 
the sharp end) and antifundamental (for the blunt end) of the two gauge 
groups corresponding to the connected nodes. The diagram is simply a 
decorated version of the extended Dynkin diagram associated to A,. This 
will make even more sense shortly, since there is geometric meaning to 
this. Finally, note that one of the U(1)s, (the oo one) is trivial: nothing 
transforms under it, and it simply represents the overall centre of mass of 
the brane system. 

The bosonic action for the fields is the D = 10 U(2) Yang—Mills action, 
dimensionally reduced and Z2-projected (which breaks the gauge symme- 
try to U(1) x U(1)). This dimensional reduction is easy to do. There are 
kinetic terms: 


1 , 
T = -Iz (PH Fy + N DyX'D"X' + Soroa") (13.4) 
IYM i m 


and potential terms: 


U=- NO Tr [X XPA Tr mx (13.5) 


2 
490M i,m m,n 


where by using (8.13), we have gé,, = (2m) Tta T g. (Another poten- 
tially non-trivial term disappears since the gauge group is Abelian.) 


Fig. 13.1. A diagram showing the content of the probe gauge theory. The 
nodes give information about the gauge groups, while the links give the 
amount and charges of the mattter hypermultiplets. 
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The resulting theory has M = (4,4) supersymmetry in D = 2, which 
has an SU(2) R-symmetry, and can be thought of as the SU(2)p left 
over from parametrising the Zə as an action in the SU (2), of the natural 


SO(4). See insert 7.4. 


13.1.2 The moduli space of vacua 


The important thing to realise is that there are large families of vacua 
(here, U = 0) of the theory. The space of such vacua is called the ‘moduli 
space’ of vacua, and they shall have an interesting interpretation. The 
moduli space has two branches. 

On one, the ‘Coulomb Branch’, X™ = 0 and X* = uto? + vtot. This 
corresponds to two D-branes moving independently in the R®°, with posi- 
tions u + vf, but staying at the origin of the R*. The gauge symmetry is 
unbroken, giving independent U(1)s on each D-brane. 

On the other, the ‘Higgs Branch’, X™ is non-zero and X’ = uo°®. 
The o! gauge invariance is broken and so we can make the gauge choice 
X™ = wo. This corresponds to the D1l-brane moving off the fixed plane, 
the string and its image being at (ut, +w™). We see that this branch has 
the geometry of the R? x R*/Zs which we built in. 

Now let us turn on twisted-sector fields which we uncovered in sec- 
tion 7.6, where we learned that they give the blow-up of the geometry. 
They will appear as parameters in our D-brane gauge theory. Define com- 
plex q” by X™ = o?Re(q™) + o7Im(q™), and define two doublets of the 


SU (2)p: 


These have charges +1 respectively under the ot U(1). The three NS-NS 


moduli can be written as a vector € of the SU (2)r, and the potential is 
proportional to 


(€ — u)? = (®)7 Oy — Pir + €)’, (13.7) 


where the Pauli matrices are now denoted Tr’ to emphasise that they act in 
a different space. They are assembled into a vector T = (T1, T°, 7°). (The 
vector u is called a ‘moment map’ in the mathematical understanding of 
this construction, which we shall discuss later.) Its form is determined by 
supersymmetry, and it should be checked that it reduces to the second 
term of the earlier potential (13.5) when € = 0. The entire potential 
arises in supersymmetric constructions using superfields as a ‘D-term’, 
and its vanishing to find the vacua is the ‘D-flatness condition’. ‘The vector 


€ enters as a ‘Fayet—Iliopoulos’ term??? in the D-term, and is allowed 
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whenever there is an Abelian factor in the gauge group. The SU(2)r 
symmetry requires that the FI term and the entire D-term come as a 
vector. These are all of the facts we will need about such supersymmetry 
techniques. Unfortunately, a fuller discussion of these matters will take us 
too far afield, and we refer to reader to the literature??°. 

Notice that equation (13.7) implies a coupling between the open string 
sector and the twisted sector fields. This can be checked directly by a disc 
computation, where a twist field is in the interior of the disc and the open 
string fields are on the edge!**. 

For € Æ 0 the orbifold point is blown up. The moduli space of the gauge 
theory is simply the set of possible locations of the probe i.e., the blown 
up ALE space. (Note that the branch of the moduli space with vê Æ 0 is 
no longer present. ) 

Let us count parameters and constants. The X"™ contain eight scalar 
fields. Three of them are removed by the ‘€-flatness’ condition that the 
potential vanishes, and a fourth is a gauge degree of freedom, leaving 
the expected four moduli. In terms of supermultiplets, the system has 
the equivalent of D = 6 N = 1 supersymmetry. The D-string has two 
hypermultiplets and two vector multiplets, which are Higgsed down to 
one hypermultiplet and one vector multiplet. 


13.1.8 ALE space as metric on moduli space 


The idea!* is that the metric on this moduli space, as seen in the kinetic 
term for the D-string fields, should be the smoothed ALE metric. Given 
the fact that we have eight supercharges, it should be a hyper-Kahler 
manifold!®°, and the ALE space has this property. Let us explore this!®”. 

Three coordinates on our moduli space are conveniently defined as 
(there are dimensionful constants missing from this normalisation which 
we shall ignore for now): 


y = ©) 7 Op. (13.8) 
The fourth coordinate, z, can be defined 
z = Qarg(®o111). (13.9) 
The €-flatness condition implies that 
Pr =y+€, (13.10) 


and ®g and ®, are determined in terms of y and z, up to a gauge choice. 
The original metric on the space of hypermultiplet vevs is just the 
flat metric ds? = dido + di dð. We must project this onto the space 
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orthogonal to the U(1) gauge transformation. This is performed (for ex- 
ample) by coupling the o, ©; for two dimensional gauge fields according 
to their charges, and integrating out the gauge field. The result is 


2 
ds? = dido + dtdd; — Wot) (13.11) 
with 
wi = i(@! db; — db! 4,). (13.12) 


We can express the metric in terms of y and ¢ using the identity: 


(att BAITS) = 2(a'd)(¥"8) — (at 8) (470) 
for SU(2) arbitrary doublets a, 8, y, ô. This gives: 


Pido = ly, P/O = ly +£], 
dy -dy = |y|d®jd®)—wo = |y +Eldðjdðı —w7, (13.13) 


and we find that our metric can be written as the N = 2 case of the 
Gibbons—Hawking metric: 


ds* = a — A - dy)? + Vdy - dy 


= 7 Í VV = V x A, (13.14) 
yoy] yil 


which is in fact a ‘hyper-Kähler metric, as we shall see. 
Up to an overall normalisation (which we will fix later), we have yo = 0, 
yı = &, and the vector potential is 


A(y) -dy = |y| wo + ly + Ewi + dz, (13.15) 


and the field strength is readily obtained by taking the exterior derivative 
and using the identity 


Eabela' T’ B) (4'728) = i(alr5) (418) — i(a"d)(y1778). 


Under a change of variables??, this metric (for N = 2) becomes the 
Eguchi-Hanson metric, (7.53) which we first identified as the blow-up of 
the orbifold point. The three parameters in the vector yı = € are the 
NS-NS fields representing the size and orientation of the blown up CP". 

It is easy to carry out the generalisation to the full Aj_ series, and 
get the metric (13.14) on the moduli space for a Di-brane probing a 
Zyn orbifold. The gauge theory is just the obvious generalisation derived 
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from the extended Dynkin diagram: U(1)", with N + 1 bifundamental 
hypermultiplets with charges (1,—1) under the neighbouring U(1)s. (See 
figure 13.2.) 

There will be 3(N — 1) NS-NS moduli which will become the N — 1 
differences y; — yo in the resulting Gibbons-Hawking metric (13.14). 
Geometrically, these correspond to the size and orientation of N — 1 
separate CP!’s which can be blown up. In fact, we see that the there 
is another meaning to be ascribed to the Dynkin diagram: each node 


(2) 
O—-2)—-@)-©)-@)-@)—®) Es 


G 
OOO) -©—-@O—-O—-®) Es 


Fig. 13.2. The extended Dynkin diagrams for the A-D-E series. As quiver 
diagrams, they give the gauge and matter content for the probe gauge 
theories which compute the resolved geometry of an ALE space. At the 
same time they also denote the actual underlying geometry of the ALE 
space, as each node denotes a CP!, with the connecting edge representing 
a non-zero intersection. 


13.1 D-branes as probes of ALE spaces 289 


(except the trivial one) represents a CP! in the spacetime geometry that 
the probe sees on the Higgs branch. We shall expand upon this intriguing 
picture in section 13.2. 


13.1.4 D-branes and the hyper-Kahler quotient 


This entire construction which we have just described is a ‘hyper-Kahler 
quotient’, a powerful technique!®? for describing hyper-Kahler metrics of 
various types, and which has been used to prove the existence of the 
full family of ALE metrics!?°. Hyper-Kahler spaces are complex 
4k-dimensional manifolds (k € Z) which admit not just one complex struc- 
ture, but three, and they transform under an SU(2) symmetry which, 
for us, will often become and SU(2) R-symmetry of some system with 
eight supercharges. In fact, the complex structure becomes a quaternionic 
structure for such manifolds. Flat R*, presented in the manner done in 
insert 7.4, is a simple example, and the SU (2) is either of the SU (2) isome- 
tries manifest there. The ALE spaces are non-trivial examples, as is the 
K3 manifold. Two other important four dimensional examples we shall 
encounter later are the Taub-NUT space and the Atiyah-Hitchin space. 
Multi-instanton and BPS multi-monopole moduli spaces?!® are higher di- 
mensional cases which we shall also meet. 

The hyper-Kahler quotient technique is a powerful mathematical me- 
thod for showing the existence of (and sometimes exhibiting explicitly) 
such spaces. It is remarkable that using D-branes we can encounter this 
construction, physically realised in terms of supersymmetric gauge theory 
variables-precisely the same variables which appear in the mathematical 
description of the construction. We shall see this connection arising a 
number of other times in these pages!”!. Just as we got a U(1)? gauge 
theory from the A; example, and U(1)* for the Ayn-ı, the rest of the 
A-D-E series gives a family of associated gauge theories on the brane 
as well. These families, and the correspondence to the A-D-E classifica- 
tion arises as follows®! (see figure 13.2). We start with D-branes on R*/T, 
where I is any discrete subgroup of SU(2) (the cover of the SO(3) which 
acts as rotations at fixed radii). It turns out that the I are classified in 
an ‘A—-D-E classification’, as shown by McKay”. The Zy are the Ay_1 
series. For the Dy and E¢.7,.g series, we have the binary dihedral (Dy_2), 
tetrahedral (7), octahedral (©) and icosahedral (Z) groups. Let us list 
them. 

e The Ax series (k>1). This is the set of cyclic groups of order k+1, 
denoted Z,41. Their action on the z’ is generated by 


2071 
g= (e Qs J. (13.16) 
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e The D, series (k>4). This is the binary extension of the dihedral 
group, of order 4(k—2), denoted Dy_2. Their action on the z’ is 


generated by 
A= ws Oa ) and B= (‘ )) (13.17) 
0 e k-2 1 0 


In this representation the central element is Z=—1(=A?=B?=(AB)’). 
Note that the generators A form a cyclic subgroup Zək—4. 
e The Es,7 8 series. These are the binary tetrahedral (7), octahedral 
(O) and icosahedral (Z) groups of order 24, 48 and 120, respectively. 
The group 7 is generated by taking the elements of Də and combining 


them with 
1 fel @&f 


where £ is an eighth root of unity. 
The group © is generated by taking the elements of J and combining 


them with 0 
€ 
k S) (13.19) 


Finally Z is generated by 


3 1 4 
— K a) and aa (m a) (13.20) 
where ņ is a fifth root of unity. 

Given the action of these groups, in order to have the D-branes form a 
faithful representation on the covering space of the quotient, we need to 
start with a number equal to the order |I| of the discrete group. This was 
two previously, and we started with U(2). So we now start with a gauge 
group U (|I|), and then project, as before. 

After projecting U (|T|), the gauge group turns out to be 


F = [] Ut), 


191, 


where i labels the irreducible representations R; of dimension n,;. Picto- 
rially (see figure 13.2), the gauge group associated with a D-string on 
a ALE singularity is simply a product of unitary groups associated to 
the extended A-D-E Dynkin diagram, with a unitary group coming from 
each vertex!??. In the Dynkin diagrams, each vertex represents an irre- 
ducible representation of I’. The integer in the vertex denotes its dimen- 
sion. The special vertex with the ‘x’ sign is the trivial representation, the 
one dimensional conjugacy class containing only the identity. The specific 
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connectivity of each graph encodes the information about the following 
decomposition: 


QS Ri = Q aij Rj, (13.21) 
j 


where R; is the ith irreducible representation and Q is the defining two 
dimensional representation. Here, the a;; are the elements of the adjacency 
matrix A of the simply laced extended Dynkin diagrams. 

Turning to the hypermultiplets, as stated before, we trivially have 
dim(F') hypermultiplets transforming in the adjoint of F. These come 
from the x7, x°, x4, x’ sector. They are simply the internal components of 
the six dimensional vectors after dimensional reduction. 

More interestingly, we have hypermultiplets coming from the x°, x, x°, 
x? sector. These hypermultiplets transform in the fundamentals of the 


unitary groups, according to the representations 


ED aig (ni, iy), (13.22) 


Pictorially, the hypermultiplets are simply the links of the extended 
Dynkin diagrams. These hypermultiplets together with the D-—flatness 
conditions, etc., are precisely the variables and algebraic condition which 
appear in Kronheimer’s constructive proof of the existence of the smooth 
ALE metrics!” 191. The hyper-Kahler quotient is a more general method 
for constructing manifolds, and this is a well-known example. Another 
is the construction of moduli spaces of instantons, and we shall see that 
D-branes capture that rather explicitly in chapter 15. 

For example, the simplest model in the D-series is D4, which would re- 
quire eight D1-branes on the covering space. The final probe gauge theory 
after projecting is F = U(2)xU(1)*, with four copies of a hypermultipet 
in the (2,1) of this group. 

Unfortunately, it is a difficult and unsolved problem to obtain explicit 
metrics for the resolved spaces in the D and E cases. ‘This is in a certain 
sense closely related to the problem of finding an explicit metric on K3, a 
long-standing goal which the D-brane technique described here implicitly 
gives a recipe to tackle. We leave it as an exercise to the reader to apply 
these methods, and suggest that they publish the result if successful. 


13.2 Fractional D-branes and wrapped D-branes 
13.2.1 Fractional branes 


Let us pause to consider the following. In the previous section, we noted 
that in order for the probe brane to move off the fixed point, we needed to 
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make sure that there were enough copies of it (on the covering space) to 
furnish a representation of the discrete symmetry I’ that we were going to 
orbifold by. After the orbifold, we saw that the Higgs branch corresponds 
to a single D-brane moving off the fixed point to non-zero position in 
xr? x’, x’, x°. It is made up of the |T| D-branes we started with on the 
cover, which are now images of each other under I’. We can blow up 
the fixed point to a smooth surface by setting the three NS—NS fields € 
non-zero. 

When € = 0, there is a Coulomb branch. There, the brane is at the 
fixed point x, x’, 2°,x2? = 0. The |I| D-branes are free to move apart, 
independently, as they are no longer constrained by I’ projection. So in 
fact, we have (as many as *) |I| independent branes, which therefore have 
the interpretation as a fraction of the full brane. None of these individual 
fractional branes can move off. They have charges under the twisted sector 
R-R fields. Twisted sector strings have no zero mode, as we have seen, 
and so cannot propagate. 

For an arbitrary number of these fractional branes (and there is no 
reason not to consider any number that we want) a full |[| of them must 
come together to form a closed orbit of I’, in order for them to move off 
onto the Higgs branch as one single brane. ‘This fits with the pattern of 
hypermultiplets and subsequent Higgs-ing which can take place. ‘There 
simply are not the hypermultiplets in the model corresponding to the 
movement of an individual fractional brane off the fixed point, and so they 


are ‘frozen’ there, while they can move within it!®?, in the x7, z3, x4, x° 
directions. 


13.2.2. Wrapped branes 


Notice that when the ALE space is blown-up, we don’t see the fractional 
branes. The fancy language often used at this point is that the Coulomb 
branch is ‘lifted’, which is to say it is no longer a branch of degenerate 
vacua whose existence is protected by supersymmetry. While it is possible 
to blow-up the point with the separated fractional branes, it is not a 
supersymmetric operation. We shall see why presently. First, let us set up 
the geometry of this description. 

As we have already mentioned, each node (except for the extended 
one) in a Dynkin diagram corresponds to a CP! which can be blown-up 
in the smooth geometry. This is in fact a cycle on which a D3-brane can be 
wrapped in order to make a D1-brane on RË. For the Ay_1-series, where 


“In the D and E cases, some of the branes are in clumps of size n (according to the 
nodes in figure 13.2) and carry non-Abelian U(n). 
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things are simple, there are N — 1 such cycles, giving that many different 
species of D1-brane. This matches with the picture of the previous section, 
and extends to the whole A-D-E case, since I is the number of CP's. 

Where exactly is this CP! in the metric (13.14)? Notice that the 4a 
periodic variable z, while actually a circle, has a radius that depends 
upon the prefactor V~', which varies with y in a way that is set by 
the parameters (‘centres’) y;. When y = y;, the z-circle shrinks to zero 
size. There is a CP! between successive y;s, which is the minimal surface 
made up of the locus of z-circles which start out at zero size, grow to 
some maximum value, and then shrink again to zero size, where a CP! 
then begins again as the neighbouring cycle, having intersected with the 
previous one in a point. The straight line connecting this will give the 
smallest cycle, and so the area is 4n|y; — y;| for the CP! connecting 
centres y;,;. See figure 13.3. This is just like the case of wrapping a closed 
string on a circle, as we saw in chapter 4. Winding number is conserved. 
We saw that even if the circle shrinks away to zero size, the string cannot 
be pulled off. We worked in T-dual variables and saw that the winding 
survives as a conserved momentum. Similarly, a closed brane wrapped on 
a cycle is stuck there, even if the cycle shrinks away. If we don’t use some 
sort of dual description using a large cycle, we need to find a remnant of 
the wrapped brane after the cycle has shrunk away completely. 

Perhaps this is responsible for the fractional brane description. Let us 
get it to work for a single cycle!®” 201 (crucially, we need to get rid of the 


Ry ) y yy 


Fig. 13.3. The circles fibred above the RÌ in which lies the centres of the 
ALE space metric. The collapsing of the circles above the centres results 


in a network of CP! cycles. Their possible intersections are isomorphic to 
the A-D-E Dynkin diagrams. 
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total D3-brane charge), and the entire A-D-E series of ALE spaces will 
follow from what we’ve already said. 

Imagine??? a D3-brane with some non-zero amount of B+ 2a’ F on its 
world-volume. Recall that this corresponds to some D1-brane dissolved 
into the worldvolume. We deduced this from T-duality in sections 5.2.1 
and 9.1. (We did it with pure F, but we can always gauge in some B.) 
Since we need a total D3-brane charge of zero in our final solution, let us 
also consider a D3-brane with opposite charge, and with some non-zero 
B+2mna'F on its world-volume. We write F to distinguish it from the F 
on the other brane’s worldvolume, but the Bs are the same, since this is 
a spacetime background field. So we have a worldvolume interaction: 


13 [c® C® A {(B + 2na'F) —(B+2na'F)}, (13.23) 


where we are keeping the terms separate for clarity. Our net D3-brane 
charge is zero. Now let us choose 2ra'( fs F — F) = ui/pu3, and ®g = 
(3/11) Js B = 1/2 for some two dimensional spatial subspace X of the 
three-volume. (Note that ®g ~ ®g+1.) This gives a net D1-brane charge 
of 1/2 + 1/2 = 1. The two halves shall be our fractional branes. Right 
now, they are totally delocalised in the world-volume of the D3-anti D3 
system. We can make the D1s more localised by identifying © (the parts 
of the three-volume where B and F are non-zero) with the CP! of the 
ALE space. The smaller the CP! is, the more localised the Dis are. In 
the limit where it shrinks away we have the orbifold fixed point geometry. 
(Note that we still have ®g = 1/2 on the shrunken cycle. Happily, this is 
just the value needed to be present for a sensible conformal field theory 
description of the orbifold sector®’, described for example in section 7.6). 

Once the D1s are completely localised in z, x’, x8, x? from the shrink- 
ing away of the CPt, then they are free to move supersymmetrically in 
the x’, x3, xt, x5 directions. This should be familiar as the general facts 
we uncovered in chapter 11 about the Dp-D(p+ 2) bound state system: 
if the D(p + 2) is extended, the Dp cannot move out of it and preserve 
supersymmetry. This is also T-dual to a single brane at an angle and we 
shall see this next. 


13.3 Wrapped, fractional and stretched branes 


There is yet another useful way of thinking of all the of the above physics, 
and even more aspects of it will become manifest here. It requires ex- 
ploring a duality to another picture altogether. This duality is a T- 
duality, although since it is a non-trivial background that is involved, 
we should be careful. It is best trusted at low energy, as we cannot be 
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sure that the string theories are completely dual at all mass levels without 
further analysis. We will study only the massless fields, so we should prob- 
ably claim only that the backgrounds give the same low energy physics. 
Nevertheless, once we arrive at our dual, we can forget about where it 
came from and study it directly in its own right. Recent work, using exten- 
sions of the techniques of this chapter, has directly proven the duality 34. 


13.8.1 NS65-branes from ALE spaces 


Up to a change of variables, in the supergravity background (13.14), y 
can be taken to be the vector y = (x',2°,x°) while we will take zê to 
be our periodic coordinate z. (There are some dimensionful parameters 
which were left out of the derivation of (13.14), for clarity, and we shall 
put them in by hand, and try to fix the pure numbers with T-duality.) 
Then, using the T-duality rules (5.4) we can arrive at another back- 
ground (note that we have adjoined the flat transverse spacetime Rê to 


make a ten dimensional solution, and restored an a’ for dimensions): 


5 
ds? = —dt? + Ss da™dx™ + V(y)(dx°dx® + dy - dy) 


et =Viy)= > 


which is also a ten dimensional solution if taken with a non-trivial back- 
ground field?®3: 204 Hans = Emns Or®, which defines the potential Bei 
(i = 7,8,9) as a vector A; that satisfies VV = Vx A. Non-zero Bg; arose 
because the T-dual solution had non-zero Gei. 

In fact, this is not quite the solution we are looking for. What we 
have arrived at is a solution which is independent of the xê direction. 
This is necessary if we are to use the operation (5.4). In fact, we expect 
that the full solution we seek has some structure in zf, since translation 
invariance is certainly broken there. This is because the «°-circle of the 
ALE space has N places where something special happens to the winding 
states, since the circle shrinks away there. So we expect that the same 
must be true for momentum in the dual situation??°. A simple guess for 
a solution which is localised completely in the x°, x’, z8, x° directions is 
to simply ask that it be harmonic there. We simply take x = (x°, y) to 
mean a position in the full R*, and replace V(y) by: 


— (13.24) 


We have done a bit more than just delocalised. By adding the 1 we have 
endowed the solution with an asymptotically flat region. However, adding 
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ye 


(b) 


Fig. 13.4. (a) This configuration of two NS5-branes on a circle with D2- 
branes stretched between them is dual to a D1-brane probing an A; ALE 
space. (b) The Coulomb branch where the D2-brane splits into two ‘frac- 
tional branes’. 


the 1 is consistent with V(x) being harmonic in x°, x’, x8, x°, and so it is 
still a solution. 

The solution we have just uncovered is made up of a chain of N objects 
which are pointlike in Rt and magnetic sources of the NS—NS potential 
Bv. They are in fact the ‘NS55-branes’ we discovered by various arguments 
in chapter 12, with the result (12.8). Here, the NS5-branes are arranged 
in a circle on zô, and distributed on the rest of Rt according to the centres 
Xi, 1 =0,..., N —1. 


13.3.2 Dual realisations of quivers 


Recall that we had a D1-brane lying along the zt direction, probing the 
ALE space. By the rules of T-duality on a D-brane, it becomes a D2-brane 
probing the space, with the extra leg of the D2-brane extended along the 
compact x° direction. The D2-brane penetrates the two NS5-branes as it 
winds around once. The point at which it passes through an NS5-brane 
is given by four numbers x; for the ith brane. The intersection point can 
be located anywhere within the fivebrane’s worldvolume in the directions 
x’, £’, x4, x5. (See figure 13.4 (a).) 

In the table below, we show the extension of the D2 in the zê direction 
as a | — | to indicate that it may be of finite extent, if it were ending on 
an NS5-brane. 
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This arrangement, with the branes lying in the directions which we have 
described, preserves the same eight supercharges we discussed before. 
Starting with the 32 supercharges of the type IIA supersymmetry, the 
NS5-branes break a half, and the D2-brane breaks half again. The infi- 
nite part of the probe, an effective one-brane (string), has a U(1) on its 
worldvolume, and its tension is u = 27fj19, where £ is the as yet unspeci- 
fied length of the new x° direction. However, just as in the discussion in 
section 10.4, we may consider different values of £ if we allow ourselves to 
consider different densities of branes in the dual picture. Let us focus on 
N = 2. If the two fivebranes (with positions x1, x2; we can set Xo to zero) 
are located at the same y = (x", x8, x”) position, then the D2-brane can 
break into two segments, giving a U(1) x U(1) (one from each segment) 
on the one-brane part stretched in the infinite x! direction. The two seg- 
ments can move independently within the NS5-brane worldvolume, while 
still remaining parallel, preserving supersymmetry. 


N.B. It makes sense that the D2-brane can end on an NS5-brane, 
as already discussed in section 12.6.2. There is a 2-form potential in 


the world-volume for which the string-like end can act as an electric 
source. 


This is the precise analogue of the Coulomb branch of the D1-brane 
probing the ALE space that we saw earlier. The hypermultiplets of the 
U(1) x U(1) theory are made here by stretching fundamental strings 
across the NS5-branes in z? to make a connection between the D-brane 
segments?°°. The three differences yı — y2 are the T-dual of the NS-NS 
parameters representing the size and orientation of the ALE space’s CPt. 
The x° separation of the NS5-branes is dual to the flux 27/®p. This is 
the length of one segment while 27@(1 — p) is the length of the other. 
(Note that the symmetry ®g ~ ®g + 1 is preserved, as it just swaps the 
segments.) Notice also that there is an interesting duality between the 
quiver diagram and the arrangement of branes in the dual picture. (See 
figure 13.5.) 

The original setup had the lengths equal, but we can change them at 
will, and this is dual to changing ®p. There is the possibility of one of 
the lengths becoming zero. The NS-branes become coincident, and at the 
same time a fractional brane becomes a tensionless string, and we get an 
A, enhancement of the gauge symmetry carried by the two-form potential 
which lives on the type ILA NS5-brane!®°. If we had D1-branes stretched 
between NS5s in type IIB instead, we would get massless particles, and 
an enhanced SU(2) gauge symmetry. 
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Fig. 13.5. There is a duality between the extended Dynkin diagram which 
gives the probe gauge theory and the diagram representing D-branes 
stretched between NS5-branes. The nodes in one are replaced by links 
in the other. In particular, the number inside the Dynkin nodes become 
the number of D-branes in the links in the dual diagram. The hyper- 
multiplets associated with links in the Dynkin diagram arise from strings 
connecting the D-brane fragment ending on one side of an N$5-brane with 
the fragment on the other. 


N.B. This fits nicely with the discovery we made in insert 7.5 that 
the type IIA string on K3 was dual to the heterotic string on T4. 
There are indeed enhanced gauge symmetries on the type IIA side 
as well. They are not visible in the usual conformal field theory ap- 


proach because there the flux ®p is non-zero and fixed. But now 
we see that if it is tuned to zero, we can then get the enhanced 
A-D-E symmetries!°!, corresponding to wrapped D2-branes becom- 
ing shrunk to zero size with no remaining flux, or D1-brane segments 
shrinking to zero length. 


If the segments are separated, and thus attached to the NS5-branes, 
then when we move the NS5-branes out to different «’®? positions, the 
segments must tilt in order to remain stretched between the two branes. 
They will therefore be oriented differently from each other and will break 
supersymmetry. This is how the Coulomb branch is ‘lifted’ in this lan- 
guage. (See figure 13.6(c).) A segment at an orientation gives a contri- 
bution \/(27/®p)* + (y1 — y2)? to the D1-brane’s tension. This formula 
should be familiar: it is of the form for the more general formula for a D1- 
D3 bound state (see section 11.2), to which this tilted D2-brane segment 
is T-dual. 

For supersymmetric vacua to be recovered when the NS5-brane are 
moved to different positions (the dual of smoothing the ALE space) the 
branes segments must first rejoin with the other (Higgs-ing), giving the 
single D-brane. Then it need not move with the NS5-branes as they sep- 
arate in y, and can preserve supersymmetry by remaining stretched as 
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a single component. (See figure 13.6(d).) Its y position and an z? Wil- 
son line constitute the Higgs branch parameters. Evidently the metric on 
these Higgs branch parameters is that of an ALE space, since the 1+1 
dimensional gauge theory is the same as the discussion in section 13.1, 
and hence the moduli spaces match. It is worth sharpening this into a 
field theory proof of the low energy validity of the T-duality, but we will 
not do that here. 

It is worth noting here that once we have uncovered the existence of 
fractional D-branes with a modulus for their separation, there is no reason 
why we cannot separate them infinitely far from each other and consider 
them in their own right. We also have the right to take a limit where 
we focus on just one segment with a finite separation between two NS5- 
branes, but with a non-compact x? direction. This is achievable from what 
we started with here by sending ®p — 0, but changing to scaled variables 
in which there is still a finite separation, and hence a finite gauge coupling 
on the brane segment in question. (U-duality will then give us various 
species of branes ending on branes which we will discuss later.) 

Fractional branes, and their duals the stretched brane segments, are 
useful objects since they are less mobile than a complete D-brane, in that 


(a) (b) 


(c) (d) 

Fig. 13.6. Possible deformations of the brane arrangements, and their 
gauge theory interpretation. (a) The configuration dual to the standard 
orbifold limit with the traditional ‘half unit’ of B-flux. (b) Varying the 
distribution of B-flux between segments. Sending it to zero will make the 
NS5-brane coincide and give an enhanced gauge symmetry. (c) Switching 
on a deformation parameter (an FI term in gauge theory) ‘lifts’ the 
Coulomb branch: if there are separated D-brane fragments, supersym- 
metry cannot be retained. (d) First Higgs-ing to make a complete brane 
allows smooth movement onto the supersymmetric Higgs branch. 
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they cannot move in some directions. One use of this is the study of 
gauge theory on branes with a reduced number of supersymmetries and a 
reduced number of charged hypermultiplets à Ja Hanany—Witten,?0> 212. 
This has many applications?!’, some of which we will consider later. 


13.4 D-branes as instantons 


Consider a DO-brane and N coincident D4-branes. There is a U(1) on 
the DO and U(N) on the D4’s, which we shall take to be extended in the 


x, x", x8, x directions. The potential terms in the action are 


1 3 
ao Di Xa — Ya) eer Pa yiri yi). (13.26) 
Here a runs over the dimensions transverse to the D4-brane, and Xa and 
Ya are respectively the D0-brane and D4-brane positions, and for now we 
ignore the position of the DO-brane within the D4-branes’ world-volume. 
This is the same action as in the earlier case (11.7), but here the D4-branes 
have infinite volume and so their D-term drops out relative to that of the 
D0-brane. We have also written the 0—4 hypermultiplet field y with a D4- 
brane index i. (The SU(2)p index is suppressed.) The potential (13.26) 
is exact on grounds of N =2 supersymmetry. The first term is the NV =2 
coupling between the hypermultiplets y and the vector multiplet scalars 
X, Y. The second is the U(1) D-term. 

For N > 1 there are two branches of moduli space, in direct analogy 
with the ALE case. The Coulomb branch is (X # Y, x = 0), which is 
simply the position of the DO-brane transverse to the D4-branes. There 
is a mass for x and so its vev is zero. The Higgs branch (X = Y, x #0) 
represents the physics of the DO-brane being stuck on the world-volume 
of the D4-branes. The non-zero vev of y Higgses away the U(1) and some 
of the U(N). 

Let us count the dimension of moduli space. There are 4N real de- 
grees of freedom in y. The vanishing of the U(1) D-term imposes three 
constraints, and moding by the (broken) U(1) removes another degree 
of freedom leaving 4N — 4. There are four moduli for the position of the 
DO-brane inside the the D4-branes, giving a total of 4N moduli. This is in 
fact the correct dimension of moduli space for an SU(N) instanton when 
we do not mod out also the SU(N) identifications. For k instantons this 
dimension becomes 4Nk. 

Another clue that the Higgs branch describes the DO-brane as a D4- 
brane gauge theory instanton is the fact that the Ramond—Ramond cou- 
plings include a term u4Ca) A Tr(FAF). As shown in section 9.2, when 
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6 
(a) (b) 

Fig. 13.7. Instantons and the Dp-D(p + 4) system. (a) The Coulomb 

branch of the Dp-brane theory represents a pointlike brane away from 

the D(p + 4)-brane. (b) The Higgs branch corresponds to it being stuck 

inside the D(p+4)-brane as a finite sized instanton of the D(p+4)-brane’s 

gauge theory. 


there is an instanton on the D4-brane it carries D0-brane charge. The 
position of the instanton is given by the 0-0 fields, while the 0—4 fields 
should give the size and shape (see figure 13.7). 


13.4.1 Seeing the instanton with a probe 


Actually, we can really see the resulting instanton gauge fields by using a 
D-brane as a probe. We will use a D9-D5 systemt®® instead of D4-D0, and 
so we won’t have the Coulomb branch, since D9-branes fill all of spacetime, 
and so the D5-branes cannot move out of them. We will us a D1-brane 
to probe the D9-D5 system!**. It breaks half of the supersymmetries left 
over from the 9-5 system, leaving four supercharges overall. The effective 
1+1 dimensional theory is (0, 4) supersymmetric and is made of 1-1 fields, 
which has two classes of hypermulitplets. One represents the motions of 
the probe transverse to the D5, and the other parallel. The 1-5 and 1-9 
fields are also hypermultiplets, while the 9-5 and 5-5 fields are parameters 
in the model. 

In what follows, we shall borrow a lot of the notation of the original 
papers on the subject! 184, Let us place the D5-branes such that they 
are pointlike in the 7°, x’, x8, x? directions. The D1-brane probe will lie 
along the x! direction, as usual. 
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This arrangement of branes breaks the Lorentz group up as follows: 
SOC, 9) D SOC, 1)o1 x S'O(4)2345 x SO(4)6789, (13.27) 


where the subscripts denote the sub-spacetimes in which the surviving 
factors act. We may label??” 184 the world-sheet fields according to how 
they transform under the covering group: 


[SU (2)! x SU(2) lasas x [SU (2) zp x SU(2)z]ors0, (13.28) 


with doublet indices (A’, A’, A, Y), respectively. 

The analysis that we did for the D1-brane probe in the type I string 
theory in section 12.2 still applies, but there are some new details. Now 
€_ is further decomposed into ¿t and €2, where superscripts 1 and 2 
denote the decomposition into the (2345) sector and the (6789) sector, 
respectively. So we have that the fermion é} (hereafter called 74’) is 
the right-moving superpartner of the four component scalar field b^ A 
while £2 (called pry) is the right-moving superpartner of b4”. The su- 
persymmetry transformations are: 


bA A’ = ieapn 4 BA’ 
bY = iey pni” BY (13.29) 


In the 1-5 sector, there are four DN coordinates, and four DD coordi- 
nates giving the NS sector a zero point energy of zero, with excitations 
coming from integer modes in the 2345 directions, giving a four component 
boson. The R sector also has zero point energy of zero, with excitations 
coming from the 6789 directions, giving a four component fermion y. 

The GSO projections in either sector reduce us to two bosonic states d^ 
and decomposes the spinor x into left- and right- moving two component 
spinors, x4 and y% Jo respectively. We see that y4 is the right-moving 
superpartner of p^. Taking into account the fact that there is a D5- 
brane index for these fields, we can display the components (6 m, Am) 
which are related by supersymmetry: 


p4 ™ = iceapni A Bm (13.30) 


and the (0,4) supersymmetry parameter is denoted by na, Here, m is 
a D5-brane group theory index. Also, xi has components xi”. 

The supersymmetry transformation relating them to the left-moving 
fields are: 


SAM = nf OM 


bx = AA OYN, (13.31) 
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where Ch and CY 44 Shall be determined shortly. They will be made of 
the bosonic 1-1 fields and other background couplings built out of the 
5-5 and 5-9 fields. 

The 5-5 and 5-9 couplings descend from the fields in the D9—D5 sector. 
There are some details of those fields which are peculiarities of the fact 
that we are in type I string theory. First, the gauge symmetry on the 
D9-branes is SO(32). Also, for k coincident D5-branes, there is a gauge 
symmetry USp(2k)'°°, since there is an extra —1 in the action of Q on 
D5-brane fields, as explained already!** in section 8.7. The 5-5 sector 
hypermultiplet scalars (fluctuations in the transverse x°"* directions) 
transform in the antisymmetric of USp(2k), which we call XŻY , matching 
the notation in the literature!$*+. Meanwhile, the 5-9 sector produces a 
(2k, 32), denoted h4”, with m and M as in D5- and D9-brane labels. 

Using the form of the transformations (13.31) allows us to write the 
non-trivial part of the (0,4) supersymmetric 1+1 dimensional Lagrangian 
containing the ‘Yukawa’ couplings and the potential of the (0,4) model: 


1 acm ; , ; , 8CM , on 
Liot = Lkinetic — ; | o AM (er Be BY 4 BP ggm B ) 


acy , OCR 
BDĪČBB' YB'Y 4 ¿B'D' UBB’ Bm 
+x” (« DbPY ðP mX- ) 


/ / 
AB EAB ( 


1 
+56 (13.32) 


Ch Ci + CANCEB) |. 


This is the most general?" (0, 4) supersymmetric Lagrangian with these 
types of multiplets, providing that the C satisfy the D-flatness condition: 


CH Ce, + Chica + CM Cx + CEEOL — 0, (13.33) 


where Lkinetic contains the usual kinetic terms for all of the fields. Notice 
that the fields b44 and 4" are free. 

Now equation (13.32) might appear somewhat daunting, but is in fact 
mostly notation. The trick is to note that general considerations can allow 
us to fix what sort of things can appear in the matrices Caa. The distance 
between the D1-brane and the D5-branes should set the mass of the 1-5 
fields, 64’ and its fermionic partners 14”, xi”. So there should be terms 
of the form: 


Pup (XAY — AY mn), AMY (XAY — b^Y ômn), (13.34) 


where the term in brackets is the unique translation invariant combination 
of the appropriate 1-1 and 5-5 fields. There are also 1-5-9 couplings, 
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which would be induced by couplings between 1-9, 1-5 and 5-9 fields, in 
the form AM xå _ hy. 

In fact, the required C's which satisfy the requirements (13.33) and give 
us the coupling which we expect are!**. 


CHa — h% "ha m 
CAN = PA (Xin — bhdr). (13.35) 


The (0, 4) D-flatness conditions (13.33) translate directly into a series of 
equations for the D5-brane hypermultiplets to act as data specifying an 
instanton via the ‘ADHM description’?®®. The crucial point is?°’ that the 
vacua of the sigma model gives a space of solutions which is isomorphic 
to those of ADHM. 

One can see that one has the right number of parameters as follows: 
The potential is of the form V = ¢?((X — b)? + h?). So the term in 
brackets acts as a mass term for ¢. The potential vanishes for ¢ = 0, 
leaving this space of vacua to be parametrised by X and A, with b giving 
the position of the D1-brane in the four transverse directions. Let us write 
X4Y-=(X^4Y —b4Y) as the centre of mass field. 

Notice that for these vacua (¢@ = 0), the Yukawa couplings are of the 
form )o, A4 B4 pX” where BY, = C4 p/OPB'm, and the index a is 
the set (M, Y, m). There are 4k fermions in y_ and so this pairs with 4k 
fermions in the set A% = (x¥™,AM), leaving a subspace of 32 massless 
modes describing the non-trivial gauge bundle. 

The idea is to write the low energy sigma model action for these massless 
fields. This is done as follows: a basis of massless components is given 
by v? (i = 1,...,32) defined by >>, v}.B4,, = 0, and we choose it to be 


orthonormal: )/, vj; = dij. The basis vř depends on X. So substituting 


A4 = UN into the kinetic energy gives?”": 
ALO AS = pe (5559 + OX" Ay. ij) ay} (13.36) 
(2% 
where 
ovi 


Anij = ÁBY,ij = dv Ae BY (13.37) 


we have used the x°, x", x®, x® spacetime index u on our 1-1 field XBY 
instead of the indices (B, Y), for clarity. 

So we see that the second term in (13.36) shows the sigma model cou- 
plings of the fermions to a background gauge field A,,. Since we have 
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generically 
Bim: (XAY nN), (13.38) 


the orthonormal basis v is 


hm -X4 
[$2472 1/824 2 | 


and from (13.37), it is clear that the background gauge field is indeed of 
the form of an instanton: the 5-9 field h indeed sets the scale size of the 
instanton, and the 5-5 field X sets its position. 


(13.39) 


13.4.2 Small instantons 


Notice that this model gives a meaning to the instanton when its size, 
set by h, drops to zero!*°. This limit of the instanton is simply singu- 
lar in field theory. Here we see that the size is just the vev of a 9-5 
field, for which zero is a perfectly fine value. Generically, in the Dp-D 
(p+4) description, zero scale size is the place where the Higgs branch joins 
onto the Coulomb branch representing the Dp-brane becoming pointlike 
(getting an enhanced gauge symmetry on its world-volume), and moves 
out of the world-volume of the parent brane. (For p = 5 this branch is 
not present, but the connection is clear via 'T-duality. ) 

This supplies a method for making rather different sorts of gauge group 
for the heterotic or type I string theory, beyond the perturbative SO(32) 
that we are used tot. The inclusion of k type I D5-branes allows for 
additional SU(2)" if they are all separated, or if m are coincident, a 
U Sp(2m) x SU(2)*—™, as we have seen in section 8.7. In a compact model, 
the number, k, of D5-branes is restricted by Gauss’s law, and we shall see 
some examples of this in chapter 14. On the heterotic side, we see that this 
origin of the gauge group is not visible in any perturbative description, 
and so the description is best done at strong coupling, in terms of type I 
strings with D5-branes. 

Recall from section 12.5 that the chain of dualities involving T-duality 
between the heterotic strings and type I/heterotic duality leads to the 
picture of the strongly coupled Eg x Eg heterotic string as eleven di- 
mensional supergravity on a line interval. The same reasoning leads to 
a picture of small instantons in that case too**!. They are simply M5- 
branes in a special situation. An ordinary instanton would be embedded 
in one or other Eg, and this corresponds to the M5-brane being located 
at one or other end of the interval. In the intermediate picture denoted 
in figure 12.4, there is a D4-brane which lives inside the worldvolume of 
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the eight D&-branes located at the O8-plane, at one end or the other. 
The 4-8 strings can take vevs and allow them to fatten up into fully 
fledged instantons of the SO(16) which will be enhanced with the spinor 
representation become the Eg as they become M5-branes when the extra 
dimension opens up. Setting the 4-8 strings’ vev (vacuum expectation 
value) to zero allows them to give vevs to the 4—4 strings which can move 
them away from the ends of the interval into the interior. In the fully 
eleven dimensional picture, this is the M5-brane moving into the interior. 
The Eg x Eg is restored, but there is something extra from the M5-brane, 
just as in the SO(32) case there was something extra from the D5-branes. 
In this case, it is not an extra N = 2 six dimensional vector multiplet, 
(2,2) + 4(1,1) giving extra gauge symmetry, but an extra N = 2 tensor 
multiplet, (3,1) + 5(1,1). Even after the return to the weakly coupled 
Eg x Eg string by shrinking the interval, this structure remains as the 
result of shrinking an Eg instanton to zero size. 

This is a rather nice result, for many reasons. One is that we see that 
the number of scalars in the multiplet reflect the fact that the brane (and 
hence the instanton) indeed has an eleven dimensional origin, representing 
its strongly coupled roots even after the return to the weakly coupled 
heterotic string. The other is that the intermediate picture in type IA 
allows us to use the result that upon dimensional reduction from six to 
five dimensions (which happens to the SO(32) D5-brane on its way to 
becoming an M5-brane), a vector multiplet and a tensor multiplet both 
reduce to the same multiplet (a vector), and so it is possible to make 
transitions between these multiplets by making a dimension compact and 
then decompactifying one afterwards**!. 


13.5 D-branes as monopoles 


Consider the case of a pair of parallel D3-branes, extended in the direc- 
tions x, x7, xz’, and separated by a distance L in the zê direction. Let us 
now stretch a family of k parallel Dl-branes along the zê direction, and 
have them end on the D3-branes. (This is U-dual to the case of D2-branes 
ending on N$5-branes, as stated earlier in section 13.3.) Let us call the 
xê direction s, and place the D3-branes symmetrically about the origin, 


choosing our units such that they are at s = +1. 


13.5 D-branes as monopoles 307 


This configuration preserves eight supercharges, as can be seen from our 
previous discussion of fractional branes. Also, a T'g-duality yields a pair 
of D4-branes (with a Wilson line) in x, x*, x3, 2° with k (fractional) DO- 
branes. (We naively expect that this construction should be related to 
our previous discussion of instantons, but instead of on R*, they are on 
RÌ x St.) We can see it directly from the fact that the presence of the 
D3- and D1-branes world-volumes place the following constraints on the 
available supercharges: 


eL = IOTH T eg; ey = IOT" eR, (13.40) 


which taken together give eight supercharges, satisfying the condition 
eL = PT TST’ eL. (13.41) 


The 1-1 massless fields are simply the (1+1)-dimensional gauge field 
A” (t, s) and eight scalars #™ (t, s) in the adjoint of U (k), the latter rep- 
resenting the transverse fluctuations of the branes. There are fluctuations 
in x',x7,x° and others in z4, x3, x’, x°,x?. We shall really only be in- 
terested in the motions of the D1-brane within the D3-brane’s directions 
x! x*,x°, which is the Coulomb branch of the Dl-brane moduli space. So 
of the ®’”, we keep only the three for m = 1, 2,3. There are additionally 
1-3 fields transforming in the (+1, k). They form a complex doublet of 
SU(2)p and are 1 x k matrices. Crucially, these flavour fields are massless 
only at s = +1, the locations where the D1-branes touch the D3-branes. If 
we were to write a Lagrangian for the massless fields, there will be a delta 
function 6(s F 1) in front of terms containing those. The structure of the 
Lagrangian is very similar to the one written for the p — (p+ 4) system, 
with the additional features of U (k) non-Abelian structure. Asking that 


the D-terms vanish, for a supersymmetric vacuum, we get:709 
db" 
ds 
where we have ignored possible terms on the right hand side supported 
only at s = +1. These would arise from the interactions induced by mass- 
less 1-3 fields there?!?. We shall derive those effects in another way by 
carefully considering the boundary conditions in a short while. 

If we choose the gauge in which As = 0, our equation (13.42) can 
be recognised as the Nahm equations*!®, known to construct the mod- 
uli space?!® of N SU(2) monopoles, via an adaptation of the ADHM 
construction’. The covariant form A; Æ 0, is useful for actually solv- 
ing for the metric on the moduli space of monopole solutions and for the 
spacetime monopole fields themselves, as we shall show?!!. 


1 .. . 
— |As, $] + 567 D, *] = 0, (13.42) 
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If our k D1-branes were reasonably well separated, we would imag- 
ine that the boundary condition at s = +1 is clearly 27a’®"(s = 1)) = 
diag{zxý, x$, ..., x4}, where z$, i = 1,2,3 are the three coordinates of the 
end of the nth D1-brane (similarly for the other end). In other words, the 
off-diagonal fields corresponding to the 1-1 strings stretching between the 
individual D1-branes are heavy, and therefore lie outside the description of 
the massless fields. However, this is not quite right. In fact, it is very badly 
wrong. To see this, note that the D1-branes have tension, and therefore 
must be pulling on the D3-brane, deforming its shape somewhat. In fact, 
the shape must be given, to a good approximation, by the following de- 
scription. The function s(x) describing the position of the D3-brane along 
the zê direction as a function of the three coordinates x’ should satisfy 
the equation V’s(x) = 0, where V? is the three dimensional Laplacian. 
A solution to this is 


C 


s=1+ (13.43) 


Ix — xol’ 
where 1 is the position along the s direction and c and Xg are constants. 
So, far away from xo, we see that the solution is s = 1, telling us that we 
have a description of a flat D3-brane. Nearer to xo, we see that s increases 
away from 0, and eventually blows up at xo. 

We sketch this shape in figure 13.8(b). It is again our Blon-type solu- 
tion, described before in section 5.7. The D3-brane smoothly interpolates 
between a pure D1-brane geometry far away and a spiked shape resem- 
bling D1-brane behaviour at the centre. A multi-centred solution is easy 
to construct as a superposition of harmonic solutions of the above type. 


yi (a) (b) | (c) 


S 


Fig. 13.8. (a) A D3-brane (vertical) with a Dl-brane ending on it 
(horizontal) is actually pulled (b) into a smooth interpolating shape. 
(c) Finitely separated D1-branes can only be described with non- 
commutative coordinates (see text) 
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Considering two of them, we see that in fact for any finite separation of 
the D1-branes (as measured far enough along the s-direction), by time 
we get to s = 1, they will be arbitrarily close to each other (see figure 
13.8(b)). We therefore cannot forget?!’ about the off-diagonal parts of ®? 
corresponding to 1-1 strings stretching between the branes, and in fact 
we are forced to describe the geometry of the branes’ endpoints on the 
D3-brane using non-Abelian 6’. This is another example of the ‘natural’ 
occurrence of a non-commutativity arising in what we would have naively 
interpreted as ordinary spacetime coordinates. 

We can see precisely what the boundary conditions must be, since we 
are simply asking that there be a pole in ®"(s) as s — +1: 


sv 


p’ — 
(s) > stl’ 


(13.44) 


and placing this into (13.42), we see that the kxk residues must satisfy 
[Et EÍ] = ied”. (13.45) 


In other words, they must form a k-dimensional representations of SU (2) 
(in an unusual normalisation). This representation must be irreducible, 
as we have seen. Otherwise it necessarily captures only the physics of m 
infinitely separated clumps of D1-branes, for the case where the represen- 
tation is reducible into m smaller irreducible representations. 


13.5.1 Adjoint Higgs and monopoles 


The problem we have constructed is that of k monopoles?!* 215 of SU(2) 
spontaneously broken to U(1) via an adjoint Higgs field?!” H = H%t*. 
Ignoring the centre of mass of the D3-brane pair, this SU(2) is on their 
world-volume, and the separation is set by the vacuum expectation value 
(vev), VH*H®? = h of the Higgs field. In our problem, we have (27a’)h = 
L/2, where L is the separation of our D3-branes, where we label the 
positions of the branes with Lo3/2, with a factor of 27a" to convert the 
Higgs field to a length, as we have done before. 

Generically, such a model is given by the following effective Lagrangian: 


1 1 
L = —3Tr(Fu F") — 5 Tr(D, HD" H) — V(H), (13.46) 
Fiy = Oy Ay — OV Ay + €[Ay, Av], D,H = 0,4 + e[A,, H], 


where H is valued in the adjoint of the gauge group, and there is the 
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usual gauge invariance (g(x) € SU(2)): 


A, g Ang +g tag; H —g`'Hg. (13.47) 


N.B. Note that we have put explicitly a coupling e into the model so 
that we can see how the physics depends on it. Our usual conventions 


do not have that coupling there, but this is for convenience. We will 
remove it at a later juncture. 


The potential V is taken to be positive (but see later), and a typical choice 
is V ~ A(Tr(H - H)/2— h?). We can imagine a non-zero vev for H which 
breaks the SU (2) to U(1), such as H = hos, or, in an SO(3) language, 
H = (0,0, h). The U(1) left over is the o3 generator, or just a rotation 
about the x? axis. Notice that the family of values of H which minimise 
V form an S° of radius h, each point on the S? being equivalent, as they 
can be reached by an SU(2) rotation from any other point. This S° is the 
coset space SU(2)/U(1). 

More interestingly, we shall seek static solutions with configurations of 
H and A which have non-trivial dependence on the spatial coordinate 
x = (x1, £2, £3). Let us work in a gauge in which Ag = 0, and seek static 
configurations of finite energy. The Lagrangian reduces to a potential 
energy density: 


1 =] l 

L = —E = high — g PiH DH — V(H° H°). (13.48) 
Each term, being positive define, must give a finite value as the result 
for integrating it over all space. In particular, V requires us to have that 
H approaches a constant value, h at infinity. We can think of the choice 
of H(x) at infinity as a map from the sphere at infinity to the vacuum 
manifold. This map can in fact wind the S? of H-vacua around the S$? at 
infinity k times, where k is an integer. (The fancy way of saying this is that 
mə(SU(2)/U(1)) = Z.) This will give a stable solution whose magnetic 
charge will turn out to be a fixed number times k. 

A standard choice for k = 1 is that of ’t Hooft and Polyakov?4 
Ly x 
as r— œ, H; — h-z and Aai — Eaij g> (13.49) 


2 


where r? = z? + x2 + x2. To seek lowest energy configurations, a spherical 


ansatz 


nw 


H= ĉioihF (r); Aai = caij G(r), (13.50) 
T 
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where finite energy requires that F'(r) and G(r) tend to unity as r — œ 
and F’(r) — 0 in the limit. 
The gauge field strength can then be seen to go at infinity as 


EijktkTa 


Faij = 7 


If we pick a gauge where the unbroken U (1) is in the three-direction, we 
see that, since the magnetic field vector is 


1 
B; = zE EF 


the magnetic charge is given by 


1 1 
= — BidS; = — 13.51 
g An J, idSi o’ ( ) 


which fixes the relation between the magnetic charge and the winding 
solution. It is possible to show that higher winding, which is a topological 
invariant, will simply give integers times 1/e, but we will not do that here, 
and refer the reader instead to the literature. 

A special class of solutions to this model are the Bogomol’nyi—Prasad- 
Summerfeld solutions®! °*, which have the smallest energy that such a 
solution can posses, the lower bound being set by the magnetic charge 
and the potential V. In supersymmetric cases, V actually vanishes, and 
we recover the familiar situation which we have been seeing all through 
this book, which is a supersymmetric solution whose mass is essentially 
equal to its charge (in appropriate units). See insert 13.1 for a discussion. 


13.5.2. BPS monopole solution from Nahm data 


In fact, we can construct the Higgs field and gauge field of BPS monopole 
solutions of the 3+1 dimensional gauge theory directly from the Nahm 
data as follows. Given kxk Nahm data (6!,6?,6°) = 2ra’ (Tı, To, T3) 
solving equation (13.42), there is an associated differential equation for a 
2k component vector v(s): 


d xe a 
ləy— + | —1; + ilal 890; v=0. 
ds 2 


There is a unique solution normalisable with respect to the inner product 


1 
(v1, V2) = | vivods 
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Insert 13.1. The prototype BPS object 


Let us see why BPS monopoles are BPS in the sense that we have 
been using in many places in this book. This is in fact the orig- 
inal BPS solution. The energy density that we presented in equa- 
tion (13.48) can be written in a suggestive way: 
1 
E = 1 (Faij + eijk Dk Hay + Eijk aij Dk Ha + V(A), 

as can be checked by direct reexpansion (we’ve just completed the 
square). The second term in this form can be written as 


1 
+€)5¢Dx(Foij Ha) = £5 €ijk Oe Faiz Ha), 
where we have used the Bianchi identity for the electromagnetic field 
strength. Since we are interested in the total energy, observe that if 
we integrate the second term, we get: 


1 1 
trege | Prak (Faiy Ha) = E5 éijk J. FaijHadSk, 


but this just integrates the magnetic field at infinity, in the U (1) 
picked out by H°, (which we can choose, as before, to be in the 
three-generator), and so the integral gives +4agh. Since all of the 
other terms are manifestly positive, we have the bound on the total 


energy 
E > 4aig|h. 


Well, it is easy to see how to saturate this bound. We can make the 
first term vanish with the Bogomol’nyi condition: 


Faij = FéijkDkHa, 


and then choose to make V as small as we can, which means that 
A < e. In fact, we know that in supersymmetric cases, we have that 
V vanishes for supersymmetry preserving vacua, and so we can satu- 
rate the bound precisely in such a situation, giving an energy (mass) 
for the monopole which is equal to the charge, in appropriate units. 
Actually, putting the condition above directly into the ansatz (13.50) 
gives a soluble first order differential equation, with solution written 
in equations (13.54) and (13.55). We will obtain this solution directly 
from Nahm data in the next section. 
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In fact, the space of normalisable solutions to the equation is four dimen- 
sional, or complex dimension two. Picking an orthonormal basis vj, Vo, 
we construct the Higgs and gauge potential as: 


H=; pean eee 
(SV2,V1)  (8V2, Va) |’ 
(V1,0;V1) (V1, O;V2) 


Ai = pares (Fo, OPa) | (13.52) 


The reader may notice a similarity between this means of extracting the 
gauge and Higgs fields, and the extraction (13.36)(13.37) of the instanton 
gauge fields in the previous section. This is not an accident. The Nahm 
construction is in fact a hyper-Kahler quotient which modifies the ADHM 
procedure. The fact that this arrangement of branes is T-dual to that of 
the p-(p + 4) system is the physical realisation of this fact, showing that 
the basic families of hypermultiplet fields upon which the construction is 
based (in the brane context) are present here too. 

It is worth studying the case k = 1, for orientation, and since we can get 
an exact solution for this value. In this case, the solutions 7; are simply 
real constants (27a’)®; = —ia;/2, having the meaning of the position of 
the monopole at x = (a1, a2,a3). Let us place it at the origin. Further- 
more, as this situation is spherically symmetric, we can write x = (0,0,7r). 
Writing components v = (w1, w2), we get a pair of simple differential 
equations with solution 


—rs/2 
? 


w1 = ce wa = coe", (13.53) 


An orthonormal basis is given by 


A T ~ / T 
Vi (a=0e = = )} V2 (@=0.01 = ——) 


and the Higgs field is simply: 
H(r) = Ro, with 
r 


1 
r 
g(r) = eT J se'°ds = rcothr — 1, (13.54) 


while the gauge field is: 


= slinhr—-r 
This is the standard one-monopole solution of Bogomol’nyi, Prasad and 
Sommerfield, the prototypical ‘BPS monopole’?! 62, (See insert 13.1.) 
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Fig. 13.9. A slice through part of two (horizontal) D3-branes with a (ver- 
tical) D1-brane acting as a single BPS monopole. This is made by plotting 
the Higgs field of the exact BPS solution. 


We can insert the required dimensionful quantities: 


plr) —> y (Lr/4ma’), (13.56) 
to get the Higgs field: 
o Lr L 
H = =~ (5) — gl 3 Too, (13.57) 


showing the asymptotic positions of the D3-branes to be +L/2, after 
multiplying by 27a’ to convert the Higgs field (which has dimensions of 
a gauge field) to a distance in zê. A picture of the resulting shape” 220 
of the D3-brane is shown in figure 13.9. 

There is also a simple generalisation of the purely magnetic solution 
which makes a ‘dyon’, a monopole with an additional n units of electric 
charge’*!. It interpolates between the magnetic monopole behaviour we 
see here and the spike electric solution we found in section 5.7. It is 
amusing to note?’ that an evaluation of the mass of the solution gives 
the correct formula for the bound state mass of a D1-string bound to n 
fundamental strings, as it should, since an electric point source is in fact 
the fundamental string. 


13.6 The D-brane dielectric effect 
13.6.1 Non-Abelian world-volume interactions 


Consider the familiar non-Abelian term in the D-brane’s world-volume 
action corresponding to the familiar scalar potential of the Yang—Mills 
theory. This of course appears in the Yang—Mills theory in the usual way, 
and can be thought of as resulting from the reduction of the ten dimen- 
sional Yang—Mills theory. It also arises as the leading part of the expansion 
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of the det (Q') term in the non-Abelian Born—Infeld action, in the case 


when the brane is embedded in the trivial flat background Gyy = Nyy, as 
discussed in section 5.6: 


7(Qna')2 
V = rp Trydet(Qiy) = Ny + PEP) mla, 00,0), (13.58) 


where i= p+1,...,9. As we have discussed in a number of cases before, 
the simplest solution extremising V is that the ® all commute, in which 
case we can write them as diagonal matrices ®’ = (27a’)~!X*, where 
X’ = diag(x!,75,..., xy). The interpretation is that x!, is the coordinate 
of the nth Dp-brane in the X’ direction; we have N parallel flat Dp- 
branes, identically oriented, at arbitrary positions in a flat background, 
R°-?. The centre of mass of the Dp-branes is at xh = Tr(X*)/N. The 
potential is Nt), which is simply the sum of all of the rest energies of the 
branes. We shall discard it in much of what follows. 

When we look for situations with non-zero commutators, things be- 
come more complicated in interesting ways, giving us the possibility of 
new interesting extrema of the potential in the presence of non-trivial 
backgrounds. This is because the commutators appear in many parts of 
the worldvolume action, and in particular appear in couplings to the R-R 
fields, as we have seen in section 9.7. Furthermore, the background fields 
themselves depend upon the transverse coordinates X’ even in the Abelian 
case, and so will expected to depend upon their non-Abelian generalisa- 
tion. 

In general, this is all rather complicated, but we shall focus on one of 
the simpler cases as an illustration of the rich set of physical phenomena 
waiting to be uncovered®!. Imagine that we have N Dp-branes in a con- 
stant background R-R (p+ 4)-form field strength Gip44) = dC(p+3), with 
non-trivial components: 


Go1..pijk = Gtijk = —2feije i,j,k € {1,2,3}. (13.59) 


(We have suppressed the indices 1,...,p, as there is no structure there, 
and will continue to do so in what follows.) Let the Dp-brane be pointlike 
in the directions x’ (i = 1,2,3), and extended in p other directions. None 
of these Dp-branes in isolation is an electric source of this R-R field 
strength. Recall, however, that there is a coupling of the Dp-branes to 
the R-R (p+ 3)-form potential in the non-Abelian case, as shown in 
equation (9.34). We will assume a static configuration, choosing static 


gauge 
C=t œŒ = XË, forw=1,...,p, (13.60) 
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and get (see equation (9.34)): 
Q2na)jip | Tr P livia! 


— (2na)j4p | atts 9’ (Cil, t) + (2ma')Cije(®, t) D,o*) |, 


148, 253 


We can now do a ‘non-Abelian ‘Taylor expansion of the background 


field about t. Generally, this is defined as: 


Fat) = y ee)" Bh ging, aa Pla 13.61 
n=0 ° 


and so: 
Cijr(®, t) = Cage (t) + (2010) OO, Cijx (t) 
2 1\2 
4. CT al wh AAC yal) fee, (13.62) 


Now since Cj;4(t) does not depend on ®', the quadratic term containing 
it vanishes, since it is antisymmetric in (ij) and we are taking the trace. 
This leaves the cubic parts: 


(27a)? up J dt Tr (DID [B9 Cij lt) + Cijelt) DeD) 


= = (2ma!)* pp J dt Tr C Grijk(t), (13.63) 
after an integration by parts. Note that the final expression only depends 
on the gauge invariant field strength, G(p+4). Since we have chosen it to be 
constant, this interaction (13.63) is the only term that need be considered, 
since of the higher order terms implicit in equation (13.62) will give rise 
to terms depending on derivatives of G. 


13.6.2 Stable fuzzy spherical D-branes 


Combining equation (13.63) with the part arising in the Dirac-Born-Infeld 
potential (13.58) yields our effective Lagrangian. This is a static configu- 


ration, so there are no kinetic terms and so £L = —V(®), with 
J n2 , , 1 o 
V(6) = -Cr njoi, D11?) — = (2ma')?’upTr (B'S) B*) Giijrlt). 


(13.64) 
Let us substitute our choice of background field (13.59). The Euler— 
Lagrange equations 6V(®)/d®' = 0 yield 


[[®', ©], ©] + feizn[®?, O] = 0. (13.65) 
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Now of course, the situation of N parallel static branes, [6*, ®] = 0 is still 
a solution, but there is a far more interesting one®!. In fact, the non-zero 
commutator: a 

[®', D] = fein", (13.66) 
is a solution. In other words we can choose 


= —i d Di (13.67) 


where & are any N x N matrix representation of the SU (2) algebra (we 
have chosen a non-standard normalisation for convenience) 


[E*, £I] = 2i eijk D*. (13.68) 


The N x N irreducible representation of SU (2) has 
, 1 
(£ = z(y? —1)Iyyy fori= 1,2,3, (13.69) 


where Ivy. is the identity. Now the value of the potential (13.64) for this 

solution is 

Tp(Qma')? f? = 
6 


(2m) Pal fi 


Vy = — 
A 12g 


Tr[(®")*] = — N(N?* —1). 

i=1 

(13.70) 

So our non-commutative solution solution has lower energy than the com- 

muting solution, which has V = 0 (since we threw away the constant rest 

energy). This means that the configuration of separated Dp-branes is un- 
stable to collapse to the new configuration. 

What is the geometry of this new configuration? Well, the ®s are the 

transverse coordinates, and so we should try to understand their geometry, 

despite the fact that they do not commute. In fact, the choice (13.67) 


with the algebra (13.68) is that corresponding to the non-commutative or 


‘fuzzy’ two-sphere*°? . The radius of this sphere is given by 
1S | 
Ry = (20a")?— N° Tr[(®")*] = n’a? f?(N? — 1), (13.71) 
Nia 


and so at large N: Ry œ ma'f N. The fuzzy sphere construction may be 
unfamiliar, and we refer the reader to the references for the details*°*. It 
suffices to say that as N gets large, the approximation to a smooth sphere 
improves. 

Note that the irreducible N x N representation is not the only solu- 
tion. A reducible N x N representation can be made by direct product 
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of k smaller irreducible representations. Such a representation gives a 
Tr[(X")?] which is less than that for the irreducible representation (13.66), 
and therefore yields higher values for their corresponding potential. There- 
fore, these smaller representations representations, corresponding geomet- 
rically to smaller spheres, are unstable extrema of the potential which 
again would collapse into the single large sphere of radius Ry. It is amus- 
ing to note that we can adjust the solution representing an sphere of size n 
by 

i = -it Ei + r Inxn. (13.72) 
This has the interpretation of shifting the position of its centre of mass 
by x’. 

What we have constructed is a D(p + 2)-brane with topology R? x S°. 
The R? part is where the N Dp-branes are extended and the S° is the fuzzy 
sphere. There is no net D(p + 2)-brane charge, as each infinitesimal ele- 
ment of the spherical brane which would act as a source of Cip+3) potential 
has an identical oppositely oriented (and hence oppositely charged) part- 
ner. There is therefore a ‘dipole’ coupling due to the separation of these 
oppositely oriented surface elements. This type of construction is use- 
ful in matrix theory (described in chapter 16), where one can construct 
for example, spherical D2-brane backgrounds in terms of N D0O-branes 
variables???) 254, 259, 


13.6.3 Stable smooth spherical D-branes 


One way” 51 to confirm that we have made a spherical brane at large N, is 
to start with a spherical D(p+2)-brane, (topology R? x S°) and bind N Dp- 
branes to it, aligned along an IR”. We can then place it in the background 
R-R field we first thought of and see if the system will find a static 
configuration keeping the topology R? x $?, with radius Ry. Failure to 
find a non-zero radius as a solution of this probe problem would be a sign 
that we have not interpreted our physics correctly. 

Let us write the ten dimensional flat space metric with spherical polar 
coordinates on the part where the sphere is to be located (x1, x7, x°): 


9 
ds? = —dt? + dr* + r° (ao? + sin? 0 d’) + N (dz)? (13.73) 
i= 


t 


Our constant background fields in these coordinates is (again, suppressing 
the 1,...,p indices): 


2 
Gtrod = —2fr? sinf and so Cog = 3 fr" sin ð. (13.74) 
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As we have seen many times before, N bound Dp-branes in the D(p + 2)- 
brane’s world-volume correspond to a flux due to the coupling: 


(2na) py +2 J Cpp AF = = [at Cip+1) A F, (13.75) 


where Cip+1) is the R-R potential to which the Dp-branes couple, and is 
not to be confused with the C(,+3) we are using in our background, in 
(13.74). We need exactly N Dp-branes, so let us determine what 
F-flux we need to achieve this. If we work again in static gauge, with 
the D(p + 2)-brane’s world-volume coordinates in the interesting direc- 
tions being: 


C=t &=0, C=d, (13.76) 
then N 
Foo = D sin 0, (13.77) 


is correctly normalised magnetic field to give our desired flux. 
We now have our background, and our N bound Dp-branes, so let us 
seek a static solution of the form 


r= R and z’ = 0, for i= 4,...,9. (13.78) 


The world volume action for our D(p + 2)-brane is: 
S = —Tp+2 [a dð dd e~* det 2(—Glas + 2a! Fab) + Up+2 J C(p43)- (13.79) 


Assuming that we have the static trial solution (13.78), inserting the fields 
(13.74), a trivial dilaton, and the metric from (13.73), the potential energy 


1s: 


V(R) = - [dag £ 
1 
J 12 N2 2 9 
= Antp 49 R+ Bra) N? — 2f p3 
4 3 
2 4 
= Nm + — 2 R ——P_fR +... (13.80) 


(2ma)? N 3(27a") 


In the above we expanded the square root assuming that 2R?*/(2aa‘N) 
< 1, and kept the first two terms in the expansion. As usual we have 
substituted Tp = 4n7a/T) +9. 

The constant term in the potential energy corresponds to the rest en- 
ergy of N Dp-branes, and we discard that as before in order to make 
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our comparison. The case V = 0 corresponds to R = 0, the solution 
representing flat Dp-branes. Happily, there is another extremum: 


-pt2 p2=P p4 
R=Ry=rd' fN with V = -CP 0? F ys 
129s 

To leading order in 1/N, we see that we have recovered the radius (and 
potential energy) of the non-commutative sphere configuration which we 
found in equations (13.71) and (13.70). It is appropriate that it only 
matches at large N, since the fuzzy geometry only approximates a smooth 
one in this limit. 

As noted before, this spherical D(p + 2)-brane configuration carries no 
net D(p+2)-brane charge, since each surface element of it has an antipodal 
part of opposite orientation and hence opposite charge. However, as the 
sphere is at a finite radius, there is a finite dipole coupling. 

There is one major limitation of this whole discussion which is worth re- 
marking upon. ‘There is no such solution as a constant flux in flat space. So 
the analysis above need to be taken with a pinch of salt. Actually, this sort 
of brane expansion mechanism was anticipated in an earlier supergravity 
study before the identification of the precise world-volume mechanisms 
behind it? and so it is worthwhile revisiting the supergravity technology. 
A flux would create a gravitational back-reaction and so the flat metric 
that we’ve been using should really be replaced by some other metric. ‘The 
prototype such solution of four dimensional Einstein—Maxwell gravity is 
the Melvin solution?**, which has an infinite magnetic flux threading a 
four dimensional universe. 

This is the sort of solution which we need, with the flux identified with 
the R-R sector. There is a Kaluza—Klein version of the Melvin solution 27° 
and this fact has been used?’ to make a C) R-R flux solution of type IIA 
using a reduction from eleven dimensions, and other related solutions. 
Doing this with a twist allows one to include M5-branes, which upon 
reduction give a solution representing D4-branes expanding dielectrically 
into D6-branes via the dielectric mechanism in the magnetic C™ flux. 

All of this that we have described here is the D-brane analogue?! of 
the dielectric effect in electromagnetism. If we place Dp-branes in a back- 
ground R-R field under which the Dp-branes would normally be regarded 
as neutral, the external field ‘polarises’ the Dp-branes, making them puff 
out into a (higher dimensional) non-commutative world-volume geome- 
try. Just as in electromagnetism, where an external field may induce a 
separation of charges in neutral materials, the D-branes respond through 
the production of electric dipole and possibly higher multipole couplings 
via the non-zero commutators of the world-volume scalars. 
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There is clearly a rich set of physical phenomena to be uncovered by con- 
sidering non-commuting ®s. Already there have been applications of this 
mechanism to the understanding of a number of systems, such as large N 
gauge theory via the AdS/CFT correspondence and other gauge/gravity 
duals.7°° 

The phenomena of branes being able to deform their shape and change 
their dimensionality, turning into other branes, etc., is a very important 
direction to explore further. This represents a quite mature physical arena, 
but currently we are limited to only a few solutions, and quite indirect 
description. It is possible that we need a whole new language to efficiently 
describe this physics, which may well be formulated directly in terms of 
non-commutative variables at the outset. 


14 


K3 orientifolds and compactification 


In section 7.6, we constructed type ILA and IIB compactifications on K3 
with pure geometrical orbifolds. In that same chapter, we met the pro- 
totype orientifold, which constructs the type I string theory from the 
type IIB string theory. Now that we have understood the behaviour of 
D-branes in the neighbourhood of orbifold fixed points, we are in a good 
position to revisit the orbifold construction of K3 compactification, by 
combining our ideas with those about the orientifold to make K3 com- 
pactifications of type I string theory. There are many models that can be 
made, and we will present only a small sample of them here**®, in order 
to illustrate the key ideas. 


14.1 Zyn orientifolds and Chan—Paton factors 


Let us consider constructing K3 in its orbifold limits using the space- 
time symmetry group Zyn, which acts as described in subsection 7.6.5, 
which the reader should consult. Recall that we denoted the genera- 
tor of Zy by aq, the group elements being the powers ak, for k € 
{0,1,2,..., N — 1}. There are spacetime symmetries, acting on R* with 
coordinates (xf, x’, x8, x°). 

We now define what might be called the ‘orientifold group’, combining 
both spacetime and world-sheet symmetries, which contains the elements 
ak and also Q- a, (which we shall sometimes denote 94), where Q is 
world-sheet parity. Gauging the action of ak, (i.e. projecting onto states 
invariant under it) will require the introduction of the familiar closed 
string twisted sectors for the orbifold part, while gauging Q% will result 
in unoriented world-sheets, as described in section 2.6. 

At this level, we have a choice as to the elements we wish to consider 


in our orientifold group, the only constraint being closure. There are two 


922 
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distinct choices of Zy orientifold group, which we can denote* as ZA and 
ZR. One choice is to have 


ZN = {1,Q,a%,0;}, kj =1,2,...,N—1. (14.1) 


A second choice (only available for N even) is 
ZN = {1,0 Qah kg =1,2,..., =. (14.2) 


Both of these orientifold groups close under group multiplication since 
Q? = 1. 

Let us consider the presence of D-branes in this situation, introducing 
Chan—Paton factors, A. As in section 2.6, an open string state will be 
denoted Aj;|¢,77), where ~ is the state of the world-sheet fields and i 
and 7 label the endpoint states. Note that there should be no non-zero 
elements of the Chan—Paton matrices, A, which connect D-branes which 
are at different points in spacetime. 

The action of an orientifold group element g € ZAP on this complete 
set will be represented by the unitary matrices denoted yg. We have for 
example, generalising expressions in section 2.6: 


aly : la, ij) —> (Yg Ji lan ° Y, ilag y (14.3) 
while for Q - ak, = Qg, 
W: lih > Oa wlk b Oa y 044 


As before, when the group element includes 22, the ends of the string are 


transposed. Composing various actions of the group elements, we see that 


since (a4) = 1, then 


and so 
yy = +1. 


Similarly, since Q? = 1 
OM: i > Oa OO) wld 7) OaIE i (14.6) 
resulting in 
Yo = yà. (14.7) 


Other examples of such conditions will be put to explicit use later. 


* Here A and B have nothing to do with the A and B of the type II strings. 
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14.2 Loops and tadpoles for ALE Zm singularities 
14.2.1 One-loop diagrams and tadpoles 


In open and/or unoriented string theory, certain divergences arise at the 
one-loop level, which may be interpreted*! as inconsistencies in the field 
equations for the R-R potentials in the theory. They manifest themselves 
as ‘tadpoles’: amplitudes for emission of quanta from the vacuum. We 
must ensure that these are absent from the theory, and the way to do 
this is to cancel them against each other, possibly form different sectors 
of the theory. We saw this in the prototype orientifold, constructing the 
S'O(32) type I theory from the type IIB superstring. Converting the earlier 
language of chapter 7 to the one we use here, the tadpoles are of two 
types, disc tadpoles and RP? tadpoles. They are perhaps best visualised 
as the process of emitting an R-R closed string state from a Dp-brane 
(for the disc), or from an orientifold plane (for RP’). In that prototype 
case the disc and RP? produce a divergence proportional to (2ng—32)? for 
SO(2ng) Chan—Paton factors (i.e. there are ng D9-branes) and (2ng+32)? 
for USp(2ng). Cancellation of the divergences therefore requires gauge 
group SO(82) (i.e. 16 D9-branes). Here, the orientifold group is simply 
{1,Q}, as there are no spacetime symmetries to consider. The tadpole 
cancellation ensures consistency of the ten-form potential’s field equation. 

Just as in the example of computing the D-brane and orientifold ten- 
sions in chapter 7, the most efficient way of computing the divergent con- 
tribution of the tadpoles is to compute the one-loop diagrams (the Klein 
bottle (KB), Mobius strip (MS) and cylinder (C)) and then to take a limit 
which extracts the divergent pieces. The fact that these diagrams yield 
the disc and RP? tadpoles in terms of the sums of three different prod- 
ucts means that the requirement of factorisation of the final expression is 
a strong consistency check on the whole computation. 

The three types of diagram which can be drawn, labelled by the possible 
elements of the orientifold group under consideration, are depicted in 
figure 14.1. In the figure, the crosscaps show the action of Qm as one goes 
half way around the open string channel (around the cylinder). (Recall 
that the the crosscap is a disc with the edges identified. See figure 2.13, 


k=2m=2n k=2m 


Fig. 14.1. One-loop diagrams from which we will extract the tadpoles. 


14.2 Loops and tadpoles for ALE Zm singularities 325 


page 56.) Going around all the way picks up another action of Qm, yielding 
the Zy element 0?, = a? yy which is the twist which propagates in the 
closed string channel (along the cylinder). If there is a crosscap with 0, 
at the other end, forming a Klein bottle, then 02 = a%? should yield the 
same twist in the closed string channel, i.e. 2n = 2m. For Zy with N 
odd, there is only one solution to this: m = n mod N. When N is even 
however, we can have also the solution n = m + N/2 mod N. 


14.2.2. Computing the one-loop diagrams 
We may parametrise the surfaces as cylinders with length 2ml and cir- 
cumference 27 with either boundaries or crosscaps on their ends with 
boundary conditions on a generic field ¢(a', o°) (and its derivatives): 
KB: ¢(0,7+07) =Qm- ¢(0,07) 
Pml, 7 +07) = Qn + b(2al, 07) 
olol, 2m +07) = af - d(o',07); k= 2m = 2n: 
MS: (2ml, o°) € M;j 
o(0, T +o’) = Om - $(0, 07) 
glot, mie d= = aķ $(o',07); k= 2m; 
C: (0,0) € 
d(2al,7 +0 É E€ Mj 
plo! 2m +07) = ak, - glot, o’). (14.8) 
In computing the traces to yield the one-loop expressions, it is convenient 
to parametrise the Klein bottle and Möbius strip in the region 0 < a! < 
4ml, 0 < o? < m as follows: 
KB: = o(o', m +07) =Q9m: o(4al — o', 0°) 
b(4nl, o°) = at" - 6(0, 07); 
MS:  ¢(0,0°) € M; 
(4ml, o°) € M; 
plot, m +0’) =Qm + o(40l — ot, 07). (14.9) 
After the standard rescaling of the coordinates such that open strings are 
length m while closed strings are length 27, the amplitudes are 


KB: Trex (Qm(=1)" +F on(Lo+Lo)/ 21) 
MS: Tro,jj (Am (=1)7 erro), 
C: Troi (a (—1) Pero"). (14.10) 
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(In the above, ʻo’ and ‘œ’ mean ‘open’ and ‘closed’, respectively.) 
The complete one-loop amplitude is 


i a { Tre (P(-1)Pe Pm(lor Fo) + Tro (P(-1)Fe Pmt) | l (14.11) 


The projector P includes the GSO and group projections and F is the 
fermion number. The traces are over transverse oscillator states and in- 
clude sums over spacetime momenta. After we evaluate the traces, the 
t — 0 limit will yield the divergences. Note also that the loop modulus t 
is related to the cylinder length l as t = 1/4l,1/8l and 1/2I for the Klein 
bottle, Möbius strip and cylinder, respectively. See figure 6.2, page 148. 

Note that the elements ak, act as follows on the bosons and in the 
Neveu-Schwarz (NS) sector: 


= v6 177 2uik 
akd ASA HIA eM EL, (14.12) 
zo = X° +1 X” —e NZ 
and it acts in the Ramond (R) sector as 
ak = e K er—= Jo), (14.13) 


As a consequence of this latter convention, notice for example that ak, 


gives the result 4cos? 3E when evaluated on the R ground states while 


(—)"ak, gives 4sin? 3$. 
For the closed string with integer of half-integer modes labelled by r, 
we may write the action of Q: 


Nar! = ap, UTE = Yr, UTE = r. (14.14) 


For open strings with mode expansion 


/ O° . . 
X! (0,0) =a! + iq] > D cm (emo + eimo), (14.15) 
mÆ0 


Being more explicit, we must compute the following amplitudes, 


2 N 2 


Q Nc! ak 1+(-1)* = 

U+T —2mt(Lo+L 

KB: TERE `O -N > gt Lot Lo) , 
k=0 


2 N 2 


N-1 k F 
MS: Treg oe E y QN l 1+ (—1) ; emt h, 
k=0 


1l ak, 1+(-1)F 
, 99+55+95+59 X N —2mtL 
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Insert 14.1. Jacobi’s v-functions 


There are key seventeenth-century special functions which play a role 
in organising one-loop amplitudes: 


Vi(z|t) = 2q" sin TZ (14.17) 
X I (1— gq?” (1— qre?) (1 _ qre T2miz), 
Vo(z|t) = agit COS TZ 


oO 
X [a — q” 
=] 


(1 =q”) 


=g 


i 
— 


pr 


(1 +q”e T2miz), 


18 


(1 4 qre?) 


18 


= 
z 
| 
= 


(1 4 ge team), 


m 


(1 4 qnte’) 


| 
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8. 


V3(z 


= 
| 
= 
| 
= 
z 
| 
= 


_ get etm) (1 _ (i Tiz, 


=g 
18 


(1 =q”) 


=g 


da(z|t) = 


z 
| 
= 
z 
| 
= 
z 
| 
= 


where q = e ™t. We will need their asymptotics at t — 0. Since the 
asymptotics as t — oo are straightforward we can obtain the t — 0 
asymptotia from the modular transformations (7 = it) 


01 (zir) — r71 2e3iT/4e7iT2/T9 E Oo 


T 


03(z|T) — po 2eiT/4e7iT2 T9 ( 


Və(z|r) — 72 eit/4e—inz*/T ag, (< 


d4(z|T) — rlen 4e iT? T9 (< 


where U(T’) refers to the untwisted (twisted) sector of the closed string. 
Since Q forces the left- and right-moving sector to be identical, there is no 
need to include (1+ (—1)") in the trace in the Klein bottle. The open 
string traces include a sum over Chan—Paton factors. 

The results can be written in terms of Jacobi’s elliptic functions (see 
insert 14.1), generalising what we had before with a new twist. In the 
various loop channels, there is a twist by ak, which introduces a z = x 
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Insert 14.2. The abstruse indentity 


The useful abstruce identity (‘aequatio identico satis abstrusa’) 
ensures the cancellation between the R-R and NS-NS sectors (see 
chapter 7): 

fs(q)° — fala)” — f2(@) = 0. 


It follows from the more general identities 


for the full v-functions. The twisting in the loop channels by ak, in- 
troduces z = k/N into the oscillator sums, and hence we find that 
supersymmetry of the models are ensured by these more general iden- 
tities representing the cancellations between twisted sectors. 


into the oscillator sums since there is a shift in the energy of the twisted 
states. 

In the case of the Klein bottle, there is also a twist in the closed string 
loop channel by aÑ ™. Such a space twist will in general change the 
moding of the fermion and bosons. This should manifest itself as another 
type of twist of the v-functions. To write this relationship, we use the 
notation 


= of], Ü = ofl. 03 = dol: U4 = Jol (14.21) 


in which we can succinctly write??’: 


UME — ¢t\t) = elt TO Ce +262} 9 CI (zt), (14.22) 


where (e, €) € {0,1} for the familiar J-functions. In evaluating the Klein 
bottle amplitude, the identities (14.22) are used to rewrite twisted expres- 
sions in terms of v-functions. 

For the twisted 99 cylinders the one-loop amplitudes are (z=k/N): 


Ve A (Tr(qn,9))? [9 dt 9 7.3 4, 29 _6 2 
SRT) — 4 
JN 2 4 = sa 7 (8n a t) sin mz f, (0T (zt) 


x SOODE) — OOIE) — 03003}, (14.23) 
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while for the twisted 55 cylinders they are: 


Ve <A o [O dt 9 1,-3 4 +2 —6 -2 
BN 2 (Tr(yks5)) J = (8a a t)? 4sin* az fi (0I (lt) 


x LEONEE) — AOD EE — Oe} (14.24) 


The 95 cylinders give: 
Ve S 


2—— 
3 
2N & 


1 oe) 
Tefa) Tomes) f EBra OE 
=ł1 


x SBOE) — ONE — Oel}. (14.25) 
The twisted Möbius strip amplitudes are, for the D5-branes (z=m/N): 


om S Tr(79,,,570 yi ” (8na)? 
BN L m5 m5 y T 
x 4cos* mz fi °(ig)05 (iq, z) 
x {02(iq,0)02(iq, 2) — 03(iq, 0)93(iq, 2) — 93(iq, 09? (iq, 2)} , (14.26) 
and for the D9-branes: 


V, N-1 Tr —1 T œ dt 
6 D img? | (Bn at) 3 
0 


BN &— (4sin? mz)? t 
x 4sin? wz f° (iq) (iq, z) 
x { 93 (iq, 0)05(iq, 2) — V3 (iq, OWT (iq, z) — V5 (iq, 0)05 (ig, 2) } . (14.27) 
Finally, the Klein bottle gives (t"=t + &t, t =t — £t): 
Vv 1 dt 2 A3 ya 
= — — (4 t)? 4 2m(z — Ct 
2N 2 (4sin? nz) i pT ot) © Asin Parle — Ct) 
x fF (2007 (212-07 Mele) 
x f — 03 (0|2t)b4 (2267 04 (2|2t") + V2 (0|2t)03(z|2t~ V3 (z|2t") 
— O3 (024) v2 (2|2t7)v2(2|2t*) } | (14.28) 
In the Klein bottle amplitudes, we have the twist ¢=(m — n)/N in the 
closed string channel, resulting in a zero point energy shift for the bosons 


and fermions which contribute. Vg is the regularised six dimensional space- 
time volume. 
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N.B. The f-functions we met in computations in chapters 4 and 7 
are a special case of the functions (14.17), at z = 0, as shown in 
equation (4.44) (here, a prime denotes 0/0z): 


gil? Ile = (Qn)~ 1/3,g! (o|t)!/3 


fala) = v2"? Ia +q”) = (2m) (Olt) "/*0} (Olt) 17° 


n=l 


BO = V2" T] (1 +7) = (2) 0 (OA) 
n=1 
— = q 1/4 Ia ge? 1) = (2m) 60 (Olt) 120 (Olt) 1/6. 
(14.29) 


The factor of (4sin? 7z)~? is a non-trivial contribution from evaluating 
the trace of the operator O in the zt and z? complex planes in the NN 
sector. The operator O is the rotation 


O: gh? et ye yh, (14.30) 
We have 


zi k\ 
Tr[e N] = | dzd? 20,2) = (ásin? =) , (14.31) 


where we have used the basis 


1 
(21, a ae 2") = Ol — 2M )6(2? — 2), (14.32) 
T4 


Supersymmetry is manifest here, as due to the identities (14.20) each 
of these amplitudes vanishes identically. However, we wish to extract the 
tadpoles for closed string massless NS-NS fields from these amplitudes, 
and we do so by identifying the contribution of this sector from each of 
these amplitudes. 


14.2.3 Extracting the tadpoles 


The next step is to extract the asymptotics as t — 0 of the amplitudes, 
relating this limit to the 1 — oo limit for each surface, (using the rela- 
tion between / and t for each surface given earlier). Here, the asymptotic 


14.2 Loops and tadpoles for ALE Zm singularities 331 


behaviour of the J-functions given in equations (14.18) are used. This ex- 
tracts the (divergent) contribution of the massless closed string R-R fields, 
which we shall list below. In what follows, we shall neglect the overall fac- 
tors of 1/N and powers of two which accompany all of the amplitudes. 
First, we list the tadpoles for the untwisted R-R potentials. For the ten- 
form we have the following expression (proportional to (1—1)vgv4 JS dl): 


Tr(+o,9)? — 64Tr(99.970.9) + 32°, (14.33) 


corresponding to the diagrams in figure 14.2 

Here, vp = Vp(41?a’)~?/?, where Vp is a D dimensional volume. The 
limit where we focus upon the neighbourhood of one ALE point is equiv- 
alent to taking the non-compact limit v4 — oo while keeping vio = vev4 
finite. 

For the six-form we have (proportional to (1 — 1) 7% Jq° dl): 


Tr(o5)? — 64Tr(79h, sVn 5) +32”, (14.34) 
2 2 


which arise from the diagrams in figure 14.3. 

In the non-compact limit we are considering here, this last contribution 
does not survive, as it is proportional to vg/v4. The fact that it vanishes 
is consistent with the fact that if space is not compact, there is no restric- 
tion from charge conservation on the number of D5-branes which may 
be present: the analogue of Gauss’s Law for the six-form potential’s field 
strength does not apply, as the flux lines can stretch to infinity. In the 
compact case, they must begin and end all within the compact volume. So 
this equation will be relevant only when we return to the study of global 
six-form charge cancellation in the compact K3 examples. 

Notice also in this case that the last two diagrams obviously vanish in 
the case when N is odd. An immediate consequence of this is that Zs 
fixed points have no six-form charge. 
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Fig. 14.3. The tadpoles for D5-branes. 
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The twisted sector tadpoles are (proportional to (1 — 1)ve Jg dl): 


N-1 
1 . 
Ss Peers = Tr(Y4.9)° — 2Tr(Yp 9) Trk 5) + 4 sin” TE TOs 
k=l SIn N 
ket 
N-1 
— 16 Ss f cos” T% Tr(79 578,5) + alae Ma 078.0) 
k=1 sin“ a 
ket 
N-1 2 Tk 
cos* == 
+ 64 | . say — ON mod 2,0 . (14.35) 
k=l SIN N 
kA 


These tadpoles correspond to the diagrams in figure 14.4. 
Notice that since ak, and ht NI * both square to the same element, ate, 
we can make opposite phase choices in the composition algebra of the Ya, 


matrices: 


Tria, V09] = TrY2,91 

Tre, , v.97,» = —Tr [k9] (14.36) 
for D9-branes and 

Tria; sI, 5] = -Tr hars 

Tha, y 579, 9 5 = Tr [ak.s] (14.37) 


for D5-branes. This is more than an aesthetic choice, as the first line of 
each of these conditions is simply the crucial result derived in section 8.7 


TE 


Fig. 14.4. The tadpoles for twisted sectors. 
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that Q?=1 in the 99 sector, but —1 in the 55 sector!32. The second line 
in each is the statement that ant ə = —1 in each sector. 

With (14.36) and (14.37), the expression (14.35) can be factorised, for 
even N: 


N 

2 1 2 
Dea 2 (Ok IT Tr(qo 1,9) — 4sin? 2a ze Tr (Yop L5) 

k=1 #510 Nr 

2 l . 2 [2mk 2Tk 
S åÃ— TI Tr(qop,9) — 4sin (27t ) T (Yas) 32 cos (27 i Ji 
k=1 4 sin (27r) 


(14.38) 
and for odd N: 


M-—1 

l -n2 ( 27k k 2 
2O ITE [Tr(a 9) — 4sin? (284) Tr(Ya 5) — 32 cos? FE | 
T 7 (14.39) 


Having extracted the divergences and factorised them, revealing the 
tadpole equations (which may be also interpreted as charge cancellation 
equations, as discussed earlier) we are ready to find ways of solving these 
equations for the various orientifold groups. 


14.3 Solving the tadpole equations 
14.3.1 T-duality relations 


Compact manifolds which can be constructed as T*/Zy (as described in 
section 7.6.5) exist only for N = 2,3,4 and 6. From the discussion in 
section 14.1, we can therefore construct orientifolds of type A for all these 
values of N, but of type B only for N = 2,4 and 6. We list below explicitly 
the orientifold groups: 


Z3 = {1,03,0,Qa3}, Zz = {1, Qaz}, 

Zs — {1, a}, a3, Q, Qaz, N03}, 

Zit = {1, a4, a3, a3, Q, Qaj, NA7, Ney, }, Z7 — {1, a4, Qa4, 0%, }, 

Zg = {1,ag,..-, 0g, O, Qag, ..., Nag}, 

7B al a2. at. Qal. Qa Nač} (14.40) 
6 » HG, UG, SLAG, SLAG, LAGT, 


N 
where a = R. In equation (14.33) for the untwisted ten-form potential, 
Tr(4o.9) = 2ng, where ng is the number of D9-branes. All of the orien- 
tifold groups of type A contain the element Q, and therefore there will be 
an equation of the form (14.33), telling us that there are 16 D9-branes. 
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Similarly, all type A models except Z4 will contain 16 D5-branes also, as 
the presence of an element QR means that there will be an equation of 
the form (14.34). 

In contrast, the models of type B all lack the element (2 and therefore 
have only the first term of equation (14.33). The only solution is that the 
number of D9-branes in these models is zero. All type B models except 
Z? have the element QR, and therefore have 16 D5-branes. So Z? has 
the distinction of having no open string sectors at all: it is a consistent 
unoriented closed string theory 

Now T-duality in the (x, x’, 2°, x°) directions exchanges the elements 
Q and OR. This also exchanges D9-branes with D5-branes. So models Z4, 
Zi, Za and ZP are self Te7zs9-dual. Meanwhile Zi, which has only D9- 
branes, is dual to Z which has only D5-branes. ZË, which has only OR 
as a non-trivial element of its orientifold group, is dual to ordinary type I 
string theory (which we may denote as Z4), whose orientifold group has 
only Q as its non-trivial element. This is summarised in figure 14.5. 


14.3.2 Explicit solutions 


Let us write out the tadpole equations explicitly in each case. For the Z4 
case, for which there is one twisted tadpole equation (recall ad = R): 


Tri o] — 4Trl17,5] = 0. (14.41) 
A solution is 
Voa — Yor 5 = I39 
TR ~ 10,5 ~ (i 0 ) 
O ADO 
A A A 
Z, L LG Z 


aN 


Qo 
(oN 


Z, Z, Z, 


Fig. 14.5. ‘T-duality relations between the models. 
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For the Z4 case we have 
Tri o] — 8Tr|115] = 8 
Trh] — 3Tr[ s5] = 8, (14.42) 


and since we have already learned that the number of D5-branes is zero 
in this case, we have solution y5 = O for all orientifold elements in the 
D5-brane sector, and we can write 


010 0 
100 0 

129 Sfo o 1 9 | °% 
0001 


rg = diag{es (8 times), es (8 times), 1 (16 times) }, 


from which it is trivially verified that (14.42) is satisfied. 

Notice that yo acts by exchanging the roots and their complex conju- 
gates: e3 «+e 2. This will be the case in all of the later models, and 
so we will no longer list it explicitly in the later solutions. Note also that 


in the other type A orientifolds, yo.9 = yor,5, and yor, = YQ,- We can 


always choose a phase such that we can always write 71,9 = e N 15, for 
m any odd integer. This simple relationship between the y matrices in 
the D5- and D9-brane sectors is a manifestation of Te7s9 duality. 

For the Z4 case we have: 


Tri o] — 2Tri s] = 0 
Tri] — 4Tr|725] = 0 
Trh g] — 2Tr[7s 5] = 0. (14.43) 


Note that the middle case correctly reproduces the Zi} example, and there- 
fore the Z3 example appears as a substructure. This will be true for Za 
also. 

The solution is (a7 = R): 
V1.9 = diagfe™ (8 times), eT (8 times), er (8 times), er (8 times) }. 


For the Zé case we have: 


Tri o] — Tris] = 0 

Tria] — 3Tr[2 5] = 16 

Tris o] — 4Trl73,5] = 0 

Tria] — 3Tr[y4,5] = —16 

Tr[s 9] — Tris, = 0, (14.44) 
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for which we have (at = R): 
Triol] = Tels] = 9, Trh ol = Triss] =9, Tris] = Triss] = 9, 
Tr|7,9] = Trs] = —8, Tr[y49] = Triss] = 8, 
119 = diag{es (4 times), eT (4 times), 
es (4 times), ee (4 times), —i (8 times), 7 (8 times) }. 
Note here that: 
V1.9 = diag{e = (4 times), er (4 times), 1 (8 times)} & diag{—i, i}, 


which shows a Z3 x Zə structure, using the solutions previously obtained 
for the Z4 and Zé models. 

Also notice that in all cases above, the coefficient of the Yk 5 trace is 
the square root of the number of fixed points invariant under alk, Also 
interesting is that (generalising the Zə case,) the same choice made for 
D9-branes can be made for D5-branes, up to a phase. 

The tadpoles for the case ZË will turn out to be isomorphic to those 
listed above for Zi, while there are no tadpoles to list for the Z? model, 
as there are no D-branes required. 

Let us now turn to the closed string spectra. 


14.4 Closed string spectra 


Just as we did in section 7.6, we should construct the closed string spec- 
trum for each model, which we will combine with the open string spectrum 
later. ‘The procedure is much the same as we did for the K3 orbifold, ex- 
cept that we will apply the orientifold projection, which will throw out 
more states. 

The right-moving untwisted sector has the massless states given below. 


SOU) charge 


|51528384) 
= +82, 83 = +84 


Meanwhile, the right-moving sector twisted by 7 # 5 has the following 
states. 
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SO) darge 


5152), s1 = —82 
m 1 


The exception to the situation depicted there is when we have an %=35 


N 2 
twist. 
SOT charge 


| NS /|s3s4), 83 = +s4 | i O aD 1) 
|s152), (1,2) 


We have imposed the GSO projection, and decomposed the little group 
of the spacetime Lorentz group as SO(4) = SU(2)xSU(2), just as in 
section 7.6. We form the spectrum for orientifold group of type A by 
taking products of states from the left and right sectors (to give states 
invariant under ak), symmetrised by the Q projection in the NS—NS 
sector, while antisymmetrising in the R-R sector, since we have fermions 
there. 

In this way, we have from the untwisted closed string sector of the 
type A Zy orientifold (N #2). 


SO(4) char SOUM) charge | 


| (3,3)45(1,1) | en 1) 
R-R | (3,1)+(1,3)+4(1,1) 


This is the content of the M =1 supergravity multiplet in six dimen- 
sions, accompanied by one tensor multiplet and two hypermultiplets (see 
table 14.3, p. 341, for a list of the types of multiplet). In the case of Zo it 


is as follows!32. 
SO(4 | SOA) charge | 


| (3,3)411(1,1) | 
R-R | (3,1)+(1,3)+6(1,1) 


This is the D=6, NV = 1 supergravity multiplet in six dimensions, accom- 
panied by one tensor multiplet and four hypermultiplets 

The twisted sectors will produce additional multiplets. The bosonic 
content of a hypermultiplet is four scalars 4(1, 1), while that of a tensor 
multiplet is (3,1) + (1,1). By combining on the left and right the sectors 
twisted by 5 and (1 — +), we find that the NS-NS sector produces one 


hypermultiplet while the R-R sector produces a tensor multiplet. A sector 
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twisted by 5 simply produces one hypermultiplet: one quarter coming 
from the R-R sector and three quarters from the NS—NS sector, just as 
in section 7.6. 

To evaluate the number of hypermultiplets (and, as we shall see, tensor 
multiplets) coming from the twisted sectors of a K3 orbifold, we need to 
recall the structure of the fixed points and their transformation properties, 
done in section 7.6.5. Using the data above, we see that in the case of Zé, 
we simply multiply by the number of Zə fixed points, and we find that 
there are 16 hypermultiplets from the twisted sectors, giving a total of 20 
hypermultiplets when combined with the four from the untwisted sector. 
For Zi there are nine fixed points, each supplying a hypermultiplet and a 
tensor multiplet (for twists by (4, 2)), giving a total of 11 hypermultiplets 
and 10 tensor multiplets when added to those arising in the untwisted 
sector. 

For Zi the four Z4 invariant fixed points give four hypermultiplets 
and four tensor multiplets. They are also Zə fixed points and so supply 
an additional four hypermultiplets. The other 12 Zə fixed points form 
six Z4 invariant pairs, from which arise six hypermultiplets. This gives 
a total of 16 hypermultiplets and five tensor multiplets for the complete 
model. 

Finally, for the model Zé, the Ze fixed point gives two hypermultiplets 
and two tensor multiplets from (4,2) and (4, 4) twists. It also gives six 
hypermultiplets from the 5 twisted sector. The four pairs of Z3 points give 


four tensor multiplets and four hypermultiplets for (4, 2) twists, while the 
five Zo triplets of fixed points supply five hypermultiplets. This gives 14 
hypermultiplets and seven tensor multiplets in all. 

For Zy orientifolds of type B the situation is as follows. For closed 
string states, prior to making the theory unorientable, the relevant orb- 
ifold states to consider are those for the group formed by the remaining 
pure Zy elements in the orientifold group, which is therefore Zn. The 
possible left and right states are evaluated as before, and then they are 
projected to the unoriented theory invariant under Q - ayy. 

It is thus easy to see that the closed string spectra for ZË and Zé 
are isomorphic, as are those of ZË and Z#, (the latter being simply ten 
dimensional type I string theory: there is no orbifold to perform for ZË). 

There remains only the spectrum of ZË to compute, which is self 
T-dual. The pure orbifold states to consider are those of Zə. ‘Tensoring left 
and right to form the Q invariant spectrum, we obtain 12 hypermultiplets 
and nine tensor multiplets in total. 

In summary, we have (in addition to the usual gravity and tensor multi- 
plet) a spectrum of hypermultiplets and tensor multiplets from the closed 
string sector for each model, given in table 14.1. 
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Table 14.1. The spectrum of hypermultiplets and tensor multiplets in the various 
orientifold models 


Neutral Extra 
Model | hypermultiplets | tensor multiplets 


20 


11 


16 
14 
12 
11 


Notice that in the Zi case we have a total of 20 hypermultiplets. Look- 
ing at table 14.3 we see that this is a total of 80 scalar fields: the 80 
moduli of the K3 surface**>. However, in the other other orientifold ex- 
amples, some of the potential scalars have instead combine into tensor 
multiplets, leaving us with fewer hypermultiplets in the final model. ‘This 
is a reduction in the dimension of the moduli space of K3 deformations 
available to these models: some of the K3 moduli are frozen. 

To complete the story, let us turn to the open string sector, computing 
what the allowed gauge groups are. 


14.5 Open string spectra 


Let us study first the 99 open string sector. The massless bosonic spectrum 
arises as follows. 
For the 55 states at a fixed point we have the following. 


V” 1210, 19) Aj 
PF 210, 19) Aj 

a 2uk — 
Y Tol, 44) Aig A=etN 165° VK 


For the 55 states away from a fixed point we have the following. 
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For the 59 states we have the following at a fixed point. 
Away from a fixed point we have the following. 


Using the solution presented in section 14.4 for the y matrices, the 
solutions for the open string spectra of the models are given in table 14.2. 


Table 14.2. The gauge groups for the various orientifold models 


Charged 
| Model | Sector | | Gauge group group | hypermultiplets 
A 
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14.6 Anomalies for M = 1 in six dimensions 


As chiral models in six dimensions, these orientifold vacua that we have 
constructed have a chance of being afflicted by anomalies. ‘There are 
anomaly polynomials which we can write for each sector, just as was 
done in ten dimensions in chapter 7, and in six dimensions in 
section 7.6.2. 

Of course, we can be confident that if we have done everything prop- 
erly at the string level, checking the anomaly is nothing more than a 
formality, but it is instructive anyway, as we have seen before. Before we 
proceed, we must pause to note the structure of the multiplets. In fact, 
they arise naturally from splitting the M = 2 multiplets which we have 
seen in table 7.1. Both the vector and tensor multiplets become smaller 
by yielding up a hypermultiplet, whose bosonic part is four scalars, as we 
have already seen. ‘Table 14.3 lists the multiplets. 

So again we see that the orientifolding has thrown away many pieces 
of the pure K3 spectrum, and so the marvellous cancellation in 
equation (7.52) will not happen. As in the prototype orientifold, we have 
additional pieces as well, coming from the open string sectors, which may 
give some new interesting structures. 

The first thing to check is that the irreducible parts of the anomaly 
cancel. For the gravitational part, we must look at the coefficient of trR*. 
In fact, for N = 1 models in D = 6 it is easy to see that the vanishing of 
this coefficient is equivalent to: 


Ny — ny = 244 — 29NT. (14.45) 


The reader should verify this. Here, ny, ny and ny + 1 are respectively 
the numbers of hypermultiplets, vector multiplets and tensor multiplets in 
the six dimensional supergravity model. This follows from direct use of the 
anomaly polynomials in insert 7.2, remembering to divide the polynomials 
for the complex fermions listed there by two to match the real fermions we 


Table 14.3. The structure of the N = 1 multiplets in D = 6 


Multiplet 


vector (2,2) 
hyper 4(1,1) 
SD tensor (1,3)+(1,1) 


ASD tensor (3,1)+(1,1) 


(3,3) + (3,1) + (1,3) + (1, 1) or aa 3 H wa 5 
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are counting with here. It is natural that the vectors and hypers contribute 
equal and oppositely, since they are components of the non-chiral MN = 2 
vectors multiplet, as is clear from tables 7.1 and 14.3. 

In fact, in the spirit of the miraculous cancellation for pure type IIB 
string theory in ten dimensions, and for the spectrum of type IIB on 
K3 to six dimensions, shown in sections 7.1.2 and 7.6.2, there is another 
such purely closed string example, that of the ZË model. Indeed, equa- 
tion (14.45) is satisfied, but the coefficients of the (trR*)? terms vanish 
also, giving: 

12RD 4. gf) 4 gflY 4 FO) 4 FAD 4 AES 4 AD = 0. (14.46) 
This is, again, another remarkable purely closed string solution of the 
anomaly equations, supplying an M = 1 supersymmetric solution of ori- 
entifolded type IIB strings on K3. 

Let us turn to the models which need the addition of D-branes, and 
hence have gauge contributions to the anomaly. For the irreducible TrF“ 
terms, everything again cancels. Again, it is recommended that the reader 
who is interested should verify this. This is done with the aid of the 
following information, which should be set alongside that given in 
equations (7.39) and (7.40). For SU(n) we have: 


Traqj(t?) = 2nTr,(t*), 
Tradi (t) = 2nTre(t*) + 6Tre(t?) Tre (t*), (14.47) 
and for completeness, we also list the result for Sp(n) = USp(2n): 
Tragj(t?) = (n + 2)Tre(t?), 
Traaj(t*) = (n + 8)Tr¢(t*) + 3Tr¢(t?) Tre (7). (14.48) 


Crucially, note that for symmetric tensor representations of any of 
the groups mentioned, we can use the Sp(n) relations just mentioned in 
equation (14.48), while for antisymmetric tensor representations we can 
use the SO(n) relations given in equation (7.39). 

Now let us see how the irreducible TrF4 terms cancel for one example, 
that of Z4. Table 14.2 shows that the gauge group is U(8) x SO(16) with 
hypermultiplets charged as (28,1) and (8,16). We must do each separate 
gauge group independently. Let us first do U(8), and write everything in 
terms of the fundamental representation. Doing so, we see that we get 
16Tr;F*, ignoring (and for the rest of the paragraph) the purely numerical 
denominator in equation (7.2), of course. The first hypermultiplet, (28, 1), 
which in fact in the antisymmetric of U(8), and so using the second line 
in equation (7.39), we see that its coefficient of Tre F4 is in fact zero. This 
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Insert 14.3. Another string—string duality in D = 6 


Very interesting is the case of the Z4 model. The U(1) factors can 
be shown to be absent non-perturbatively!°°, leaving gauge group 
SU (16) x SU(16). Meanwhile the remaining anomaly factorises as: 


Is ~ (trR? — 2TrpF?)(trR? — 2Tr¢F?), 


for both the D9-brane and D5-brane sectors. This similar factorisa- 
tion between the two sectors is of course a reflection of the fact that 
there is a ‘I'g7g9-duality exchanging the two types of brane, but there 
is more. There is a signal of another duality, now between this for- 
mulation and that of a strong/weak coupling dual model also with 
strings in six dimensions. Looking at the anomaly two-forms in the 
factors (say, on the right hand side), these dual strings have a similar 
structure to those we associate with the two-forms on the left hand 
side. This is of course very special to six dimensions, where we have 
a chance of such a string—string duality, and the reader can probably 
guess what the dual string theory might be. It is in fact a K3 com- 
pactification of the heterotic string, of a very special sort??? 19%. One 
way to make it is as follows: Recall that from equation (7.48), the 
field equation of H®) is: 


dH) = -2 [TrF? — trR?|, 


for which, if we were to integrate this over K3, would get a con- 
tribution of 24 (up to an overall factor) which can be cancelled by 
precisely 24 instantons. So an interesting compactification is achieved 
by taking the Eg x Eg heterotic string on K3, with 12 instantons in 
one Eg and 12 in the other. The details are interesting to uncover, 
but we shall have to leave it to the reader to study the literature, 
since it will take us too far afield?*’. Note also that we can see the 
dual strings. They are perturbatively manifest on the orientifold side 
as solitons. One is a D1-brane which one can place in the six non- 
compact directions and the other is its ‘I’g7g9 dual, a D5-brane with 
four of its dimensions wrapped on the compact directions. On the 
heterotic side, these map over to a pair of strong/weak dual het- 
erotic strings. One is the heterotic string itself, and the other is a 
K3-wrapped NS5-brane. 
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leaves us with the hypermultiplet (8,16), which can be treated as sixteen 
copies of the fundamental of the 8, and therefore contributes —16Tr;F%, 
giving a cancellation. 

For the mixed anomalies, the anomalies all factorise in a way which 
allows for their cancellation by a generalisation!’’ of the Green—Schwarz 
mechanism. In the models with multiple tensors, some subset of them 
can be given a classically anomalous gauge transformation to produce 
the required cancellations. In some cases, the factorisation gives a sign 
of interesting physics, since there is a stringy interpretation of both four- 
form factors, suggesting new dualities (see insert 14.3). 


15 


D-branes and geometry II 


In a number of the previous chapters, we probed various systems while 
remaining largely in the limit where D-branes are pointlike in their trans- 
verse directions. However, we learned in chapter 10 that D-branes have an 
intrinsic geometry of their own, which can be seen when we place a lot of 
them together to produce a large back-reaction on the spacetime geome- 
try, or if we were to turn up the string coupling (for fixed string tension) 
such that Newton’s constant is strong. Both sorts of situation can and will 
be forced upon us later, so it is worthwhile trying to understand what we 
can learn by probing the supergravity geometry with different types of 
branes (we have already probed extremal p-branes with Dp-branes in sec- 
tion 10.3). If we choose things such that there is some supersymmetry 
preserved, we can use it to help us learn many useful things. 


15.1 Probing p with D(p — 4) 


Let us probe the geometry of the extremal p-branes with a D(p—4)-brane. 
From our analysis of chapter 11, we know that this system is supersym- 
metric. ‘Therefore, we expect that there should still be a trivial potential 
for the result of the probe computation, but there is not enough super- 
symmetry to force the metric to be flat. There are actually two sectors 
within which the probe brane can move transversely. Let us choose static 
gauge again, with the probe aligned so that its p — 4 spatial directions 
¿t — ¿P-t are aligned with the directions x! — x?~*. Then there are four 
transverse directions within the p-brane background, labelled 7?~? — x?, 
and which we can call x for short. There are 9 — p remaining transverse 
directions which are transverse to the p-brane as well, labelled z?tt — x, 
which we'll abbreviate to xt. The 6-2 case is tabulated as a visual guide 
below. 
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D2-brane 
6-brane 


The extremal p-brane supergravity solution is given in equation (10.38). 
As in section 10.3, we can probe this solution with D-branes, using the 
world-volume actions described in chapters 5 and 9. Following the same 
lines of reasoning as used in section 10.3, the determinant which shall go 
into our Dirac-Born—Infeld Lagrangian is: 


_ (p-3) 


det(|—Gas] = Zp 2 (1 — uf — Zpvi), (15.1) 


where the velocities come from the time (£?) derivatives of x and x1. ‘This 
is nice, since in forming the action by multiplying by the exponentiated 
dilaton factor and expanding in small velocities, we get the Lagrangian 


1 
L= 5mp (uj + Zpvi — 2), (15.2) 
which again has a constant potential which we can discard, leaving pure 
kinetic terms. We see that there is a purely flat metric on the moduli 
space for the motion inside the four dimensions of the p-brane geometry, 
while there is a metric 


ds? = Zy(r)dmnda™ dz”, (15.3) 


for the transverse motion. This is the Coulomb branch, in gauge theory 
terms, and the flat metric was on the Higgs branch. (In fact, the Higgs 
result does not display all of the richness of this system that we have 
seen. In addition to the flat metric geometry inside the brane that we 
see here, there is additional geometry describing the Dp—D(p — 4) fields 
corresponding to the full instanton geometry. This comes from the fact 
that the D(p—4)-brane behaves as an instanton of the non-Abelian gauge 
theory on the world-volume of the coincident Dp-branes. See section 13.4.) 

Notice that for the fields we have studied, we obtained a trivial potential 
for free without having to appeal to a cancellation due to the coupling 
of the charge up—4 of the probe. This is good, since there is no electric 
source of this in the background for it to couple to. Instead, the form of 
the solution for the background makes it force-free automatically. 


15.2 Probing six-branes: Kaluza—Klein monopoles 
and M-theory 


Actually, when p > 5, something interesting happens. The electric source 
of C(p41) potential in the background produces a magnetic source of 
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C(7-p). The rank of this is low enough for there to be a chance for the 
D(p — 4)-probe brane to couple to it even in the Abelian theory. For ex- 
ample, for p = 5 there is a magnetic source of C2 to which the D1-brane 
probe can couple. Meanwhile for p = 6, there is a magnetic source of C}. 
The D2-brane probes see this in an interesting way. Let us linger here 
to study this case a bit more closely. Since there is always a trivial U(1) 
gauge field on the world volume of a D2-brane probe, corresponding to 
the centre of mass of the brane, we should include the coupling of the 
world-volume gauge potential A, (with field strength Fa») to any of the 
fields coming from the background geometry. 
In fact, as we saw before in section 9.2, there is a coupling 


2TA H2 f CA F, (15.4) 


where C1 = Cgd@ is the magnetic potential produced by the six-brane 
background geometry, which is easily computed to be: Cg = —(r6/gs) 
cos 6, where re = gsNa!!/?/2. 

The gauge field on the world volume is equivalent to one scalar, since we 
may exchange A, for a scalar s by Hodge duality in the (2+1)-dimensional 
world-volume. (This is of course a feature specific to the p=2 case.) To get 
the coupling for this extra scalar correct, we should augment the probe 
computation. As we have seen, the Dirac-Born—Infeld action is modified 
by an extra term in the determinant: 


—detgap — —det (gab + 2710’ Fap). (15.5) 
We can'43: 171 introduce an auxiliary vector field va, replacing 27a’ Fap by 


the combination e7 uz 2v in the Dirac action, and adding the term 


2na’ | FAv 
M 


overall. ‘Treating vg as a Lagrange multiplier, the path integral over va 
will give the action involving F as before. Alternatively, we may treat Fab 
as a Lagrange multiplier, and integrating it out enforces 


cA, (—paC, + Ve) = 0. (15.6) 


Here, C’. are the components of the pull-back of C to the probe’s world- 
volume. The solution to the constraint above is 


— uÔ, + Va = a8, (15.7) 


where s is our dual scalar. We may now replace va by as + u2Ĉa in the 
action. 
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The static gauge computation picks out only s + pos and recom- 
puting the determinant gives 
1 
Z2 e2? , 2 
l — vi — Zev? — Er E + Cod . (15.8) 


— 2 
2 


det = Z6 


Again, in the full Dirac-Born—Infeld action, the dilaton factor cancels 
the prefactor exactly, and including the factor of —j2 and the trivial 
integral over the worldvolume directions to give a factor Vo, the resulting 
Lagrangian is 


1 9 l M246 9 Ys 
— — 2) 4 
L 3m2] )+-V ( vU Z 


\2 
which is (after ignoring the constant potential) again a purely kinetic 
Lagrangian for motion in eight directions. There is a non-trivial metric in 
the part transverse to both branes: 


ds* = V(r) (ar? + rd?) + V(r)—! (ds + Asdo)” , 


_ H246 and A= É” cos Odo, (15.10) 
gs gs 

where dQ? = d6? + sin?6d¢*. There is a number of fascinating inter- 
pretations of this result. In pure geometry, the most striking feature is 
that there are now eleven dimensions for our spacetime geometry. The 
D2-brane probe computation has uncovered, in a very natural way, an 
extra transverse dimension. This extra dimension is compact, since s is 
periodic, which is inherited from the gauge invariance of the dual world- 
volume gauge field. The radius of the extra dimension is proportional to 
the string coupling, which is also interesting. This eleventh dimension is of 
course the M-direction we saw in section 12.4. The D2-brane has revealed 
that the six-brane is a Kaluza-Klein monopole!® of eleven dimensional 
supergravity on a circle!°?, which is constructed out of a Taub-NUT ge- 
ometry* in equation (15.10). This fits very well with the fact that the D6 is 
the Hodge dual of the DO-brane, which we already saw is a Kaluza—Klein 
electric particle. 


with V(r) 


15.3 The moduli space of 3D supersymmetric gauge theory 


As before, the result also has a field theory interpretation. ‘The 
(2 + 1)-dimensional U(1) gauge theory (with eight supercharges) on the 


“It is a very useful exercise for the reader to take the Taub—-NUT metric, times seven 
flat directions, and use the reduction formula given in insert 12.1 (p. 274) to reproduce 
the six-brane metric of equation (10.38) directly. 
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world-volume of the D2-brane has Ne = N extra hypermultiplets coming 
from light strings connecting it to the Ne = N D6-branes. The SU (Nf) 
symmetry on the worldvolume of the D6-branes is a global ‘flavour’ sym- 
metry of the U(1) gauge theory on the D2-brane. A hypermultiplet WU 
has four components W,; corresponding to the four scalar degrees of free- 
dom given by the four positions Y’ = (27a’ “ay. The vector multiplet 
contains the vector Aq and three scalars ®” = (27a’)~'x'". The Yang- 
Mills coupling is g2,, = gga’ 1/”. 
puns 18 Gym = sQ 

The branch of vacua of the theory with Y Æ 0 is called the ‘Higgs’ 
branch of vacua while that with ẹ Æ 0 constitutes the ‘Coulomb’ branch, 
since there is generically a U (1) left unbroken. There is a non-trivial four 
dimensional metric on the Coulomb branch. ‘This is made of the three ®”, 
and the dual scalar of the U(1)s photon. Let us focus on the quantities 
which survive in the low energy limit or ‘decoupling limit’ a’ — 0, holding 
fixed any sensible gauge theory quantities which appear in our expressions. 
The surviving parts of the metric (15.10) are: 


ds? = V(U)(dU* + U*dQ3) + V(U) (do + Agde)” 


1 Gey Ne Ne 
h V(U) = — [14+ = ]; Ag = —3 0, (15.11 
where V(U) IPR, ( + aI] ) $ = g3 0088, ( ) 


where U = r/a’ has the dimensions of an energy scale in the gauge theory. 
Also, o = a's, and we will fix its period shortly. 

In fact, the naive tree level metric on the moduli space is that on RÌ x St, 
of form ds? = Gyn, dat + g%,,do*. Here, we have the tree level and one 
loop result: V(U) has the interpretation as the sum of the tree level and 
one-loop correction to the gauge coupling of the 2+1 dimensional gauge 
theory??”. Note the factor Np in the one loop correction. This multiplicity 
comes from the number of hypermultiplets which can run around the 
loop. Similarly, the cross term from the second part of the metric has 
the interpretation as a one-loop correction to the naive four dimensional 
topology, changing it to the (Hopf) fibred structure above. 

Actually, the moduli space’s dimension had to be a multiple of four, 
as it generally has to be hyper-Kahler for D=2 + 1 supersymmetry with 
eight supercharges!*°’. Our metric is indeed hyper-Kahler since it is the 
Taub-NUT metric: the hyper-Kahler condition on the metric in the form 
it is written is the by-now familiar equation: V x A = VV, which is 
satisfied. 

In fact, we are not quite done yet. With some more care we can establish 
some important facts quite neatly. We have not been careful about the 
period of o, the dual to the gauge field, which is not surprising given all of 
the factors of 2, 7 and a’. To get it right is an important task, which will 


350 15 D-branes and geometry II 


yield interesting physics. We can work it out in a number of ways, but 
the following is quite instructive. If we perform the rescaling U = p/4g9%, 
and y = 8n7a/N¢, our metric is: 


2 
IYM 

ds? = 
° 6412 


2N 
ds, = (G + —) (dp? + Pad) 


dst, where 


2 2Nr\ t 2 
+4NF | 1 + — (dw + cos Odd)", (15.12) 
p 


which is a standard form for the Taub-NUT metric, with mass Np, equal 
to the ‘nut parameter’ for this self-dual caset®®. 

This metric is apparently singular at p = 0, and in fact, for the cor- 
rect choice of periodicity for Y, this pointlike structure, called a ‘nut’, is 
removable, just like the case of the bolt singularity encountered for the 
Eguchi-Hanson space. (See insert 7.6, p. 188.) Just for fun, insert 15.1 
carries out the analysis and finds that w should have period 47, and so in 
fact the full SU(2) isometry of the metric is preserved. 

What does this all have to do with gauge theory? Let us consider the 
case of Ne = 1, which means one six-brane. ‘This is 2+1 dimensional 
U(1) gauge theory with one hypermultiplet, a rather simple theory. We 


Insert 15.1. The ‘nut’ of Taub—-NUT 


The metric (15.12) will be singular at at the point p = 0, for arbitrary 
periodicity of w. This will be a pointlike singularity which is called 
a ‘nut’? 82. in contrast to the ‘bolt’ we encountered for the Eguchi- 
Hanson space in insert 7.6 (p. 188), which was an $7. In this case, near 
p = 0, if we make the space look like the origin of Rt, we can make this 
pointlike structure into nothing but a coordinate singularity. Near 
p = 0, we have, for R = 2p” (see also insert 7.4, p. 180): 


dst, = 2Ne(dR? + R*d03), 


which is just the right metric for Rt if Aw = 47, the standard choice 
for the Euler coordinate. (This may have seemed somewhat heavy- 
handed for a result one would perhaps have guessed anyway, but it is 
worthwhile seeing it, in preparation for more complicated examples. ) 
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see that after restoring the physical scales to our parameters, our original 
field o has period 1/27, and so we see that the dual to the photon is 
more sensibly defined as © = 4n?c, which would have period 27, which 
is a more reasonable choice for a scalar dual to a photon. We shall use 
this choice later. With this choice, the metric on the Coulomb branch of 
moduli space is completely non-singular, as should be expected for such 
a simple theory. 

Let us now return to arbitrary N¢. This means that we have N¢ hyper- 
multiplets, but still a U(1) 2+1 dimensional gauge theory with a global 
‘flavour’ symmetry of SU (N¢) coming from the six-branes. There is no rea- 
son for the addition of hypermultiplets to change the periodicity of our 
dual scalar and so we keep it fixed and accept the consequences when we 
return to physical coordinates (U, ©): the metric on the Coulomb branch 
is singular at U = 0! This is so because insert 15.1 told us to give a a 
periodicity of 2r Nç for freedom from singularities, but we are keeping it 
as 27. So our metric in physical units has o with period 27m appearing in 
the combination (2do + N; cos dø). This means that the metric is no 
longer has an SU(2) acting, since the round S? has been deformed into a 
‘squashed’ S3, where the squashing is controlled by Np. In fact, there is a 
deficit angle at the origin corresponding to an Ajy,—1 singularity. 

How are we to make sense of this singularity? Well, happily, this all 
fits rather nicely with the fact that for Ns > 1 there is an SU(N¢) gauge 
theory on the six-branes, and so there is a Higgs branch, corresponding 
to the D2-brane becoming an SU(Nf-) instanton! The singularity of the 
Coulomb branch is indeed a signal that we are at the origin of the Higgs 
branch, and it also fits that there is no singularity for Nr = 1. 

It is worthwhile carrying out this computation for the case of Ns 
D6-branes in the presence of a negative orientifold six-plane oriented in 
the same way. In that case we deduce from facts we learned before that 
the presence of the O6-plane gives global flavour group SO(2N¢) for Ne 
D6-branes. The D2-brane, however, carries an SU (2) gauge group. This is 
T-dual to the earlier statement made in section 13.4 about D9-branes in 
type I string theory carrying SO(N-) groups while D5s carry USp(2M) 
groups as we learned in section 8.7: the orientifold forces a pair of D2- 
branes to travel as one, with a US'p(2) = SU(2) group. 

So the story now involves 2+1 dimensional SU(2) gauge theory with 
Ng hypermultiplets. The Coulomb branch for Ns = 0 must be completely 
non-singular, since again there is no Higgs branch to join to. This fits 
with the fact that there are no D6-branes; just the O6-plane. The result 
for the metric on moduli space can be deduced from a study of the gauge 
theory (with the intuition gained from this stringy situation), and has 
been proven to be the Atiyah—Hitchin manifold?*!. Some of this will be 


352 15 D-branes and geometry IT 


discussed in more detail in subsection 15.6. For the case of Nẹę = 1, the re- 
sult is also non-singular (there is again no Higgs branch for one D6-brane) 
and the result is a certain cover of the Atiyah—Hitchin manifold?** 248. 
The case of general Nç gives certain generalisations of the Atiyah—Hitchin 
manifold?*® 250. The manifolds have D N; Singularities, consistent with the 
fact that there is a Higgs branch to connect to. Note also that a stringy 
interpretation of this result is that the strong coupling limit of these 
O6-planes is in fact M-theory on the Atiyah—Hitchin manifold, just like it 
is Taub-NUT for the D6-brane. 


N.B. It is amusing to note — and the reader may have already spotted 
it — that the story above seems to be describing local pieces of K3, 
which has ADE singularities of just the right type, with the associ- 
ated SU(N) and SO(2N) enhanced gauge symmetries appearing also 
(global flavour groups for the 2+1 dimensional theory here). (The 


existence of three new exceptional theories, for kg, £7, Eg, is then 
immediate??”.) What we are actually recovering is the fact!* that 
there is a strong/weak coupling duality between type I (or SO(32) 
heterotic) string theory on TÌ and M-theory on K3. We’ll recover 
this fact again via another route in section 16.2.2. 


15.4 Wrapped branes and the enhancon mechanism 


Despite the successes we have achieved in the previous section with inter- 
pretation of supergravity solutions in terms of constituent D-branes, we 
should be careful, even in the case when we have supersymmetry to steer 
us away from potential pathologies. It is not always the case that if some- 
one presents us with a solution of supergravity with R-R charges that we 
should believe that it has an interpretation as being ‘made of D-branes’. 

Consider again the case of eight supercharges. We studied brane con- 
figurations with this amount of supersymmetry by probing the geome- 
try of N (large) Dp-branes with a single D(p—4)-brane. As described in 
previous sections, another simple way to achieve a geometry with eight 
supercharges from D-branes is to simply wrap branes on a manifold which 
already breaks half of the supersymmetry!!’. The example mentioned was 
the four dimensional case of K3. In this case, we learned that if we wrap 
a D(p+4)-brane (say) on K3, we induce precisely one unit of negative 
Dp-brane charge!!° supported on the unwrapped part of the world-volume 
(see equation (9.36)). At large N therefore, we might expect??? that 
there is a simple supergravity geometry which might be obtained by 
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taking the known solution for the D(p + 4)-Dp system, and modifying the 
asymptotic charges to suit this situation. The resulting geometry naively 
should have the interpretation as that due to a large number N of wrapped 
D(p+4) branes (p = 1, 2,3): 


ds? = Z; 1/27 med Nuda"da” + 282g de igri 
+V/271/2 77 U2 age. 
e? = g2 ZP) Z44722, 
C(p+1) = (Zp “i 1)g, dx? A dat A+++ A dat 


Cip+5) = (Z4 — 1)gy dx? A drt A+++ A dx?*. (15.13) 


Here, u,v run over the z? — x?t! directions, which are tangent to all the 
branes. Also i runs over the directions transverse to all branes, z? t? — x°, 
and in the remaining directions, transverse to the induced brane but inside 
the large brane, ds% is the metric of a K3 surface of unit volume. V is the 
volume of the K3 as measured at infinity, but the supergravity solution 
adjusts itself such that V(r)=V Zp/Zp+4 is the measured volume of the 
K3 at radius r. 


In the above, 


ro P lol 
2il . o (27 Dr (2r va rph 


where the normalisations are related to those in section 10.2. We have 
precisely N units of D(p + 4)-brane charge and —N units of Dp-brane 
charge. Note that the smaller brane is delocalised in the K3 directions, as 
it should be, since the same is true of K3’s curvature. 


(15.14) 


15.4.1 Wrapping D6-branes 


Let us focus on the case p = 2, where we wrap D6-branes, getting induced 
D2-branes.! The orientations are given as follows. 


' This will also teach us a lot about the pure SU (N) gauge theory on the remaining 
2+1 dimensional world-volume. Wrapping D7-branes (p = 3) teaches us?’ about 
pure SU(N) gauge theory in 3+1 dimensions, where we should make a connection to 


Seiberg—Witten theory? 24) at large N. 
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The harmonic functions are 
Z=1+2, = Se 
r 


Zo=14+2, re=2——, (15.15) 
T 


normalised such that the D2- and D6-brane charges are Q=- Q6 = —N. 

We worked out the spectrum of type ITA supergravity theory compact- 
ified to six dimensions on K3 in section 7.6. Let us remind ourselves of 
some of the salient features. The six dimensional supergravity theory has 
an additional 24 U(1)s in the R-R sector. Of these, 22 come from wrap- 
ping the ten dimensional three-form on the 19+3 two-cycles of K3. The 
remaining two are special U(1)s for our purposes: one of them arises from 
wrapping IAs five-form entirely on K3, while the final one is simply the 
plain one-form already present in the uncompactified theory. 


15.4.2 The repulson geometry 


It is easy to see that there is something wrong with the geometry which 
we have just written down, representing the wrapping of the D6-branes 
on the K3. There is a naked singularity at r = |fə|, known as the ‘re- 
pulson’, since? it represents a repulsive gravitational potential for small 
enough r. The curvature diverges there, which is related to the fact that 
the volume of the K3 goes to zero, and the geometry stops making sense 
(see figure 15.1). 

To characterise the repulsive nature of the geometry we can consider 
it as a background for particle motion and study geodesics. There is the 
usual obvious pair of Killing vectors, € = ð, and 7 = Og, and so a probe 
with ten-velocity u has conserved quantities 


e = — -u = —Guu' 

and 
C=n-u= Gogu®, 

where e and £ are the total energy and angular momentum per unit mass, 
respectively. Since the particle is massive, we have —1 = wu-u. In other 
words, picking 

E (< dr d0 do j) 

= \dr’ dr’ dr’ dr’? J’ 


t This is because it is dual??? to solutions which had earlier become known by that 
name*~'.~ 
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X3 


Xi 


Fig. 15.1. The repulson locus of points; an unphysical naked singularity. 


we have, working in the equatorial plane 0 = 7/2, 


and so 


where 


dr e? — 1 
— = E - R= 


V(r) = 5 = ( n =| z i) (15.16) 


and the metric components in the above are in string frame, and we have 
used that —Gy = 1/G,,. For what we wish to analyse, we can consider 
only purely radial motion, and hence set to zero the angular momentum ¢ 
which would correspond to a non-zero impact parameter. We sketch the 
resulting effective potential in figure 15.2. 

For large enough r, the effective potential is attractive, and so we need 
only seek a vanishing first derivative of Veg(r) to see where it becomes 
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Vote 0.04 


Fig. 15.2. The effective potential for massive particle motion in the 
geometry. The minimum is at r = re. 


negative. This gives the condition: 


Gre — -Gu = V, (15.17) 
which we can write in a number of interesting ways as 
Z> Z? Z5 Zi 
Zak)! = Zz (F 7) = Bebe (F $) =9 15.18 
(Z2Z¢) sZ 7,7 Z 2 Z T Z , (15.18) 


and the particle begins to be repelled at radii smaller than this. Particles 
with non-zero angular momentum will of course experience additional 
centrifugal repulsion, but r = re is the boundary of the region where 
there is an intrinsic repulsion in the geometry. 


15.4.8 Probing with a wrapped D6-brane 


Let us look carefully to see if this is really the geometry produced by the 
wrapped branes. The object we have made should be a BPS membrane 
made of N identical objects. These objects feel no force due to each other’s 
presence, and therefore the BPS formula for the total mass is simply (see 
equation (9.37)) 


N 
TN = z eV — H2) (15.19) 


with pg = (2m) aT"? and ua = (20)~2a/~3/. In fact, the BPS mem- 
brane is actually a monopole of one of the six dimensional U(1)s. It is 
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obvious which U (1) this is; the diagonal combination of the two special 
ones we mentioned above. The D6-brane component is already a monopole 
of the ITA R-R one-form, and the D2 is a monopole of the five-form, which 
gets wrapped. 


N.B. As we shall see, the final combination is a non-singular BPS 


monopole, having been appropriately dressed by the Higgs field asso- 
165 ( 


ciated to the volume of K3. Also, it maps under the strong/weak 
coupling duality of the type IIA string on K3 to the heterotic string 
on T*) to a bound state of a Kaluza—Klein monopole!® and an H- 
monopole?**, made by wrapping the heterotic NS5-brane.?39 243, 244 


If we are to interpret our geometry as having been made by bringing 
together N copies of our membrane, we ought to be able to carry out the 
procedure we described in the previous sections. We should see that the 
geometry as seen by the probe is potential-free and well-behaved, allowing 
us the interpretation of being able to bring the BPS probe in slowly from 
infinity. 

The effective action for a D6-brane probe (wrapped on the K3) is: 


s=-| PEC? (uV (r) = u2)(— det gas)? + jo | Cr- pa | C3. 
M MxK3 M 


(15.20) 


Here M is the part of the world-volume in the three non-compact di- 
mensions. As discussed previously (see equation (9.39) and surrounding 
discussion), the first term is the Dirac-Born-Infeld action with the posi- 
tion dependence of the tension (15.19) taken into account; in particular, 
Vir) = VZo(r)/Ze(r). The second and third terms are the couplings of 
the probe charges (u6, —u2) to the background R-R potentials, following 
from equation (9.36), and surrounding discussion. 

Having derived the action, the calculation proceeds very much as we 
outlined in previous sections, with the result: 
_ be Z2 — 12.46 4 eV (go —~1)- (zy! -1) 

26 229s gs gs 


1 
+ zg, tev 22 — u Zev? + O(v*). (15.21) 


L= 


The position-dependent potential terms cancel as expected for a super- 
symmetric system, leaving the constant potential (ugV — u2)/g and a 
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nontrivial metric on moduli space (the O(v?) part) as expected with eight 
supersymmetries. The metric is proportional to 


1 Ze [Z V; 
ds? = qe (u6 V Z2 — H226) dz4 = Fefe (F — 3) (dr? + r°dQ5), 


where we have used u2/u6 = V. We assume that V > V, = (27)*a’%, 
so that the metric at infinity (and the membrane tension) is positive. 
However, as r decreases the metric eventually becomes negative, and this 
occurs at a radius 


2V 
"=v. [fo] = Te, (15.23) 
which is greater than the radius ry, = |fə| of the repulson singularity. 


Furthermore, it is precisely the radius at which the geometry becomes 
repulsive, since 74/Z; = —V,/V, and that radius is determined by equa- 
tion (15.18). 

In fact, our BPS monopole is becoming massless as we approach the 
special radius. This should mean that the U(1) under which it is charged 
is becoming enhanced to a non-Abelian group. This is the case. There 
is a purely stringy phenomenon which lies outside supergravity which 
we have not included thus far. The W-bosons are wrapped D4-branes, 
which enhance the U(1) to an SU(2). The masses of wrapped D4-branes 
is computed just like that of the membrane, and so becomes zero when 
the K3’s volume reaches the value V,=(27Va’)*. 

The point is that the repulson geometry represents supergravity’s best 
attempt to construct a solution with the correct asymptotic charges. In 
the solution, the volume of the K3 decreases from its asymptotic value 
V as one approaches the core of the configuration. At the centre, the K3 
radius is zero, and this is the singularity. This ignores rather interesting 
physics, however. At a finite distance from the putative singularity (where 
Vk3 = 0), the volume of the K3 gets to V=V,, so the stringy phenomena — 
including new massless fields — giving the enhanced SU(2), should have 
played a role’. So the aspects of the supergravity solution near and in- 
side the special radius, called the ‘enhancon radius’, should not be taken 
seriously at all, since it ignored this stringy physics. 

The supergravity solution should only be taken as physical down to 
the neighbourhood of the enhancon radius re. That locus of points, a 
two-sphere $7, is itself called?’ an ‘enhancon’ (see figure 15.3). 


8 Actually, this enhancement of SU(2) is even less mysterious in the heterotic-on-T* 
dual picture mentioned two pages ago. It is just the SU (2) of a self-dual circle in this 
picture, which we studied extensively in section 4.3. 
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Fig. 15.3. The enhançon locus at which new physics beyond supergravity 
appears. This happens before the singular repulson locus, signalling that 
the original geometry inside the enhançon radius was unphysical. 


Recall also (see section 13.5.1) that the size of the monopole is inverse 
to the mass of the W-bosons (or the Higgs vev), and so in fact by time our 
probe gets to the enhancon radius, it has smeared out considerably, and in 
fact merges into the geometry, forming a ‘shell’ with the other monopoles 
at that radius. Since by this argument we cannot place sharp sources 
inside the enhançon radius, and so the geometry on the inside must be 
very different from that of the repulson. In fact, to a first approximation, 
it must simply be flat, forming a junction with the outside geometry at 
PENTa 

In general, the same sort of reasoning applies for all p. The enhancon 
locus results from wrapping a D(p + 4)-brane on K3 is S*~? x RPHL, 
whose interior is (5 + 1)-dimensional. This must work since the ratio 
Ly/-p+4 = V and so there will always be wrapped branes becoming 
massless at the same loci in the geometry, giving physics which goes be- 
yond supergravity. For even p the theory in the interior has an SU(2) 
gauge symmetry, while for odd p there is the A, two-form gauge the- 
ory, carried by tensionless strings. The details of the smoothing will be 
very case dependent, and it should be interesting to work out those 
details. 

One can also study SO(2N), SO(2N+1) and USp(2N) gauge theories 
with eight supercharges in various dimensions using similar techniques, 
placing an orientifold O6-plane into the system parallel to the D6-branes. 
The enhancon then becomes? an RP”. 
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15.5 The consistency of excision in supergravity 


We can actually use classic General Relativity techniques?” 260 to carry 
out the procedure of removing the interior geometry and replacing it by 
flat space. We should be able to see if this procedure is consistent and 
makes some physical sense. The standard procedure for this is as follows. 
If we join two solutions of Einstein’s equations across some surface, there 
will be a discontinuity in the extrinsic curvature at the surface. A rewriting 
of the equations of motion can be done to show that this discontinuity 
can be interpreted as a 6-function source of stress-energy located at the 
surface. 

Let’s carry this out here*°*, performing an incision at arbitrary radius 
r = ri, and then gluing in flat space. The computation must be performed 
in Einstein frame to enable an interpretation of the discontinuity in the 
extrinsic curvature as a stress-energy. So we work with the ten dimensional 
Einstein metric ds%, = e7®/2ds? denoting the generic metric components 
as GAR: 


+ VZ? zo Sds% 
= G udz”dz” + Gijdax'da) + Gaydx“dx’, (15.24) 


where Z and Ze are given by (15.15). 
Since we make a radial slice, we can define unit normal vectors (see 
insert 10.2): 
A 1 a\4 
ni = +- (=) ; 
VGrr \Or 
where n} (n_) is the outward pointing normal for the spacetime region 
r >ri(r < ri). Referring to insert 10.2, we see that the extrinsic curvature 
of the junction surface for each region is 


(15.25) 


1 OG AB 
2/Grr Or ` 


We next define the discontinuity in the extrinsic curvature across the 
junction as y4Bp = Kip + Kp. The stress-energy tensor supported at 
the junction is defined in terms of these as: 


1 
Kip = 5 Z0cGap = F 


5 (15.26) 


1 
Sap = 3 (74B — GAB 1c); (15.27) 


where « is the gravitational coupling defined in (7.44). 
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In choosing the metric for flat space, we should ensure that all fields 
are continuous through the incision by writing the interior solution in 
appropriate coordinates and gauge: 

gel?ds? = Za(ri) 7/8 Z6(ri) Sy pdatda” + Zo(r)3/8Zo(ri) dada" 

aaa 3/8 Ze (ri) Sdsics, 
e? = gZ (ri) Ze (ri), 
C3) = L aia) ldz? A dz! A dx’, 
Ci) = (Ze(ri)gs) dx? A dx! A dx? ^V egs. (15.28) 


It is straightforward to derive the following results for the discontinuity 
tensor, and the reader should check the result: 


1 1 Z! VA 
v — 5—4 2 Sa) Gur 
Wu even lA + H 


1 1 z Z! 
oe ge 73) en 
" rover | Zo Zo) 7" 
1 1 Z! Z! 
= —— 32 — 3) G 15.29 
Tab 16 JG, ( ZZ) % (15.29) 


where a prime denotes 0, and all quantities are evaluated at the incision 
surface r = ri. The trace is: 


1 1 Z? Zi 
C 2 6 
= 322 4 EA] 15.30 
re 16 VG rr (37, Z6 ( 


and the u,v = 0,1,2 index directions along the brane, 2,7 index the two 
angular directions (6,) transverse to the brane, and a,b index the four 
K3 directions. 

So finally we have the stress-energy tensor of the discontinuity: 


1 Z, z 
Sw = 2 Ge (2 t 7.) Go 
Sij = 0, 
1 Z! 
Sas = —— 3) Gap. 15.31 
° 242 V Grr (z ° ( 


Let us consider the physical properties of this object?°*. The last line gives 
the components of the stress-energy along the K3 direction. It involves 
only the harmonic function for the pure D6-brane part which is consistent 
with the fact that there are only D6-branes wrapped there. The middle 
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line shows that there is no stress in the directions transverse to the branes, 
which dovetails nicely with the fact that the constituent branes are BPS 
with no interaction forces needed to support the shell in the transverse 
space. 

As a first check of this interpretation, we can expand the results in 
equation (15.31) for large ri. Up to an overall sign, the coefficient of the 
metric components gives an effective tension in the various directions. ‘The 
leading contributions are simply: 


N 1 1 
= —— — VY, )——— = N — —— ], 
(2m) (a) 2gs (V V, iV (TeV T2) (caer) 


1 


1 re N 1 1 
D= 8 2 Of ed =Ny|— |. (1533 
TK3(ri) 2K? r2 — (2m) (a) 2gs (z) 76 (z) ( ) 


1 


which is in precise accord with expectations. In the K3 directions, the 
effective tension matches precisely that of N fundamental D6-branes, with 
an additional averaging factor (1/4rr?) coming from smearing the branes 
over the transverse space. In the «°, zt, x? directions, we have an effective 
membrane tension which, up to the appropriate smearing factor, again 
matches that for N D6-branes including the subtraction of N units of 
D2-brane tension as a result of wrapping on the K3 manifold!’ . 

Notice that the result for the stress-energy in the unwrapped part of 
the brane is proportional to (Z2Z¢)’. As we have already observed in 
equations (15.18) and (15.23), this vanishes at precisely r = re, where the 
probe starts to become unphysical, and where the supergravity starts to 
become repulsive. So, for incision at the enhancon radius, there is a shell 
of branes of zero tension, as the probe computation showed. 

For r < re we would get a negative tension from the stress-energy 
tensor, which is problematic even in supergravity. Notice, however, that 
nothing in our computation shows that we cannot make an incision at 
any radius of our choosing for r > re, and place a shell of branes of 
the appropriate tension (as in the calculation of the effective tensions at 
large r; above). This corresponds physically to the fact that constituent 
branes experience no potential, so they can consistently be placed at any 
arbitrary position outside the enhancon. 


15.6 The moduli space of pure glue in 3D 


Note that the Lagrangian (15.21) depends only on three moduli space 


coordinates, (x3, x4, x5), or (r,9,¢) in polar coordinates. As mentioned 
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before, a (2+1) dimensional theory with eight supercharges, should have 
a moduli space metric which is hyper-Kahler'®°. So we need at least one 
extra modulus, s. A similar procedure to that used in section 15.2 can be 
used to introduce the gauge field’s correct couplings and dualise to intro- 
duce the scalar s. A crucial difference is that one must replace 27a’ Faa by 
e7?(ugV (r) — u2) ?vavy in the Dirac-Born—Infeld action, the extra com- 
plication being due to the r dependent nature of the tension. The static 
gauge computation gives for the kinetic term: 


L=Fi(r) Ge + re?) + F(r)7+ (3/2 — u2C40/2) , (15.34) 
where 
Z 1—3/2 V N 11/2 
F(r) = y. (u6 V(r) — u2) = ESA z 74> une). (15.35) 


and Q? = 6? + sin?6 b?. 

Again, there is gauge theory information to be extracted here. We 
have pure gauge SU(N) theory with no hypermultiplets, and eight su- 
percharges. We should be able to cleanly separate the gauge theory data 
from everything else by taking the decoupling limit a’ — 0 while holding 
the gauge theory coupling 9%), = WM pV = (2)*gsa’3/2V—! and the 
energy scale U = r/a’ (proportional to My) fixed. In doing this, we get 
the metric: 


ds* = f(U) (ù? + U’? ) + f(U) (ao — PETON 


1 GeuN 
where f(U) = —~~—|1- , 15.36 
(U) An? 9SM ( L ) ) 


the U(1) monopole potential is Ag = +1 — cos 0, and o = sa’, and the 
metric is meaningful only for U > Us = À = gk, N, the °t Hooft coupling’, 
a natural gauge theory quantity to hold fixed in the limit of large N, 
where we make contact with supergravity. This metric, which should be 
contrasted with equation (15.11), is the hyper-Kahler Taub-NUT metric, 
but this time with a negative mass. It is singular. For N = 2, the full met- 
ric, obtained by instanton corrections to this one-loop result, is smooth, 
as we will discuss. For large N, the instantons are suppressed. We shall 
discuss this some more in the next section. 


15.6.1 Multi-monopole moduli space 


Recall that the membrane resulting from wrapping the six-brane is s 
BPS monopole. Therefore the moduli space of the entire wrapped system 
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should be related to the moduli space of N BPS monopoles. In fact, since 
the low energy dynamics of the branes is SU(N) gauge theory, we learn 
that BPS monopole moduli space is to be identified with the Coulomb 
branch of the gauge theory as well??!. The part of the moduli space corre- 
sponding to the motion of a single sub-brane (the probe discussed above) 
is evidently a submanifold of the full 4N — 4 dimensional metric on the 
relative moduli space?! of N BPS monopoles which is smooth?!’. 

This should remind the reader of our study in section 15.3. Recalling 
that this is also a study of SU(N) gauge theory with no hypermultiplets, 
we know the result for N = 2: the metric on the moduli space must 
be smooth, as there is no Higgs branch to connect to via the singular- 
ity. This is true for all SU(N), and matches the monopole result. For 
N = 2, we stated that the metric on the moduli space?*’ is actually the 
Atiyah—Hitchin manifold?32. The metric may be written in the following 
manifestly SO(3) invariant manner?’ 251, 


dsty = frdp? + 070? + 003 + 02: 
—— = (b- c)? — a”, and cyclic perms.; p= 2K (sin 5) 
(15.37) 


where the choice f = —b/p can be made, the c; are defined in (7.4), and 
K(k) is the elliptic integral of the first kind: 


K(k) = [a — k? sin? 7) 2dr. (15.38) 


Also, k = sin((@/2), the ‘modulus’, runs from 0 to 1, so m < p < œ. In fact, 
the solution for a,b,c can be written out in terms of elliptic functions, but 
we shall not do that here. All of the functions entering the metric can be 
expanded in large p, and the result is: 


2 2\—! 
dsn = (1 — =) (dp + pda | +4 (G — =) (dy) + cos Odd)? . 
p p 


(15.39) 


Comparing to equation (15.12), we see that this is the Taub-NUT met- 
ric, but with a negative mass parameter, i.e. Ne = —1. Now, as already 
stated, Taub-NUT has an SU (2) isometry, and the full Atiyah—Hitchin 
metric has an SO(3). Furthermore, the metric we have here is singular at 
p = 2, whereas the full metric is smooth everywhere. Therefore there is 
a lot missing from this approximate metric. In fact, these key differences 
are invisible at any order in the large p expansion, being exponentially 
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small in p, of the form e`’. These exponential corrections for smaller p 
remove the singularity: p = 2 is just an artifact of the large p metric in the 
above form (15.39). As for the isometry, the fact that it is really SO(3) 
follows from the fact that ~ started out with periodicity 27 and not 4r 
in the full metric, as required by the requirement that there is no bolt 
spherical singularity at finite p. Expanding in large p will not change that 
periodicity of course, but if one was just presented with the expanded 
result one would not know of the non-perturbative no-bolt condition. So 
in this case of two monopoles, there is an SO(3) = SU (2)/Zə isometry in 
the problem, and not the naive SU(2) of the Taub-NUT space, since w 
has period 27 and not 47. The SO(3) isometry, smoothness, and the con- 
dition of hyper-Kahlerity actually picks out uniquely the Atiyah—Hitchin 
manifold as the completion of the negative mass ‘Taub-NUT. 

Actually, we have described a trivial cover of the true Atiyah—Hitchin 
space. The two monopole problem has an obvious Zə symmetry coming 
from the fact that the monopoles are identical. Some field configurations 
described by the manifold as described up to now are overcounted, and 
so we must divide by this Zo, resulting in an RP? for the bolt instead of 
an 9°. 

What is the relation to our probe result? To see it?°°, change variables 
in our probe metric (15.36) by absorbing a factor of \/2 = gé,,N/2 into 
the radial variable U, defining p = 2U/X. Further absorb Y% = o8n?/N 


and gauge transform to Ag = —cos@. Then we get: 
2 2 
Gn N 
ds* = 3003 dstn_, (15.40) 


showing that we have precisely the form of the ‘Taub-NUT metric that 
one gets by expanding the Atiyah—Hitchin metric in large p and neglecting 
exponential corrections. 

Now for the same reasons as in section 15.3, the periodicity of ø is 1/27, 
and we will use ¢ = 4n’o as our 2m periodic scalar dual to the photon 
on the probe’s world-volume. Looking at the choices we made above, this 
implies that for the SU(2) case, the coordinate w has period 27, which 
fits what we stated about the Atiyah—Hitchin manifold above. 

The exponential corrections have the expected interpretation in the 
gauge theory as the instanton corrections which maintain positivity of the 
metric and the gauge coupling’. Translating back to physical variables, 
we see that these corrections go as exp (—U/g%,), which has the correct 
form of action for a gauge theory instanton. (We have just described a 
cover of the Atiyah—Hitchin manifold needed for the SU(2) case. There 
is an additional identification to be discussed below.) This completes the 
story for the SU(2) gauge theory moduli space problem?*®. 
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Can we learn anything from this for our case of general N, especially 
for large N, to teach us about the enhancon geometry? Notice? that the 
instanton corrections are suppressed at large N if we hold the ’t Hooft 
coupling A (which sets the Taub-NUT mass) fixed, since there is a bare N 
in the exponential: exp (—NU/A). So the smoothing is suppressed at large 
N, and we recover the macroscopic sharp (relatively) enhancon locus at 
large N in the supergravity geometry. Notice that if we’ve fixed our period 
of o to be 2m as before, for general N the resulting period of w in the 
scaled variables is Ay = 4a/N. Therefore our isometry is not SO(3) but 
is only SU(2)/Zy, which is not an isometry at all. 


16 
Towards M- and F-theory 


As we saw in chapter 12, there is an extremely tantalising picture of the 
fate of string theory at strong coupling, obtained using certain ‘duality’ 
transformations. In fact, D-branes were rather useful, as they allowed 
for an explicit constructive method for finding evidence of the products 
of duality, for example exhibiting stable states which must exist — with 
special properties — on both sides of the duality. 

One major task is to try to understand how to write better formula- 
tions of the physics of strong coupling. There are two main goals to be 
achieved by this. The first is simply to find better ways of finding new and 
interesting backgrounds (vacua) for string theory, with techniques which 
allow for better handing of strongly coupled regions of the solution. The 
second is to attempt to find the ‘correct’ manner in which to describe the 
complete M-theory from which all string theories are supposed to arise as 
weakly coupled limits. 

Both ‘Matriz theory!" and ‘F-theory’!”? are ideas in these directions, 
putting together the strongly coupled brane and string data in ways which 
allow for new geometric ways of describing and connecting string vacua, 
and giving insights into the next generation of formulations of the physics. 
In this chapter we shall uncover aspects of both, while learning much more 
about the properties of various branes. 


16.1 The type IIB string and F-theory 


One of the remarkable dualities which we observed in chapter 12 was the 
‘self-duality’ of the type IIB superstring theory. Its fullest expression is 
in terms of a rich family of transformations which generate the group 
SL(2,Z). The consequences of this duality group are profound, and we 
shall uncover some of them in this chapter. 
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16.1.1 SL(2,Z) duality 


Recall that we saw that the coupling inverted under the ‘duality transfor- 
mation’: gs —> 1/gs, or ® — —®, since gs = e?. The fundamental string 
was exchanged with the D1-brane, from which it follows that the NS-NS 
two-form potential and the R-R two-form potential (to which those strings 
couple electrically, respectively), are also exchanged. 

In fact, as has been discussed earlier as well, this is all part of a 
larger duality, whose complete transformation group is S L(2, Z), which is 
parametrised by matrices of the form: 


a=(¢ 1) ab—cd=1; a,b,c,d €Z. (16.1) 


Combining the R-R scalar Cig) and the dilaton into a complex coupling 
T = Co) + ie °, the duality group acts on it as: 


aT +b 
— 16.2 
l eryd (16.2) 

and acts on the two-form potentials as 
oa) 8 (aa) m e a (ee) 
A —> . 16.3 
(a E) Ca 0 aj \ Co (16:3) 
So the basic strong weak coupling duality we discovered first is the case 
0 1 

a=s=( ») (16.4) 


for which we get rT > —1/T, Big) > —Ca), Ca) > Bia). While all of this 
is taking place, the R-R four-form C4) is invariant, which has remarkable 
consequences for the D3-branes which couple to it, as we shall see later 
in this and other chapters. 

In fact, at low energy and tree level, the SL(2, Z) symmetry is only 
SL(2, R), as the integer restriction to the former case is only visible be- 
yond tree level. The quantisation of the charges of the D-instanton (and by 
supersymmetry, their action) which couple electrically to Cio) arises in the 
quantum theory, as we saw in chapter 8. It is very instructive to rewrite the 
low energy supergravity action (7.42) in a manifestly SL(2, R) invariant 
way, with the understanding that at this level we can restrict to integers by 
hand. We work in Einstein frame metric, defined by Gi = =e %/2Gs and 


pv? 
find that it is useful to define a field strength doublet Gg 3) = (Hi3), Gay) 


and a matrix 
o( Ir?  —Co@) _ , 
( C ’ T = T1 + T2, 


o1 r|? —Rer\ _ 
M=—( 1 1 )= — (0) 1 
(16.5) 
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and the action is: 


SIIB = oy) [a LV G(R z lô, Mo" M] — 79 CB) MGi) 


1 Eij i] [j] 
— m) — £ f Ca /\ Gig) /\ Gis); (16.6) 


(where e;; is antisymmetric with €12 = 1) and the SL(2,R) invariance is 
under: 


M—>AMAT; — Gig) > (AT)! Gi). (16.7) 


In fact, M parametrises the coset SL(2,R)/SO(2), (the dimension of the 
coset, 3 — 1 = 2 corresponds correctly to the number of scalars) and the 
kinetic term for the scalars can also be written as 


O, TORT 
2(Imr)?’ 


showing that the metric on the coset space is essentially*! (Imr)~?. 


16.1.2 The (p,q) strings 


We saw in chapter 11 that we can construct a family of strings as bound 
states of fundamental strings (denoted (1,0)) and D1-branes or 
‘D-strings’ (denoted (0, 1)). It is instructive to construct the supergravity 
solutions corresponding to these bound states!*’. The metric resembles 
the Einstein frame version of the D-string metric which we wrote in chap- 
ter 10, reproduced here (lying along 21): 


9 
ds? = Hy °*!*(—dt? + dx?) + HI Y da?, 


i=2 
e? = gH"? C2) = g, H; ‘dt A dx1, 
Ti 6 
Hi = 1+ (=) , (16.8) 


* This form should also be familiar from chapter 2 when we discovered how to write 
modular invariant partition functions. 

' As an aside, it is worth noting that this is the simplest non-trivial example of a 
supergravity model for which we find that the scalars are valued on a coset G/H 
for some non-compact G and compact H. This example will be embedded in more 
complicated examples later. For example, we have already seen a five dimensional 
example at the end of chapter 12, arising from compactifying on T? to five dimensions. 
There the scalars live on the coset E66) /USp(8), and there are 78 — 36 = 42 of them. 
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where rf is given in equation (10.36) (where we choose N = 1 for a single 
brane), which is normalised so that the Cio) charge of the D1-brane is 
u1 = (2ma’) t. It is possible to use the SL(2, R) transformations to write 
a more general solution!**, which has an asymptotic value of Co) which is 
non-zero as well, which we shall call co = 6/27, giving us an asymptotic 
coupling To = co + i/gs. Such a solution is to be interpreted as being 
in a different vacuum from the usual case where we just have the string 
coupling switched on. 

Defining the asymptotic value of M to be Mo, (made out of 79 in the 
obvious way, in view of equation (16.5) we define for the (p,q) case: 


Ana = P Mo! (E) = aP- 400)? + 95 (16.9) 


and we get the same form for the metric above, but with 
6 
r 
Hı = 1+ Apg (=) , 
Cia) = >O (9m), 


. 1/2 _ 
_ pco — q\to|? + ipH;! Js l (16 10) 
B . 1/2 —1 ? ° 
p — qco + iqHy’ “gs 


where qH = p, g?! = q, oe = Bi) and oe = C2). The special case (1, 0) 
is the solution for the fields around the fundamental string!©*. We see from 
the first line in the above that the tension of the string solution is in fact 


l — 
Ta = z7 V P- 4¢0)? + 95°? = y (lp — gcolTi,0)? + (470,1)? 
— | | (16.11) 
= — OTa]. . 
Oma! P— 70 


Notice that we have reproduced the formula (11.12), but generalised to 
include non-zero asymptotic C9), denoted co. ‘This is a generalisation to a 
different vacuum than the previous case. In fact, it is interesting to notice 
that various values of co, gs give interesting patterns for the lightest string, 
which determines what we would call the perturbative string spectrum! 
In the case co = 0, the fundamental string (1,0) is indeed the light- 
est, for small gs, as is familiar. Generically, one can always find one such 
string which is the lightest, for a given value of co. This is the dominant 
string at weak coupling. However, at special values, we can obtain degen- 
eracies. For example, notice that if |ro| = 1, we get Tq = Tgp. Mean- 


while Tpq = Tp,p—q if co = 1/2 and g7? = 3/4. Amusingly, at To = e™ ’, 
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all three of the ‘simplest’ strings are degenerate: 71,9 = 70,1 = 71,1. Also, 
for tT = e2™/3, which differs from the previous To by one, we have 
T-1,0 = T0,-1 = T-1,-1, Which are the strings we encountered before in 
reverse orientation. Geometrically, T = e™/3 6271/3 are the special ‘orb- 
ifold’ points of the fundamental region of the SL(2, Z) shown in figure 3.3. 
This fits rather well with what we already discussed in chapter 11, where 
we saw that we could form a three string junction, by balancing the ten- 
sions of the three types of string. At this point of the moduli space of 


(p,q) string theories the junction diagram is Z3 symmetric. 


16.1.3 String networks 


Recalling the three string junction’? 1975 140 that we encountered in 


section 11.4, it must have already occurred to the reader that there is 
an amusing construction that follows. We can make a network!?® of such 
string junctions, preserving some supersymmetry. Let us see how this 
junction must work. 

First, note that when three strings meet, with charges (p;,q;) for the 
ith string, the sum of the charges must vanish: 


3 3 
Sm =0= X qi. (16.12) 
i=l i=l 


In addition, we must balance the forces exerted by each string, so as to 
achieve a stable configuration. Let the ith string by oriented along a unit 
vector n;. Then, given that it has tension Tp, g,, the balance condition is: 


3 
N Tp qii = 0: (16.13) 
i=1 

Now recall that our tension formula is simply 


Tp,q = |p + qr]. 


Consider the complex number p + qr. Its modulus is the tension given 
above, while its argument shall be denoted @(p, q,7): 


p + QT — |p + qr lett PaT) — Tp ger eRe), 


Let us now rewrite our force and charge balancing conditions in terms of 
this. First, the charge conditions (16.12) tell us that 


3 


N (pi + iqi) = 0, 


t=1 
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and therefore: 
3 
a Tp, qe S rn”? — 0. 
i=1 


This is two equations, a real and imaginary part, which we can get to 
agree with the force balance equation (16.13) if we simply set 


a = (84nn), 


sin (Pi, qi, 


What does this mean? Well, our result tells us that we can achieve 
a completely balanced string network of (p,q) strings if any string with 
charges (p,q) is oriented at angle (pi, qi, T) in the plane, i.e. pointing 
in the direction given by p + qr. Note that this result does not depend 
on the location of any string within the network, just its orientation. So 
we can build a string network of arbitrary size out of (p,q) strings (see 
figure 16.1). 

This solution, and the fact that it preserves eight supercharges, is very 
interesting, and perhaps suggestive of something remarkable, like a new 
non-perturbative building block of the type IIB string theory. It is par- 
ticularly suggestive because it reminds one of a number of diagrams that 
occur elsewhere in theoretical physics, such as planar diagrams for large N 
gauge theory, dual triangulations of string world sheets, etc. Speculations 
of this sort based on pictures alone are of course easy to do, and so it 
would be interesting to see if there are connections with firmer founda- 
tions which might be exploited fruitfully. 


Fig. 16.1. A string network. 
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16.1.4 The self-duality of D3-branes 


As has been remarked upon previously, the four-form potential C4) is 
invariant under the SL(2,Z) duality transformation. This must mean 
something quite remarkable for the D3-brane which couples to it, since 
the world-volume action of the D3-brane couples to all of the background 
fields we have been discussing so far that do have non-trivial SL(2, Z) 
duality transformation properties. In Einstein frame, the action is: 


S = -r J d'E det! ?[Gap + e7 Fa] 
Ma 


1 
+ [3 I (Cw + Cia ANF + 5 (0) F F), (16.14) 
4 


where Fab = Bap +2710’ Fap, and Mz, is the world-volume of the D3-brane, 
with coordinates €°,...,€°. As usual, the parameters u3 and 73 are the 
basic R-R charge and tension of the D3-brane: 


u3 = 739s = (2m) ?(a’)~?. (16.15) 


Also, Gab and Bap are the pulls-back of the ten dimensional metric (in 
Einstein frame) and the NS-NS two-form potential, respectively. 

Before we do anything else, let us stop to think about what is going on 
at low energy, in flat space. Let us also switch off the the background an- 
tisymmetric tensor fields. The theory then becomes gauge theory, in fact, 
the N = 4 supersymmetric four dimensional SU(N) gauge theory (if we 
have N branes and neglected the overall centre of mass). This theory has 
a number of special properties. It is supposed to be conformally invariant 
in the full quantum theory. That it is classically scale invariant is of course 
trivial. For a start, all of the fields are massless. Furthermore a quick di- 
mensional analysis shows that the coupling gym has to be dimensionless, 
and indeed, our formula for it in terms of the closed string coupling sets it 
to be g&u = 219s. The theory’s 6-angle is set by the R-R scalar Co). The 
statement that it is quantum mechanically conformally invariant is highly 
non-trivial. This means that the @-function vanishes, or that the trace 
of the full energy-momentum tensor vanishes, etc. This is more involved, 
and we shall see that this does follow from the properties of D3-branes, 
in chapter 18, in remarkably interesting ways. 

Another property that this theory is supposed to have is exact S L(2, Z) 
‘S-duality’, generalising the following electromagnetic duality which one 
would expect for the Abelian case: 


S = -r3 | a£ 


1 1 
L = FeO Fy PMY + 1Co) Fu E. (16.16) 
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We have the electromagnetic field E and the magnetic induction B arising 
from Fuy as E; = Fio and B; = eijk Fik- F satisfies a Bianchi identity 
ta F uv] = 0. The (source-free) field equations are given in terms of another 
antisymmetric tensor Fy, as Oa“Fun = 0. In the absence of Cg), the 
theta-angle, this would simply be the Fuy we first thought of, but more 
generally it is?”: 


0S 


F y=—2 
P ÔF 


(16.17) 


and from it we get the electric induction D from D; = Fip and the mag- 
netic field H as H; = leik Fik. These are related to the previous fields 
as: 


D = — = PR 4+ CoB 
OE 

>- oe . 

H =— =e? CoE 16.18 
AB (0) ( ) 


In components, the Bianchi identities and field equations are the familiar 
ones: 


V B=0, vx E= —28 

Ot 

=> -> D 
V:-D=0, VxH= 22, (16.19) 


These ‘constituitive relations’ may be written in terms of our earlier de- 


fined matrix M: | | 
H\ | B 
(2) = (3). (16.20) 


The SL(2, Z) duality transformations are then easily written as: 


H T\-1{H B B 
Ce) Oa) (5) 8G) osa 
which leave the relations (16.20) invariant, in view of the transformation 
of M given in equation (16.7). 

Going to the full Born—Infeld Lagrangian, it has been shown (we will 
not do it here) that the duality still holds. Furthermore, inclusion of the 
coupling to the two-form potential preserves the SL(2,Z) duality, pro- 
vided that they transform according to equation (16.3). 

Considering two D3-branes gives an SU(2) gauge group, (neglecting 
the overall U(1)) and the S-duality is still supposed to hold, but with the 
dual theory having the dual SO(3) gauge group. More generally, in this 
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‘Montonen—Olive duality’? , gauge group G is replaced by a gauge group 
G* whose weight lattice is dual to that of Œ. This is not a subject we shall 
go into here, although it is a beautiful one?”. 

Note, however, that we can translate the expected spectrum of BPS 
monopoles and dyons in the gauge theory to the case here. Recall from 
section 13.5 that if the branes separate by some distance L, these are 
made by stretching the (p,q) strings between them, and ending on the 
D3-branes’ surface, the SU(2) having been broken to a U(1), and the 
Higgs vev is set by L. Observe that we can surround a string with an S”. 
This means that the point at the end of the string can be surrounded by 
an S8. Meanwhile, we can locate the D3-brane world-volume as a point in 
Rê, and so it can be surrounded by an S°. Finally, to specify the location 
of the endpoint inside the worldvolume, we can surround it by an S°. So 
the source equation for the string in ten dimensions is supplemented by 


a contribution from the D3-brane action?”: 
~Ji oP 
GH = my (x +L ^ ôf (x (16.22) 


where Ch | Boa) and ci = Cg), the NS-NS and R-R form potentials 
respectively, and Ly are the charge per unit length of the fundamental 
string and D-string. Also a labels each D3-brane. Here, the Hodge dual 
is performed in ten dimensions, and so on both sides we have something 
which can be integrated over S® in order to measure the charge. Perform- 
ing the integral, and observing how the R-R and NS-NS potentials couple 
in the action (16.14), we have explicitly: 


0 = pil + | F, 0 = u” +j “F. (16.23) 
S2 S2 


This shows that the charges of the string endpoints are correlated with the 
spacetime charges of the strings, allowing them to furnish the complete set 
of (p,q) dyons in the field theory, and the SL(2, Z) strong/weak coupling 
duality descends correctly to these states as well, and they have masses 
Mp,q = Tp,qL. 


16.1.5 (p,q) Fivebranes 


In a very similar way to the construction of the supergravity solution 
for the (p,q) strings, a family of (p.q) fivebranes may be constructed, 
filling out the expectation that such objects ought to exist in view of ten 
dimensional string/fivebrane duality, hence sourcing the doublet of two 
form potentials magnetically. The solution may be written in Einstein 
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frame as: 


5 9 
ds? = H; *(—dt? + © dx?) + Hz” Y da?, 
1=1 1=6 


Hs 


r5 2 
1+ Ang (=) | (16.24) 
r 
with A, given in equation (16.9), and expressions for C l 
to the ones written for the (p, q)-strings in equation (16.10). The of these 
solutions therefore comes out to be: 


and 7 similar 


7 = /([p — aewlr3o)2 + (4781), (16.25) 


the expected analogous equation to the (p,q) string tension (16.11). 


16.1.6 SL(2,Z) and D7-branes 


Let us consider the case of the action (16.6) with all of the higher rank 
potentials switched off. Furthermore, let us worry only about non-trivial 
structure in the zg and xg directions, leaving the directions t, 71,..., £g 
untouched. Let us write a complex coordinate z = rg + izo, in terms of 
which the action and equations of motion from varying it with respect to 
T are: 


=o 1 10. s OTOF 
3 = 2K? Je ” a(x sen) 
207 OT 


T—T 


ððT + 


= 0. (16.26) 


A simple trial solution to this which preserves half the supersymmetries 
is to ask that 7 is in fact holomorphic: Or(z,z) = 0. Now recall that 
a Dv-brane carries the magnetic charge of Cio). Notice further that we 
have its Cg) charge is u7 = (27)~"(a’)~*, which happens to match the 
normalisation of our action, 1/(2«7), and so in circling a single D7-brane 
once, Cig) should change by precisely 1 in order to register the correct 
amount of D7-brane charge (recall that we integrate *dC(g) around the S$ l 
to measure a D7-brane’s charge). 
Using this information, a suitable choice for a D7-brane located at z = 0 
would seem to be: 1 
T(z) = — log(z), (16.27) 
since circling the origin will produce a jump T —> 7+ 1. This is a good 
description of the object for a range of distances, but there are problems. 
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Near the origin, Im7 is becoming large and negative, which cannot make 
sense, since it should be positive, given that it is the inverse string cou- 
pling. So there the solution breaks down, but this is perhaps fine, since 
we can simply use open string perturbation theory there, in the spirit 
of previous brane solutions which break down near the origin. We can 
generalise this trivially to many branes located at points z; by writing: 


T(z) = + log(z — %). (16.28) 
271 
Unfortunately, at large z, the solution is not very good either. If there 
was a four dimensional problem (i.e. with only one other spatial direction) 
this solution would be a ‘cosmic string’, and as such, the energy per unit 
length diverges for this solution, and so we cannot also solve the gravity 
equations. 

Recall however that 7 is allowed to jump by an SL(2, Z) transforma- 
tion. This can be exploited?”, since now 7 is not just any number. The 
inequivalent values of it are restricted to lie in the fundamental domain 
F in figure 3.3. So the energy density is now controlled by: 


1 9 1 OTOF _ 1 2 l= _ 


but we can convert this to an integral over the fundamental domain in 
the 7 plane via: 


7 _OT OT 
dt dT = dzdz o z 
to give: 
1 9 l -= _ 
—— ~001 — . 
z2 [4 T (528 og (T 7)), (16.30) 


and we can integrate by parts to perform a boundary integral over the 
edge of the domain to give 27/12 for the integral, which is the mass 
density in units of 1/2. Actually, we have assumed that we have flat 
space for the solution. This is not correct, really, since the energy density 
in the 7 field ought to have a non-trivial back reaction on the geometry. 
Let us attempt to find a solution which looks like the following (inspired 
by the structure of the case p = 7 in equation (10.38)): 


7 
ds? = —dt? + \ da; + H7(z, Z)dzdz. (16.31) 

i=1 
In fact, the equations of motion for the 7 field are not modified by this 
ansatz, since they would have included contributions from the combina- 
tion (—G)!/2G77, which remains unchanged with the above ansatz. The 
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only non-trivial equation which results from this is 


1 


1 1 _ 
Roo — =GooR = ——— 3 Go00Thor. 16.32 
00 = 5700 Hy 872 00OT NOT ( ) 
In fact, this can be written as: 
_ OT OF _ 
dd log Hy = —— = dd log Tə. (16.33) 
79 


This is just Poisson’s equation in two dimensions. The source is 00 log Tə, 
and its energy density of 27/12 is the total charge in the problem. An 
obvious long distance solution is: 


1 
log H7 = -73 log |z]. 


Looking back at the metric, we see that the z-plane has metric ds? ~ 
|z71/12dz|?. We can change variables to Z = z!7"1?, and see that the 
metric is flat ds? ~ |dž|?, but there is a deficit angle of 27/12, since as we 
do a complete circle in z, Z only goes around part of the way. 

It is straightforward to see that if there are N copies of this sort of 
solution, the result is log Hy = — #5 log |z| and so the metric is ds? ~ 
Iz 7N/12dz|?. There is a deficit angle of 2nN/12. Let us consider the case 
of N = 24. Well, by a change of variables similar to what we did previously, 
B= zi -N/2 for N = 24, we get 2 = 1/z, and then the metric is ds? ~ 
\dz|?, but the periodicity of z and Z are the same. So there is no conical 
singularity. We have just built a familiar space, CP!, or in more familiar 
terms, S*, which of course has ‘deficit’ angle 47. This is highly suggestive, 
as we shall see. 

Let us try to make an exact solution of the equations of motion (16.33). 
Actually, to be careful, we should construct a solution to which is mani- 
festly modular invariant. A guess at a solution is obviously log H7 = 7», 
but this fails because 72 is not modular invariant. Because the opera- 
tor 00 acts, we are free to add anything which is annihilated by this to 
our guess, in other words, the real part of any holomorphic function. Well, 
this is where our experience with modular invariance from one-loop string 
theory in chapter 3 suddenly becomes useful. A nice candidate is in fact 
to replace Tə with T27*7*, where 7 is Dedekind’s function, which we met 
in equation (3.58), since that combination is modular invariant, being a 
one-loop string partition function. Recall that q = e277. A final require- 
ment is that we must not let the metric function H7 go to zero. With our 
present prescription, it goes to zero at a generic point z; where a seven- 
brane is located. This is because near there, we have the behaviour given 
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by equation (16.27) and so q ~ z — zi with the result Hy ~ |(z — z)! 1?]?. 
So, multiplying in the inverse of such a factor for each of the N points, 
we have finally?”: 
2 


N 
It = zi) 11? 


t=1 


Hy = r (16.34) 


16.1.7 Some algebraic geometry 


Let us step back and see what we are doing. We actually are studying 
a background in which 7(z) and hence the string coupling varies as we 
move around the plane transverse to the sevenbrane. We can solve the full 
equations of motion if we have 24 of the branes present, and the transverse 
space curls up into an S$’, or CPt. The function 7 varies over the CP! and is 
acted on by S'L(2, Z), the physically distinct values being given by the fun- 
damental region F given in figure 3.3. We can visualise this geometry by 
thinking of an auxiliary torus TŻ which is fibred over the CPt, since T can 
always be thought of as the modulus of the torus. The torus can change as 
T — 7T+1 as it circles a sevenbrane. However, as we shrink that circle to a 
point, maintaining this condition is rather singular, and the result is that 
a cycle of the torus must degenerate over the point. We have the idea that 
as we encircle the point, there is a ‘monodromy’, meaning that everything 
that can transform under SL(2, Z) gets multiplied by the matrix 


r=(3) 


This happens generically in 24 places, and the physics of it will become 
much clearer later. 

We can describe this all in a rather amusing (and powerful) way, using a 
small amount of algebraic geometry. Consider three complex coordinates 

x,y,w. We will identify points as follows: (x,y, w) ~ (Aa, Ay, Aw), for 

some complex number à. The resulting four dimensional space is CP”. 
This is a generalisation of the more familiar CP! which is simply the 
sphere, as described in insert 16.1. 

Starting with our CP’ coordinates (x,y, w), consider the following ho- 
mogeneous equation of degree three, giving the ‘Weierstrass’ form: 


W (a, y,w) = y*w — x” — frw’ — gw? = 0, (16.35) 


where f and g are constants. Here, homogeneous of degree three means 
that W (Az, Ay, Aw) = °W (x, y, w). This equation will give us some one 
complex dimensional object as a subspace of CP?. In fact, it is a torus 
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Insert 16.1. S°? or CP! from affine coordinates 


As a simple example of the use of affine coordinates to define some- 
thing familiar, let us look at the sphere, $*, which in this language 
is better called CPt. We start with two complex coordinates, (x,y). 
Our space of interest has one complex dimension made by identifying 
(x,y) ~ (Az, Ay). Now lets find the space we want. If y 4 0, then we 


can set y to one by an appropriate choice of A. Then we have one 
complex coordinate x, giving a plane. A plane differs from S$? or CP! 
by the addition of the point at infinity. Indeed, we have this point in 
the description. It is the case y = 0, for which we can set x = 1 by 
the scaling, giving our final point. In other words, we can recover the 
standard North and South pole preferred projections of the S° to a 
plane seen in elementary geometry: one is the x plane with y = 1, 
and the other is the y plane with x = 1. 


T’. This is true for any such cubic in CP’, and we can see it as follows. A 
single complex equation in CP? gives a one complex dimensional (or Rie- 
mann) surface X, and so all we need to do is determine its genus, or Eu- 
ler number, which completely classifies it, as stated in chapter 2. After a 
change of variables, we can write our equation as w? = z’ +y’. Let us first 
assume that x+y does not vanish. Then our equation yields three gener- 
ically distinct values of w for each (x,y), which on their own each form a 
CP!. So naively, the equation has the Euler number of three CP's, which 
is 3 x 2 = 6. But there are three roots of x? +y’ = 0, and so the equation 
requires that w = 0 in that situation. These make three points, each of 
which are represented three times, once on each CP!. Let us remove the 
three points from the CP's, and hence the Euler number of /-{points} 
is 3(2 — 3) = —3 and then we must add back in the missing three points, 
giving a total of zero, the Euler number of a torus. 

We can see a torus more directly as follows. Let us first assume that 
w #0, and so we can set it to unity. Then we have y? = z + fx +g. The 
solutions for y are double valued, giving two copies of the CP! given by 
x. (We have added the point at infinity in x.) However, there are three 
places where the cubic vanishes, giving us a place where y is single valued. 
Together with the point at infinity, this allows us to draw two branch cuts 
through which to join the two ‘branches’ of y. We connect the two CP's 
through two separate cuts forming tubes which construct for us a torus. 
See figure 16.2. 
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Fig. 16.2. Why a cubic gives a torus. 


Let stay with the w = 1 or ‘affine’ form for a while. This form keeps 
us in the picture where x forms a plane over which y takes its values; y 
is double valued everywhere except where the cubic x? + fx + g = 0 has 
roots. It is an elementary fact that the nature of the roots of this cubic is 
determined by the discriminant which is proportional to A = 4f? + 2797. 
We have three situations, 


e A > O There is one real root and a pair of complex ones. 
e A=0 All of the roots are real, and at least two are equal. 
e A < 0 There are three distinct real roots. 


We sketch these cases in various ways in figure 16.3 for (y, x) real. 
In the case where the roots are distinct (A Æ 0), we can make a torus as 
described above and depicted in figure 16.2. We can see how the generic 


Fig. 16.3. Real cubics and their roots. 
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two classes of one-cycle of the torus are made by the two classes of journey 
one can make through the cuts, as shown in figure 16.4. There, we have 
also noted that a shift and a scaling on x can be used to put a root at 
zero and another at unity, and then the final root is at A, giving the form 


y? = x(x — 1)(x — A). 


However, consider the case when A = 0 and two roots coincide. Then 
one or other class of cycle can pinch off, causing the torus to degenerate. 
One may ask what the complex structure T of a torus presented in the 
form (16.35) might be. It is given by the famous j-function: 


(03C) + (T) + O8(7))” _ (24r)? 
P(r) AF3 + 27g? 


The function j(z) is a very special one. It is a modular invariant complex 
number, and is in fact a one-to-one map of the fundamental region F to 
the complex plane. Since the denominator is the discriminant, we see that 
when the torus degenerates (A = 0), j(7) diverges. 


j(7) = (16.36) 


Fig. 16.4. The top sketches show one sheet of the cut complex x plane and 
the generic torus made from it, including the two classes of one-cycle (cf. 
figure 16.2). (Note that the dotted half of one of the curves is in fact on 
the other sheet.) The bottom sketches show how the torus can degenerate 
if roots collide, giving A = 0 (cf. figure 16.3). 
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16.1.8 F-theory, and a dual heterotic description 


Let us return to our problem of describing seven branes. The degeneration 
of a torus is exactly what happens when we are located at a seven brane, 
since if encircling one of charge 1 produces the jump T — T + 1, then 
shrinking the loop to a point shows that the torus associated to that 
point must be degenerate. 

We saw that we had a sensible solution of the equations of motion if 
we have generically 24 sevenbranes located on a sphere. The coupling T 
can be allowed to vary as we move around the sphere, with coordinate z, 
between the sevenbranes. We can then associate a torus with every value 
of T(z), thus making a fibred structure!’ of T? over CP!. At the location 
of a sevenbrane, we must have the torus degenerate, which is a statement 
that our fibration has 24 places where the torus fibre degenerate (see 
figure 16.5). We can describe this using the language above by allowing 
the numbers f,g become functions f(z), g(z). Then we have that A(z) = 
4 f?(z)+279?(z) must vanish in 24 places. We can achieve this by making 
f(z) an eighth order polynomial in z and g(z) a twelfth order polynomial, 
and so we have: 


W(ax,y,z) =y" — r? — f(z)x — g(z) = 0. (16.37) 


Now observe that there are nine coefficients to specify f(z) and thirteen 
for g. Four of these are parameters are redundant, however. For the first, 
scale f > A? f, g — A*g which gives no change of the torus, as is evident 
from equation (16.36). For the other three, recall from chapter 3 that 
there is an SL(2,C) action on the CP! of z that allows up to three points 
to be placed at positions of one’s choice (typically z = 0,1, 00). So there 
are 18 complex parameters which go into this solution. 

Mathematically, this all fits the fact that the moduli space of K3 man- 
ifolds which can be written as an ‘elliptic’ (i.e. torus) fibration is 18 com- 
plex dimensional, with a local description as: 


_ _ OUB, 2) 
M elliptic — O(18) x O(2)’ 


Our fibration of T? over CP! builds our friend the K3 manifold for us (see 
figure 16.5). 

Furthermore, the reader might recognise this local structure from 
section 7.4. It is the local description of the moduli space of the heterotic 
string compactified on T’. Let’s check the counting. We get two complex 
parameters from the internal components of the graviton and the antisym- 
metric tensor: Gj; is symmetric and Bi; is antisymmetric, and 2,7 = 8,9. 
Also, the rank 16 gauge group (SO(32) or Eg x Eg) can have 16 Wilson 


(16.38) 
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Fig. 16.5. The F-theory description of 24 sevenbranes (located at the 
crosses) as a torus fibration of T? over CP’. In fact, this is a description 
of K3 as an elliptic fibration! 


lines on each direction of the torus. This gives 18 complex moduli in to- 
tal, with generic gauge group U(1)'® x U(1)?. The extra U(1)? x U(1)? 
supplementing the generic U(1)'® gauge group from the current algebra 
sector, comes from the internal components Gyi, Bpi- 

There is one more important parameter we ought to consider, the het- 
erotic string coupling. This is identified with the size of the CP! base of 
the fibration, which we are free to specify in making the elliptic fibration. 
We shall see this explicitly later. The other parameters we have naively 
available to us on the IIB side are not accessible. We cannot switch on 
either of the two-form fields since they transform under the SL(2, Z). 
Furthermore, the torus fibres only have complex structure parameters; 
we should not think of them as tori whose Kahler structure (i.e. their 
size) can vary. By construction, only 7 has physical meaning, at least in 
this type IIB picture. 

The fact that the size of the CP! is essentially the heterotic string 
coupling fits nicely with the expectation that the limit where we have 
a very small sphere over which the IIB coupling is varying greatly (due 
to the presence of 24 branes) would benefit from a weakly coupled dual 
string theory description. 


16.1.9 (p,q) Sevenbranes 


So far this duality is motivated by plausibility arguments. It would be nice 
to demonstrate this duality more in detail, and happily we have the tools 
to do it. The first thing to note is that we have 24 seven branes, but the 
duality to the heterotic string suggests that we only have U(1)!®xU(1)? as 
the generic gauge group. Now a U(1)? of this (on this type IIB side) comes 
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from internal components of the metric, Gui, (¢ = 8,9) leaving a prediction 
that somehow, as many as six sevenbranes are not able to contribute. We 
can resolve this as follows. The description of U(1)s on the world-volume 
of D-branes is in terms of fundamental strings, or, more specifically, (1, 0) 
strings, using the description of section 16.1.2. Correspondingly, since T — 
T+ 1 as we encircle one, the monodromy matrix about the sevenbrane is 


1 1 
r=(3 i) 
which leaves these string charges invariant. Clearly, we have the useful 
idea of a (p,q) sevenbranet®® 200. which is a sevenbrane on which a (p,q) 


string can end. What is the monodromy about such a brane? Well, let us 
imagine that we transform from (1,0) string to a (p,q) string using an 


SL(2,Z) matrix M, 
1\ (Pp 
“(3)= (a) 


Then the monodromy is derived by simply conjugating the problem, as 


aG 
ear (p)ar (2) a (3) = (3) 


2 


_ 1- 
\ = MTM = ( 2 ein) (16.39) 


p,q): 


This is illustrated in figure 16.6. Now the condition that two sevenbranes 
can both be treated in perturbation theory at the same time is if their 
monodromy matrices commute. In other words, if they are (p1,q1) and 
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Fig. 16.6. The monodromy around a (p,q) sevenbrane, on which a (p,q) 
string can end, and its relation, by conjugation, to the (1,0) case. 
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(p2,q2), then pıq2 — poq, = 0. Branes which satisfy this condition are 
said to be ‘mutually local’. Furthermore, the total monodromy around 
all of the points in the CP! must be the identity AS Mpigi) = 1. This 
means that all of the seven-branes definitely cannot be of type (1,0), since 
T?”* Æ 1. The slightly weaker locality condition allows a maximum of 18 
mutually local branes, and hence U (1)! as the generic gauge group from 
the sevenbranes. 


16.1.10 Enhanced gauge symmetry and singularities of K3 


There is even more structure to the theory than that which we have 
already uncovered, since as we might expect from previous examples, there 
are enhanced gauge symmetries. The U(1)'® can be enhanced to any of 
an A-D-E family of gauge groups of the same rank, of which the A-series 
is most obvious. We can tune parameters such that n of the branes are 
coincident, giving U(n) as the gauge group. Actually, it is prudent to cast 
this into the language of the K3 geometry. Asking that n branes coincide 
is equivalent to asking that n of the basic singularities that can occur in 
the fibre coincide. What really happens is that the singularity becomes of 
a stronger type, measured by n. 

In fact, we already know the description from chapter 13. We should 
think of the whole of the K3 as developing a singularity, and not just the 
fibre. We have already encountered the A-D-E singularities of K3 before, 
and it is instructive to observe how they are to be found in this elliptic 
description. In the purely brane description, an enhanced gauge symmetry 
arises because a fundamental string stretched between the branes becomes 
of zero length and hence there are extra massless sectors. The origin of 
this string in the F-theory description is as a the base of a CP! fibred over 
the line which is the string. This CP! shrinks to zero size when the seven 
branes coincide. See figure 16.7. 

This is precisely the same description of the ALE singularity which we 
encountered in chapter 13. It is easy now to see how the other A-D-E 
singularities are described. It is in terms of n CP's, c, with a set of in- 
tersection numbers c; - c; giving the Dynkin diagram of the appropriate 
group. The reader may wish to turn to insert 4.3 for the ADE Dynkin dia- 
erams, showing the topology of the intersections of the CP's (represented 
by the circles).* 


t Alternatively, the reader may examine figure 13.2 in chapter 13, where we established 
the connection between the Dynkin diagrams and the CP's underlying an ALE sin- 
gularity, but they must remember to delete the crossed circle to get the Dynkin 
diagrams. 
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Fig. 16.7. When branes collide: A fundamental string stretching between 
them goes to zero length when they become coincident. This lifts to a 
CP! which stretches between the locations of the two sevenbranes, which 
shrinks to zero size when the sevenbranes coincide. The resulting fibre is 
more singular. 


Let us now turn to a few special points in the moduli space of this K3 
description, where we will uncover some of this in detail in a more familiar 
setting. 


16.1.11 F-theory at constant coupling 


The main facility of the F-theory description is that it provides an eco- 
nomical geometrical way of describing the physics of type IIB vacua with 
sevenbranes together with varying coupling T = Cio) + ie7?. This goes 
beyond our powerful but still only perturbative description of sevenbrane 
vacua. When we have multiple sevenbranes in the perturbative descrip- 
tion, we must cancel the sevenbrane charge locally (using orientifolds) so 
as not to source any varying coupling away from the branes which would 
take us outside of perturbation theory. 

Nevertheless, in understanding the statements of the previous few sub- 
sections better (especially the appearance of the heterotic string!), we 
ought to try to make contact with the perturbative type II description. 
What we need to do is find a limit where the torus fibration has all of its 
structure trapped a few points, between which 7 is a constant!’”. There 
are a number of ways of doing this, as can be seen by looking at the ex- 
pression (16.36) for the j-function. There, we see that we have two obvious 
choices, either g(z) = 0 or f(z) = 0. In the first case, we have only five 
moduli left to describe this possibility, and we see that j = 24° = 13 824 
for which tT = 7. This is one of the very special points in the moduli space 


388 16 Towards M- and F-theory 


of tori, as we have already seen. The second choice gives us the other 
special point. ‘here we have only nine moduli, and we see that 7 = 0, 
which is indeed 7 = e27/3, the orbifold point of F. 

Returning to the first case, our K3 is given by 


8 
y? =a? + f(z)a, f(z) = |[G-«), (16.40) 
i=1 
and we have generically eight zeros, z;, giving the discriminant A = 
4T (z— %)?. The 24 branes must have split into eight groups of three 
sevenbranes. Recalling that a basic sevenbrane in this description has 
deficit angle 7/6, we uncover that there is a deficit of 7/2 at each of the 
eight points!®”. 
There is a way of splitting the eight points up differently. We can use up 
all of our remaining five moduli to have singularities at only three points, 
two of order three and one of order one 


A = 4(z = 2)°(z — 22)? (z — 23)”. 


This gives deficit angles 37/2, 37/2 and a. These values for the deficit 
angles can be described as orbifold fixed points, since a Zy orbifold has 
deficit angle 2m(N — 1)/N. The first two points are therefore Z4 fixed 
points, while the last is fixed under a Zo. We have seen this description 
before in chapter 7. We really have T?/Z4. Let us see what has happened 
to the constant fibre, by studying the monodromy around its base points. 
We have f = (z — 21)*(z — z2)?(z — z3)’. Looking at a Z4 fixed point (at 
Z = z2 or 23) as we encircle it once z > e°™~ we see that f- eM f. 
Looking at the form of the defining cubic in equation (16.40), we see that 
the K3 remains invariant if we also send 


ro e™y=-¢4 yore? y= iy. 


So we see that the fibre has a Z, orbifold action on it as well, and is there- 
fore T?/Z4. In fact there is another simple description of this same fact. 
The case 7 = 7 is the unique point which is invariant under S : 7 — —1/r, 


where 0 j 
s= (1 o) 
is the standard SL(2, Z) representation. The element S' is of order four, 


and so the case 7T = 72 is the situation of a square torus with a Z4 symmetry. 
Looking above the Zə point (at z1), we have 


f ys elm f 7 eir =g, yo ety = —y, 


and so we have a Zə symmetry, generated by S? = —1. 
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We observe that our torus fibre is also a T? /Z4, with the correct corre- 
lation of its order four and order two points with the order four and order 
two points in the base, and so we discover that our K3 is in fact Tt/Z4, 
an orbifold description which we encountered previously in section 7.6.5. 
It should now be easy to anticipate what happens for branch two, using 
the knowledge we developed about K3’s orbifold limits in section 7.6.5, 
or about the other special point of F, the moduli space of the torus T? 
in insert 3.3. With f = 0, let us write 


12 


yaa t+g(z), g(2)= IT — ži), (16.41) 


and so we have we have generically twelve zeros, z;, with A = 27 [2 (z— 
zi)”. The 24 branes are grouped into 12 pairs, with deficit angle 7/3. 
Again, we cannot write this as an orbifold in general, but if we use up all 
of our moduli we can place them at three points z1, Z2, z3 in two distinct 
ways: 

A = 27(z — 21)°(z — z2) (z — 23)", 


or 


A = 27(z — 21)°(z — z2)8(z — 23)°. 


The first way has gives a Zo fixed point again, accompanied by a Z3 and 
a Ze. These are of course the fixed points of T*/Zg. The second grouping 
has three Zg points, which are the fixed points of T?/Z3. The monodromy 
around a Ze point in the first case gives a K3 invariant under 


. loti ATi 
1077 
g>e "g, «—~e3 T=EC3 T, yoe 


Tiy = —y, 


which is again a Zę action. Once again, we can also deduce this from that 
fact that the torus T = e2™/8 is the special point invariant under 


st=(1 5) G =C Ti) (16.42) 


which is of order six, (ST)? = 1. Above the Z3 point we get 


g— ™g xoesx=e32x, y> e y= y, (16.43) 


which is a Zg action, generated by (ST)*. Lastly, over the Z point, we 
have 


go> eg, «2 e3 1 = tr, y—> "y= y, (16.44) 


which is a Zə action, generated by (ST)? = S? = —1. All of this infor- 
mation is simply the expression of the fact that K3 is now in its T*/Z¢ 
orbifold limit. 


390 16 Towards M- and F-theory 


For the other grouping, things are even simpler, as all of the points are 
the samet’. The monodromy around any of them gives that which we 
saw in equation (16.43), a Z3 action, showing that this limit represents 
K3 in its T*/Z3 orbifold limit. 

The missing orbifold is of course T4/Z2. This is achieved by the sym- 
metric choice of placing equal groups of branes at each of four orbifold 
points in the base, giving Tt/Zo since in that case each singularity has 
deficit angle m. Slightly more generically, this can be achieved by asking 
that f? = ag’, for some parameter a. This does not fix T’s constant 
value, as should be clear from the j-function in equation (16.36). This 
is extremely useful, since we are then free to take the type IIB string 
coupling all the way to zero to achieve our goals of making contact with 
weakly coupled descriptions. This gives us: 


A = (4a? + 27) IE — x%)°. 


The monodromy around one of these points is Zə, which is generated by 
S? = —1, as is clear from 


g> "g, f> Áf, aa e3 r= z, y— e™y= -—y. (16.45) 


The next matter to consider is the precise way of identifying the A- 
D-E singularity which a fibre can develop over a point. This is a matter 
requiring some mathematical care and sophistication, and so as not to 
stray too far afield, we will not embark on such a discussion. We will 
simply note that this has been classified by Kodaira!®’ in terms of the 
order, as polynomials in z, of the quantities (f(z), g(z), A(z)) that we 
have been working with. ‘Table 16.1 lists all of the types of singularity 
and the enhanced gauge symmetry they give?” 

Looking at table 16.1, we immediately see that the gauge groups associ- 
ated to the special orbifold limits we have studied are given in 
table 16.1. There are a number of interesting general features of this 
result. The most obvious is the fact that we get exceptional gauge groups 
in the latter three cases. We have encountered no way of achieving this 
using perturbative D-branes up to now, and this remains the case. As 
we have already noted, although the coupling is constant in the last 
three models, it is not weak, and so the branes are not perturbative 
D-branes. 

In the Zo case however, we have something different*’’. We can achieve 
the required gauge group at weak coupling, and happily we have the free- 
dom (by choice of a) to make the constant string coupling any value we 


t197 
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Table 16.1. Kodaira’s classification of the A-D-E singularities of K3 that can 
occur in the Weierstrass parametrisation given in equation (16.37) 


smooth 
Ín 
II 


like. Choosing that the string coupling is zero (i.e. T — ioo) implies that 
we have completely cancelled the sevenbrane charge locally at each of the 
four points. In a perturbative description, this is achieved by using an 
O7-plane in the neighbourhood of an appropriate amount of D7-branes. 
Looking back to our computations of chapter 7, we see that the O7-plane 
charge is —4 in units where the D7-brane charge is 1. So we need to 
have four D7-branes and one O7-plane for charge cancellation. Actually, 
we also know precisely what gauge group this would give. It is in fact 
SO(8). This is remarkably similar to have we have in the first line of 
table 16.1. There are four groups of six coincident sevenbranes. If we 
associate four of them with ordinary D7-branes, then two of them corre- 
spond to the orientifold sitting at the Zə orbifold fixed point. We have 
arrived at the T*/Z» orientifold of type IIB, where a (—1)*4Q also acts 
internally. From our experience with T-duality of simple orientifolds (see, 
for example, chapter 8), we see that this is simply T-dual to the SO(32) 
type I string theory compactified on T?. Accordingly, the orientifold (O9- 
plane) of charge —16 (in D9-brane units) splits into 2? = 4 O7-planes of 


Table 16.2. The results for the gauge groups in the various constant coupling 
F-theory K3 orbifold limits 


K3 orbifold 


E2 x SO(8) 
Eg x Eg x SO(8) 
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charge —4. In order to achieve local charge cancellation, the 16 D7-branes 
are moved into four groups of four to sit at the O7-planes. 

So we have obtained the weakly coupled description we sought. Fur- 
thermore, using the result of chapter 12 that the SO(32) type I string is 
strong/weak coupling dual to the heterotic string, we also have the bonus 
of proving that we have a duality to the heterotic string on T*. Deforming 
away from this special point using the moduli establishes the duality at 
all points on the moduli space. 

Incidentally, in the spirit of the discussions in chapter 12, we can even 
see what the ‘dual’ heterotic string is in this picture. In ten dimensional 
type I, it would have been the D1-brane. We have T-dualised on a Tĉ, 
however, and so we see that the dual string becomes a D3-brane wrapped 
on the T?. It is a useful exercise to check that the resulting heterotic 
string’s coupling is set by the area of the torus. ‘Tuning moduli to return 
to the general non-orbifold situation, we see that the dual heterotic string 
is a D3-brane wrapped on the CP!. The seven dimensional heterotic string 
coupling is set by the size of the CP! in general. 


16.1.12 The moduli space of N =2 SU(N) with Ng = 4 


Let us continue to focus on one of the four singular points for a while 
longer, placing everything at the origin z = 0. At weak coupling, we have 
seen that the branes carry an SO(8) gauge symmetry and that the pertur- 
bative description is as four D7-branes and an orientifold O7-plane. Let us 
place a D3-brane probe into this background, oriented so that it is living 
in, say, the x1, £2, x3 directions. This breaks half of the supersymmetries, 
leaving a total of eight supercharges. Observe further that when the D3- 
brane is located at the orientifold, the gauge theory on its world-volume 
is in fact SU(2), since this situation is Tg9-dual to a D5-brane in type I 
string theory, as we have seen. Because we have T-dualised, however, the 
D3-brane can move off the orientifold, and then the gauge group is U(1). 
We can move the D7-branes to positions (21, Z2, 23, 24), which breaks the 
SO(8) to U(1)* generically. There can be enhanced symmetry points to 
U(n) if n of the D7-branes come together away from the O7-plane, and 
SO(2n) if the coincide at the O7-plane. 

What we have arrived at is the weakly coupled description of the 
Coulomb branch of the moduli space of N = 2 four dimensional SU (2) 
gauge theory with four flavours of quark in the fundamental. The latter 
come from the strings stretching between the D7-branes and the D3- 
branes. Their classical masses are given by the positions z;. Moving the 
D3-brane from the origin is the process of giving a vacuum expectation 
value (vev) to the complex adjoint scalar in the M = 2 vector multiplet, 
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and the z-plane is the space of gauge inequivalent values of this vev. The 
origin remains as the naive classical SU(2) gauge symmetry restoration, 
and the gauge groups associated to the D7-branes are global flavour sym- 
metries in the D3-brane world-volume. 

It is amusing that we have obtained this rich and beautiful theory as 
a piece of the F-theory background seen by probing with the D3-brane, 
and we can learn much about each from this. The first thing we can learn 
(assuming we did not now it before) is the gauge theory’s (-function, 
encoded in the one-loop running of the gauge coupling. We can read 
this out from the weak coupling behaviour of the gauge coupling. Plac- 
ing the orientifold at the origin, and the four D7-branes at positions we 
have: 


4 


1 
T(z) = To + ai 2 In(2 = z) —Alnz}, 


and use the fact that T(z) = Cig) + ie~®. Remember also that gs(z) = 
e®(z) and that the Yang-Mills coupling and 6-angle are related to the 
string theory parameters by g&u = 27g, and 0 = 2nC(o). The 6-function 
for the pure glue is negative with respect to the contribution from the 
quarks. The quark masses are set by the positions z;, since those positions 
set the length of the 3-7 strings. Notice that when all the z; = 0, and we 
are at the SU(2) point at the origin of moduli space, then we get no 
running of the coupling and T = 79, the tree level value. This fits with 
the fact that the case of Ne = 2N. has vanishing (-function, and is in 
fact conformally invariant. We can also take the opposite limit, and send 
some of the z; to infinity, thus reducing the number of quarks, all the way 
down to the case of pure glue, if we wish. 

As we have seen before, we cannot trust the above one-loop expression 
near z = {0, zi}, since the logarithm takes the expression large and nega- 
tive, which is not acceptable behaviour for the gauge coupling. Of course, 
this is because we have neglected the instanton contribution, which pro- 
duce non-perturbative effects which remove this singular behaviour. ‘The 
beautiful results?#? of Seiberg and Witten address precisely this point, 
with the result that there is a complete solution of the problem in terms 
of the geometry of an auxiliary torus. The torus encodes the physics of 
the Coulomb branch, including the spectrum of masses of (p,q) dyons. 
The torus is singular over six points, four of them (the z;) are the places 
where the quarks becomes effectively massless. The other two points origi- 
nate from the single SU(2) point at the origin: it has split (since instanton 
effects switch on to maintain positivity of the gauge coupling or, equiva- 
lently, the moduli space metric?*? and they are separated by a distance 
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of order e'7°*, and they represent the places where (0,1) monopoles and 
(1,—1) dyons become massless. 

From the point of view of the D-brane picture, it is extremely natural 
that an auxiliary torus appears in the description of the non-perturbative 
physics, as this is the torus of the underlying F-theory description. So 
what we learn is that the orientifold O7-plane splits into two seven-branes, 
of type (0,1) and (1,—1), beyond weak coupling, physics which is iso- 
morphic to the removal of the gauge theory SU(2) point by instanton 
effects?#°. We have seen that the full F-theory description, which allows 
the SL(2, Z) behaviour of T to come into play and keep it manifestly pos- 
itive, maps to the same solution of the problem for the coupling in the 
gauge theory. 


16.2 M-theory origins of F-theory 


It is natural to wonder whether the appearance of the torus of F-theory is 
a sign of hidden twelve dimensional dynamics for which we should seek, in 
the spirit of the search for M-theory based on eleven dimensional dynam- 
ics seen by all of the branes of type ITA. A more conservative point of view 
is that the torus is merely a powerful bookkeeping device, and the type 
IIB theory is no more or less ten dimensional than it was before the ad- 
vent of F-theory. This is perhaps supported in part by the fact that the 
only information about the torus which has physical meaning is its com- 
plex structure modulus 7. ‘The Kahler structure, containing information 
about its size, is nowhere to be seen in the formulation. So the putative 
twelve dimensional dynamics would at best be purely (loosely speaking) 
topological, it would appear. 

The spirit of string theory’s history of advances is that one must keep 
one’s mind and eyes open for new directions and often unexpected and 
fruitful changes of point of view. This is probably because we do not really 
know yet what the theory really is. So as long as a firm unambiguous com- 
putational advantage is obtained in exchange, most practitioners simply 
do not seem to care what explanatory words or terminology arises to 
decorate the new tools once they are found. It may well be that a formu- 
lation using dynamics in twelve dimensions does arise one day, and if it 
describes key pieces of physics in a manner more economical than current 
techniques, then it deserves a place alongside other important pieces of 
the puzzle of describing fundamental physics. 

So no firm declaration is to be found in these pages concerning the 
twelve dimensional dynamical origins of F-theory. Instead, it is worth 
noting that there are also signs that many of the key pieces of F-theory — 
particularly the origin of the torus — can be seen directly to have more 
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humble origins: It is simply a limit of the eleven dimensional picture of 
M-theory!?* 134, 

Let us return to the duality between eleven dimensional supergravity 
on a circle of radius Rio and type IIA string theory. The type IIA string 
coupling is related to the circle radius by: Rio = (g)?/ 3l, = gê bs, since 
ly = (gẹ)! 34s, recalling formulae from chapter 12. Once the circle is small 
enough, we are able to work with weakly coupled ten dimensional physics 
of the type IIA string to a good approximation. As we have described 
before, the D4-brane, the D2-brane, and the NS5-brane of type IIA arise 
from the M-branes reduced or wrapped on the circle, the DO-brane is a 
Kaluza—Klein momentum, and the D6-brane is a Kaluza—Klein monopole. 

We can continue to compactify on another circle, this time of radius 
Rg, and shrink that one away as well. We know that this has a dual 
description in terms of the type IIB string theory, where now the theory 
is compactified on a circle of radius Rg = ¢2/Rg, and, crucially from 
equation (5.1), the type IIB string coupling is g? = gié,/Rg. We can go 
ahead and shrink away the second circle entirely as well, and use the ten 
dimensional type IIB description, which has no direct reference to the two 
circles we started with. However, we see that the type IIB string coupling 
can be expressed entirely in terms of the size of the two circles: 


B fio 


= —., 16.46 


So in fact, given the existence of M-theory, the type IIB string coupling 
can be interpreted entirely in terms of the ratio of the radii of two circles. 
These two circles make a torus, since they define a lattice upon which 
we can make an identification. Since equation (16.46) only refers to the 
ratio of the radii of the circles, we can rescale and write the lattice as of 
unit length in one direction (associated to 719), and of length 1/g? in the 
other (associated to xg). See figure 16.8. Before making the identification 
on the lattice however, we are free to make a shift in the x19 direction 
before identifying to construct the torus. Different non-integer shifts give 
non-equivalent tori, while a shift by an integer gives the same torus. See 
figure 16.9. This shift is to be identified with the R-R periodic scalar Ci), 
a natural identification since it is correlated, by tracing backwards, with a 
familiar structure in the tenth direction. It is T-dual to the type ITA R-R 
potential Ca), which in turn is conjugate to momentum in the periodic 
direction 219 and so is directly related to a periodic shift. 

What we have just described is our F-theory torus of the previous 
subsections, with complex structure T = Cg) + ie”. Notice that the fact 
that it seems to have no physical size is natural from this description. 
We arrived at it by sending the each circle to zero size, and so only the 
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Rio Xio 1 Xio/ Rio 


Fig. 16.8. The geometry of the compactification torus used to get type IIB 
string theory from M-theory. 


Ro Tah 
Rio §s Rio 
1 Xio/Rio Co) 1 Xio/Rig 


Fig. 16.9. Generalising the compactification lattice by including a shift. 
This is how the F-theory or type IIB theory torus arises from M-theory. 


ratio of the circles has physical meaning in the resulting type IIB theory. 
Moreover, it is clear that the type IIB theory obtains its S L(2, Z) structure 
in this way, and that it is truly and manifestly non-perturbative, given 
the construction. 

So we see that at least locally, we can attribute the F-theory torus to the 
result of shrinking a physical torus in M-theory 13% 134, Consequently, we 
should be able to make sense of, directly in M-theory, more complicated 
structures with varying type IIB couplings, like various branes, and even 
complete F-theory vacua. 


16.2.1 M-branes and odd D-branes 


The route of the previous subsection is just what we need to show the 
M-theory origin of type IIB’s odd Dp-branes and N$5-brane. Of course, 
it is directly deducible from T-duality to the type IIA branes, but it is 
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useful to recast things in terms of the M-theory reduction on the torus, 
following the steps above. 

Imagine that we started in M-theory with an M2-brane, with one di- 
rection extended in x10. It has tension 74 = (2m)~*é5°. Upon reduc- 
tion, this becomes the type IIA string, with the correct tension Tp = 
Tio = TH 2m Rio = (27) H ?, which becomes the type IIB string under 
the To-duality. We have used the fact that & = (g)!/3é,. Alternatively, 
the M2-brane could have been transverse to x1ọ, with one direction ly- 
ing in zg instead. Then it would have become a D2-brane, with tension 
To = (2m)? 3 (gA) t} and by To-duality a D1-brane in type IIB, with 
tension 


Ti = 70,1 = T227Rg = (27) Z? (gE) | Ro /bs = (20) t (gP) t, 


where again we have used the fact that the type IIB string coupling is 
Is. = Is. ls/ Ro. 

The two situations are related by a flip of the zg and z1ọ directions. 
This in turn is the S-transformation of the type IIB torus, and so we 
have correctly arrived at the S-duality action on the type IIB strings. It 
should be clear now how to get all of the (p,q) strings: we need to wrap 
the M2-brane p times on the x19 cycle and q times on the xg cycle. Let us 
check that we get the right tension formula. Wrapping as stated above, 
looking at figure 16.8 reveals that the length 2m Rp that the M2-brane is 
stretched is simply given by Pythagoras: 27Rp q = 27y (pR10)? + (qRo)?, 
and hence the resulting tension written in type IIB terms is: 


Tog = T4 27Ry gq = (2m) E -2m Rp q (16.47) 
= (2m) H? (gf)! \/(pRio)? + (qRo)? (16.48) 
2 R2 
— (2m) E) T] 3° + q? (16.49) 
9 
= y (PpT1,0)” + (970,1)?; (16.50) 


where we have used the T-duality formula for the relation of the string 
couplings, the relation between b, and £p, etc. and we have recovered our 
earlier bound state formula (11.16). We can even go further and derive 
the more general formula for the case in which there is a background 
value, cio), of the R-R scalar Cio) present. Recall that it is a shift in 
the x19 direction shown in figure 16.9. So in computing the length of the 
wrapped membrane, we ought to take into account this shift: looking at 
the diagram, it is elementary to see that every time ones goes around the 
xg-cycle, one picks up a reduction of cg) Rio in the total length stretched 
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in the x19 direction. Therefore we should have, in this case, the more 


general expression 2m Rp q = 2m4/([p — qce(o)| Rio)? + (qRọ)?. Similar ma- 


nipulations to the above give: 


Tp = 4/ (IP — aeoy|71,0)? + (970,1)?; (16.51) 


which is a rewriting of equation (16.11). 

Turning to D3-branes, it is immediately clear from this picture what its 
origins must be. We can take an M5-brane and wrap two of its directions 
on the torus as its shrinks away. Following the type IIA route, it becomes 
first a D4-brane from shrinking 719, and then a D3-brane after shrinking 
xg and 'T-dualising. We can check that we get the right tension directly: 


T3 = TE! - 2m Rio - 2m Rg = (2m) ® L (27)? Rio Ro 
= (2m) P65 (gè) Lgs Ro = (20) L (gP). (16.52) 


It is also clear that the D3-brane is invariant under SL(2, Z) since it is 
wrapped entirely on both cycles of the torus. 

For fivebranes, the story is similar to the case of the strings. There is 
a whole (p,q) family of them because there are two ways of getting a five 
dimensional extended object from the M5-brane: one either wraps it on 
the x19 cycle, in which case it becomes a D5-brane (which we ought to 
call (1,0)), or we wrap it on the x9 cycle and so it becomes an NS5-brane 
(0,1). It should be easy to see that the resulting tension of the (p,q) 
fivebrane made by wrapping the appropriate number of times on each 
cycle is (including the background C‘) field, and using the Pythagorean 
relation for Rp q above): 


Te g — ({p — geo) IT?) + (ar81), (16.53) 
which indeed gives the supergravity formula (16.25) given earlier. (In the 
computation, the above comes multiplied by 2m R, since that is what 
the resulting fivebrane is wrapped around on arrival in the type IIB 
theory.) 

Finally, let us turn to the sevenbranes. In the stringy picture, these 
come from T-dualising transverse to D6-branes, but it is illuminating to 
think of it in the picture of reduction from M-theory. Recall that a D6- 
brane in M-theory comes from a clever twist of the geometry, making a 
Kaluza—Klein monopole. The metric is (x = (£7, £8, £9) ): 


6 
ds}, = —dt* + Ss dx? + V(r)(dx - dx) + V(r)" (dao + A - dx)? 
i=1 


V(r) =1+2, r=x x, VxA=VV(r), (16.54) 
T 
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for a single brane located at r = 0 in the (%7,%g,29) plane. The key 
point is that the x19 circle shrinks to zero at the location of the D6-brane, 
since the metric vanishes there. So we see that shrinking the zo circle as 
well to go to the type IIB theory (after T-dualising), gives us the x9, £10 
torus, which we discover has a cycle which degenerates over the (27, £s) 
plane. This is just how we describe a D7-brane in F-theory language, and 
so we have recovered yet another key F-theory phenomenon as a limit 
of M-theory. To do better, and get (p,q) sevenbranes, we may consider 
placing zg on a circle (on the M-theory side), giving a physical torus 
after identification (with a shift to include cig)). We may then consider 
more general S! fibration geometries than those in equation (16.54). The 
analysis of monodromies in the non-compact directions is then identical 
to the F-theory one. 

A key phenomenon which we discovered was a description of the en- 
hancement of symmetry when two seven-branes coincide, described as the 
collision of singularities in the F-torus. Since this is described by funda- 
mental strings going to zero length in the type IIB picture, we drew this 
suggestively as an St fibration over the string making a CP! cycle, as de- 
picted in figure 16.7, and then identified the appearance of extra massless 
fields with the shrinking of the cycle. Since the F-torus has no dynamics 
associated with it, in the way it was described, that suggestion could not 
be honestly taken as anything more than a strongly plausible description. 
Now we see in the M-theory origins of the torus that this is exactly the 
correct description: on the M-theory side, an M2-brane can wrap both 
of its directions on the cycle stretching between two lifted D6-brane fi- 
brations of the type in equation (16.54). We have already learned that 
a fundamental string comes from such a wrapped M2-brane, and after 
shrinking the torus, we recover precisely figure 16.7. So the sevenbrane 
enhanced gauge symmetries in F-theory come from wrapped M2-branes 
on collapsing cycles in M-theory. 

In summary we now see how to connect type IIB theory, and indeed 
the F-theory description, to M-theory. We can do the reverse now, and 
take various F-theory vacua and turn them into M-theory vacua. Here is 
a simple rule: Place the theory on any circle. Shrink the circle away, and 
in the limit the F-theory torus acquires a physical size, returning us to 
eleven dimensional M-theory. 


16.2.2 M-theory on K3 and heterotic on T’ 


We now have enough information to construct the M-theory versions of 
some of the data which we obtained in F-theory in earlier sections. In par- 
ticular, we discovered that F-theory on K3 is in fact dual to the heterotic 
string on T°. 
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Starting with the F-theory configuration described in earlier sections, 
let us now compactify a harmless direction (any of x1, ..., £7) on a circle, 
and shrink it away. The result is M-theory on K3. Actually, on the dual 
side, we are simply placing the heterotic string theory on an additional 
circle, and so derive the non-trivial result that M-theory on a K3 is dual 
to the heterotic string on T’. The fundamental heterotic string is that 
string which originated as a D3-brane wrapped on the CP! base of the 
elliptic K3. We now see that this string is now an M5-brane wrapped on 
the entire K3 in the M-theory picture. The pattern of enhanced gauge 
symmetries is enlarged somewhat on both sides, and the moduli space is 
now locally: 


= O(19,3) 
M = O19) xO) (16.55) 


16.2.8 Type IIA on K3 and heterotic on T’ 


Finally, we can in fact compactify another of the harmless circles on the M- 
theory side, and the result is type IIA string theory on K3. Since we have 
done nothing non-trivial to the heterotic side either, we discover as a result 
that there is a duality between type IIA on K3 and the heterotic string 
on T*. We have already mentioned this duality previously in insert 7.5 
(p. 186) and in chapter 12. The F-theory moduli space is now locally: 


(16.56) 
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One of the most striking features of string duality is the discovery that 
eleven dimensions is dynamically relevant to string theory. It had always 
been thought of as a useful bookkeeping device to start with eleven di- 
mensional supergravity and derive the structure of type IIA supergrav- 
ity by dimensional reduction, but it was thought of as nothing more 
than that. However, once one takes the loop-protected BPS spectrum of 
D0O-branes seriously, one is forced to try to interpret the tower of light 
states they supply at large string coupling, and a Kaluza—Klein story 
appears inevitable!4?. 

Further study showed that the dynamics of DO-branes implied that they 
clearly were sensitive to shorter scales!” than just 4s. In fact, now we know 
(see the discussion surrounding equation (12.15)) that the physics they 
were sensitive to was the scale lp = ga UA which at weak coupling a lot 
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is shorter than the supposed minimum distance ¢, perturbative strings 
know about. 

This might lead one to attempt to capture some of the eleven dimen- 
sional physics in terms of that of DO-branes, hoping that it might lead to 
an understanding of the formulation of M-theory in its own right. This 
is not really a fully accurate picture of the thought processes that led to 
the presentation of Matrix theory!°’, but then this is not an attempt at 
a history!°>. It suffices for us here to uncover a little of what we can with 
the above motivating remarks, and leave the matter of the history of it 
to be explored in the literature or elsewhere. 


16.3.1 Another look at D0O-branes 


For reasons that will be stated shortly, let us focus on the low energy 
effective Lagrangian for N DO-branes. This is simply a 0 + 1 dimensional 
theory (a quantum mechanics) involving the nine spatial transverse coor- 
dinates X’, i = 1,...,9, and their superpartners. We start by considering 
the branes to be all in the same place, and so we have a U(N) invari- 
ant system. We must remember to keep commutator terms which would 
normally vanish in the Abelian case. 

The most efficient way of writing this action is in fact to start with ten 
dimensional maximally symmetric Yang-Mills theory and dimensionally 
reduce it all the way to 0+ 1 dimensions. After a rescaling, the result is: 


D,X'D,X'  [Xİ, XJ]? 


L=T AGA) 
1 948 Agl, (2m2)? 


- z8D:0 + mE K’, roji. 
We have indeed thrown away any terms with higher powers of velocity 
than quadratic, the trace is over U(N). The X’s all come from inter- 
nal components of the gauge field, and so there is the usual factor of 
27l? to convert a gauge field to a coordinate. There are no remaining 
appearances of gauge fields except for Ag, which is inside the covariant 
derivative only, having no kinetic term. It may therefore be thought of 
as simply a constraint field, enforcing U(N) gauge invariance. Also, © is 
a rescaled version of the SO(9) sixteen component fermion which would 
have appeared in ten dimensions. 

From the Lagrangian above, we can write a Hamiltonian. The details 
are left as an exercise to the reader, and the result is remarkably simple: 

gsls X’, X] 1 Oryi pi 
H= Tr Snp ILO tet LX’, J 


1 Xt, X1] 1 Oroi ni 
— =———— — — Or |X’ T’ , 16. 
160°0° ine X; J (16.57) 
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Possibly the most immediately striking thing about this Hamiltonian is 
the fact that everything naturally assembles itself into eleven dimensional 
quantities, as shown in the second line above. We have pulled out an 
overall factor of the inverse mass of the DO-brane, (gsfs)~', which is the 
inverse of the radius of the eleventh direction, which we have called R. 


16.3.2 The infinite momentum frame 


There is a striking proposal for an interpretation of the physics of the 
above Hamiltonian!’’. The idea is that the system captures the physics 
of states with momentum pio = N/R in the limit that N and R go to 
infinity. This is the “infinite momentum frame’ (IMF), essentially a light 
cone frame. It uses the fact that DO-brane charge is momentum in the 
eleventh direction, and is quantised in units of 1/R if the direction is 
on a circle. We then take the limit in which the circle is large and the 
momentum in that direction is large, keeping the fraction fixed. This 
allows us to consider the decompactified limit where we are allowed to 
discuss a fully eleven dimensional choice like picking a boost direction. 

To see that we have not neglected anything relevant in picking the 
original Lagrangian, notice that, if we separate momentum up into ten 
dimensional component, p and the eleven dimensional component pio = 
N/R, we have: 


N? 
2 2 2 
opp be em 
where m is the mass of the particle. In the limit that the eleven dimen- 
sional momentum is extremely large, we see that the dominant energy 
contribution is from states who have a finite fraction of the eleven dimen- 
sional momentum in the limit. In other words, since 


2 
B= 24550 +m) +0(>) , 

in the limit of N/R — œ, the energy a state with contribution mostly 

from the second terms will not be significant, and so it will not play a 

role in the dynamics. 

In fact, this justifies our dropping of higher order terms in the basic 
Lagrangian, since those corrections (subleading in ten dimensional mo- 
mentum) will not have a chance to contribute to the limit. Actually, the 
only sector which has a chance of contributing (from the ten dimensional 
perspective) are the D0-branes, together with the lightest open strings 
connecting them. ‘These are precisely the sectors which appear in the 
Hamiltonian in equation (16.57). 
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The Hamiltonian above may therefore be studied in the light of this pro- 
posal in purely eleven dimensional terms. Apparently, we are to somehow 
recover all of the physics of M-theory this way, since eleven dimensional 
Lorentz invariance (assumed to be preserved) would suggest that we can 
always boost any situation into this frame. Of course, we can only do this 
is we can understand how to extract the physics appropriate to questions 
we might ask. Now we see, for example, why the bound state questions 
of chapter 11 were pertinent. A graviton of momentum n is in fact a 
bound state of n D0-branes, and so we must establish that a normalisable 
wavefunction for such a system exists. This is not a solved problem for 
arbitrary n, as already stated in chapter 11. 

The scattering of gravitons with no exchange of longitudinal (eleventh 
direction) momentum is nicely described in terms of matrices in this lan- 
guage. The ath graviton of momentum Pa = Na/R is represented by a 
Na X Na block of the X’ (each X’ representing matrix position in the 
ith transverse coordinate). The trace of the ng X Nna block of the matrix 
is the centre-of-mass position of the graviton. Interaction between the 
block diagonal parts can be determined by integrating out off-diagonal 
degrees of freedom, which correspond to integrating out the massive open 
strings stretching between the widely separated clumps and and deter- 
mining the effective interactions between the clumps in that way. It has 
been shown that this reproduces rather nicely the expected results for 
graviton-graviton scattering. 

In fact, a lot more can be done along those lines, including recovering 
the basic lightcone world-volume M2-brane description by a change of 
variables, making contact with the much earlier work?™” on the M2-brane 
Lagrangian done back when it was thought to be a viable fundamental 
object!" 

Another striking feature of the description is that there is a natural 
statement about the importance of the onset of non-commutativity of the 
description of spacetime at high energy. Recall that the X’ are supposed 
to be related to spacetime coordinates as well. They are naturally (and 
essentially) presented as N x N matrices here. It is only when the X’ are 
large that we recover the usual picture of them as commuting spacetime 
coordinates, for only in that limit is is favourable for the Hamiltonian 
to select sectors for which [X*, X1] vanishes. Then, the X* can all be 
simultaneously diagonalised into their eigenvalues x’, the nine transverse 
spacetime positions?® 1°”, 

Note that an interpretation of the model at finite N has also been 
proposed?®0. It is simply a discrete light cone quantisation (DLCQ) of the 
theory. In other words, at finite N, the fact that the theory is on a circle of 
radius Ff is taken seriously. The theory is taken as being in the light cone 
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frame, with a compact null direction. Such techniques have been used 
successfully elsewhere in order to supply the non-perturbative definition 
of field theories such as QCD.?°! 

Note also that there is another matrix model proposal for capturing 
important degrees of freedom. It is based on structures in the type IIB 
string and D-instantons in particular?*. 


16.3.3 Matrix string theory 


Of course, one thing which we ought to be able to recover is the fact that 
we get the type IIA superstring upon compactification of a dimension on 
a circle. In fact, we should be able to do this on any spatial circle. How 
are we to see this here? 

What we would like to do is compactify one of the directions X*. There 
are a number of ways of working out just what that means for our model, 
but there is a particularly simple way’®?, given all that we have studied 
so far: by T-duality, working with DO-branes in the presence of one of 
the X’ compact is equivalent to working with D1-branes extended in that 
compact direction. It must be that the model we need is a large N model 
built from D1-branes wound on a circle. As the size of the circle shrinks 
to smaller and smaller size, this picture is increasingly the more useful 
one to use. In fact, an extremely important sector to include is the family 
of light strings stretching between DO-branes after winding around the 
circle some number of times. 

We know how to write the just the model that we want. It is 1+1 
dimensional Yang-Mills on a circle. We can write it down by starting 
from the beginning again, or we can simply obtain it from the present 
matrix model. To do so, if X? is to be our compact direction, of radius 
Rg, we need only replace X? by RoD,, where 0 < o < 2m and Do is the 
covariant derivative. 

The model which results is: 


Qa 1 Xt, XJ]? 1 a 
— R doTr|—p;p,; — 2+ — — Orxi rie 
H ° ‘| 50 167 Le Aml? | | 
E? R2(D,X4)? R 
T2768 RPX!) -— Eorp, 
lOr b lOr b Ants 
2m 1 Xt, XI]? 1 i 
— R doTr | —p;p; — 2 — er x? rio 
0 ‘5 i- T6n2g2l0 Ing, Ol KOTO! 
F? (D, X1)? 1 


OrD,O|. (16.58 
1617208 161703 Ant? | ( ) 
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Notice that at the end, we made the substitution 
Ro — gsls, and lp — gal ls, 


as appropriate to the case of the type ITA model we expect to arrive at 
in the limit. Indeed, we see that the model naturally cleans itself up 
into the string variables. The electric field Fo, = A, is the non-trivial 
gauge field strength of the model, an electric flux, in fact. The 16 com- 
ponent field © has naturally split into an 8.68, under the natural SO(8) 
which acts here. One is left moving on the string and the other is right 
moving. The X°* transform as the 8, of course. This model therefore has 
the manifest supersymmetry we expect for the type ILA model and is in 
‘Green-Schwarz’ form!°®. It is also the model we arrived at (but for a 
single D1-brane) in section 12.1 within the type IIB string theory. There, 
it represented the type IIB soliton string and the opposite chiralites of 
the left and right movers was appropriate to the expected zero modes on 
the soliton. 


N.B. It is amusing to note that to describe compactification of space- 
time dimensions, one has to work with a higher dimensional matrix 


model. This exchanges the role of dimensional reduction and the in- 
verse procedure, dimensional ‘oxidation’. 


Now this model, with U (N) gauge symmetry, is to be interpreted not as 
a soliton, but as a matrix definition of the type IIA string theory?®* 284, 
The limits we are taking to get the free string are two-fold: we must take 
R — œ and N — œ, as before, and we must also take gs — 0, which is 
of course the same as Rg — 0. 

To study the model, let us consider the supersymmetric vacua, i.e. the 
moduli space [X*, X1] = 0. The X’ (c) can be chosen as diagonal matrices: 


x(a) 0 0 
0 xao) 0 
X'(o)=]| 9 O alo) rrr ee (16.59) 


Naively the moduli space is just the space of eigenvalues, (R®°). Notice, 
however, that a discrete subgroup of the gauge symmetry still acts. It is 
the permutations of the eigenvalues, which we shall denote as Sj. Since 
we must divide by this, the vacuum moduli space is therefore the orbifold 


(R°)"/Sw. 
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The strings we’ve defined are lying in the direction parametrised by o, 
but we must study this a bit more carefully. A configuration representing 
strings which are of the same length of the o circle satisfies 


X"(o +27) = X’ (o). 


One way to think of this configuration is as representing N closed strings. 
The zf may be thought of as the x’ coordinate of the nth string, pa- 
rameterised by ø. The x(c) are otherwise arbitrary functions (subject to 
the equations of motion) of 7 and ø, and so can truly represent arbitrary 
strings in various shapes. (See figure 16.10.) In fact, one of these strings 
has energy of order 1/N that required to contribute to the physics in the 
limit, since it is T-dual to a single DO-brane among the very large N of 
the whole model. What we need is a method of making a string with a 
larger share of the longitudinal momentum. 

The matrix model naturally contains such strings too. First, note that 
there is a natural symmetry group which we shall denote Sy, which 
acts on the strings by permuting the N eigenvalues of the matrices. The 
strings are all identical, and so this is a very natural model. We can use 
this permutation symmetry to make long strings, by making configura- 
tions which satisfy: 

X"(o +27) = 89 X"(o), 
where spn is the element of Sy representing the permutation of n objects. 
The following configuration is an example: 


1 0 O 


0 m o 


Fig. 16.10. Four minimum length strings in the matrix. 
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This should remind the reader of a twisted sector from our orbifold 
techniques in various previous chapters, such as in section 4.8. This matrix 
implements a permutation of the two eigenvalues zə and x3 one goes 
around the ø circle. So, in fact, since s2 = 1, in order to make a closed 
string with eigenvalues in the 2 and 3 position, one must go around the o 
circle twice. So we have made a configuration representing a string of twice 
the length of the basic strings. See figure 16.11. In this way, we see that 
the model contains closed strings which possess a large enough fraction 
of their energy in momentum in the eleventh direction in order to survive 
the limit. 

To see that we get the right sort of theory, note that the limit gs — 0 
actually defines a flow of the 1+1 dimensional Yang—Mills theory to the 
IR. There, the theory is expected to become a fully conformally invariant 
fixed point, representing the free type IIA matrix string. Notice that this is 
in fact a new way of constructing a string field theory of the strings, in the 
infinite momentum or light cone frame. It is a field theory in the sense that 
there are fields which create and destroy complete string configurations, 
the matrices X’ (rT, o) themselves. The interactions between strings can be 
studied as well, and the splitting/joining operation is implemented by the 
addition of a special ‘irrelevant’ operator to the conformal field theory, 
deforming it away from the fixed point?®t towards the UV (see insert 3.1, 
p. 84). 

It should be noted that the matrix string model at finite N has also 
been given an interpretation in its own right as a DLCQ definition of 
the theory. Also, matrix string theories (either DLCQ or IMF) for all of 
the other ten dimensional can be defined by similar methods. In fact, 
the technique has been used to supply a definition of theories (such as 
the special six dimensional non-gravitational string theories and their low 


0 m Oo 


Fig. 16.11. A twisted sector representing two minimum length strings and 
one of twice the length. 
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energy field theory limits mentioned at the end of section 12.3.2) which the 
usual Lagrangian techniques seem to fail to define even perturbatively?®?. 

As already noted, describing further compactified spacetime dimensions 
leads us to study higher dimensional Yang-Mills field theories in various 
limits, implicitly related to world-volume theories of D-branes. Unfor- 
tunately, once one gets to the study of six uncompactified directions, 
progress seems to stop. This is because the matrix theory is now a 5+ 1 
dimensional Yang-Mills field theory, which in the required matrix theory 
limit does not seem to make sense!°®. 

For this and other reasons, it seems at the time of writing that Matrix 
theory, while apparently a tantalising glimpse into the correct direction 
which will lead to a definition of M-theory, is incomplete. In retrospect, 
this is perhaps not surprising, since it is still rather closely wedded to 
D-brane techniques, being largely a reinterpretation of the physics of open 
strings and D-branes in various limits, albeit a very instructive and useful 
one. The search for a definition of M-theory must continue. 


17 
D-branes and black holes 


We’ve seen now many examples of the ways in which D-branes can be 
used as probes of the non-perturbative structure of string theory, with 
remarkable insights, including the one that string theory is not really a 
theory of strings beyond perturbation theory. It should not be forgotten 
that strings also have the intriguing feature that they insist on describing 
(at least) a perturbative quantum gravity. It is considerably significant 
that we can get insight into string theory’s non-perturbative treatment of 
certain questions in quantum gravity, again using D-branes to probe and 
model the physics of black holes. This chapter will lay the foundations for 
how this works. 


17.1 Black hole thermodynamics 
17.1.1 The path integral and the Euclidean calculus 


In an attempt to construct a path integral definition of quantum gravity, 
one might envision the following: 


Z = f Pio eH loe], (17.1) 


for some appropriate choice of integration measure D|g, y] over the met- 
ric g and matter fields wy. In the early days of studying the path integral 
for gravity, it was noticed that the gravity action for some region M 
should be supplemented by a term evaluated on its boundary OM which 
allows the contribution of variations which include configurations which 
vanish on OM, but which might have non-vanishing normal derivatives 
on it. The result is (in units where Gy = 1): 


r= f VaR f V-h K d?~'a, (17.2) 


409 


410 17 D-branes and black holes 


where hu is the induced metric on the boundary, and K is the trace of the 
extrinsic curvature of the boundary. (We learned how to compute these 
quantities in insert 10.2.) This term is required so that upon variation with 
metric fixed at the boundary, the action yields the Einstein equations. 

Since I is real, there is the problem that the path integral has conver- 
gence problems, since the integral is in principle oscillatory. One way this 
is made sense of to ‘Wick rotate’ the time axis by 90° by the substitution 
t — —it, and so the path integral becomes: 


Z= | Dig, vel, (17.3) 


where J} = —iJ is the Euclidean action, which is real for real fields, and 
now the integrand is seen to be a damped exponential, which improves 
convergence. The metric has gone from signature (— + +---+) to signa- 
ture (+++---+). In principle, we can evaluate our path integral on the 
Fuclidean section and then rotate back to Lorentzian signature. 

The Euclidean technology allows for the definition of the canonical ther- 
modynamical ensemble as well. Let us see how this works. The amplitude 
to go from a configuration (g1, %1) at time tı to a configuration (g2, y2) 
at time tə is: 


((g2; p2), t2l(91, %1), t1) = [ Dig ge 


This quantity has another representation, in the Schrödinger picture: 


—iH to Hti ( H(t2—t1) ( 


((g2, p2)ļe gi, 21)) = ((92, pa)le gı, 1)): 


Let us study the situation that (g1, %1) = (g2, Y2). Writing tə—t1 = —if, 
and summing over a complete set of eigenstates (Wn, En) of the 
Hamiltonian, we get the partition function: 


Z=ŅX eh, (17.4) 


The system is at temperature T = 87t, and we have the standard expres- 
sion for the probability, pn, of being in the nth state: 
1 _ 
Pn = ze Phen 

The familiar representation given in equation (17.4) represents the same 
system represented by the Euclidean path integral given in equation(17.3), 
where the fields (g, y) are periodic in 7 with period 3. We shall see how 
to extract other physical quantities from here a little later. 
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17.1.2. The semiclassical approximation 


The evaluation of the entire path integral will not concern us here, since 
as string theorists, we take a rather different approach to the problem of 
quantum gravity. However, we expect from the reasoning that we have 
used many times already that we will arrive at a low energy action of the 
sort we studied above, regardless of the underlying microscopic model. 
So in fact, when we come to examine the macroscopic predictions of the 
microscopic details of our particular approach to fundamental physics 
(string and M-theory) — or any other approach, for that matter — they 
should make contact with the semiclassical results to be derived from the 
action above. 

The expectation is that the configurations with the most dominant 
contribution to the path integral will be those which are near an extremum 
of the action, i.e. solutions to the equations of motion. This of course 
fits with our intuition about how the classical limit arises from the path 
integral approach. 

In this limit, the path integral becomes 


Z=] =e OW 


defining the thermodynamic (effective) potential W, which is 
W=E-TS, (17.5) 


where T is the temperature and S is the entropy of the system. We can 
easily extract useful information in this limit. For example, the average 
energy of the system would be quite reasonably defined as the normalised 
quantity 


1 _ 10Z OlogZ oar 
E) Z >, Ene Z OG OB OB (17.6) 


Another example of some importance is the entropy. This is defined in 
terms of the occupation probability pn as: 


2 Pnlogpn = -7 due "log | — 


1 — 
= -7 Sie PEn (_ BE, — log Z) 
ar 
op 


The approximation will allow us to extract a number of key features of 
the physics. For example, the contribution of the fields y to the effective 


S 


B— +log Z = B(E) — I”. (17.7) 
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action of quantum fields on various curved spacetime backgrounds will be 
sensitive to various features of the background and the properties of the 
fields themselves. Meanwhile, in the purely gravitational sector, we will 
find that there are dramatic effects which arise in our computations due to 
the non-trivial interplay of topology of the Euclidean section with the path 
integral?°>. An example of an immediate consequence of this is the result 
that black holes have an intrinsic temperature. Let us compute this for 
the Schwarzschild and Reissner—Nordstrom solutions to see how it works, 
since the computation in this framework is surprisingly straightforward. 


17.1.8 The temperature of black holes 


We begin with the Schwarzschild and Reissner—Nordstrom solutions which 
we met in given in chapter 10, and as we were instructed in the previous 
section, we continue the solution to Euclidean signature via t — —i7T, with 
period ( for T: 


ds? = Vdr? + V~ tdr? + r°d0* + r° sin? bdo’, (17.8) 
with 
2M Q’ 
pahe 
r r 


This solution is taken as making sense in the range r} < r < œ, where 
r} = M + yM? -— Q?. Now the neighbourhood of r = r} (what was 
the horizon) is trying to look like R? x S°, but sadly, there is a conical 
singularity there, because the coordinates (r, T), trying to look like polar 
coordinates in the plane, have the wrong periodicity for T for arbitrary ø. 

In fact, the problem of computing the temperature reduces to the mat- 
ter of removing this ‘bolt singularity’®* 82, ensuring the ‘regularity of the 
Euclidean section’. This is quite easy to do: one has to make sure that the 
infinitesimal ratio of the circumference (going around in 7) to the radius 
(moving in r), is in fact 27 as one approaches the origin of R*, which is 
r =r, =2M. This boils down to: 


Ar dV"? 4 
Qn = lim a v ) — = WV" lpary 


ror, V-1/2 dr => B 


where At = 3 = 1/T. We then add a point (equivalent to a whole $7) to 
repair r = r4}. From this we get: 


Mr- Q’ M? — Q? 


1 
B Imr? = 4m M(M n M2 O02 = Q2) — mQ? (17.9) 
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and for the case of Q = 0 (Schwarzschild), we have 


1 
= Ba M’ 

which shows that large black holes are actually quite cold, and it is small 
black holes which are hot. This is actually a good thing for consistency 
with what we have already observed, since it means that astrophysical 
black holes (especially the really big ones apparently indirectly detected 
out there at the cores of galaxies, but even stellar-sized ones) have neg- 
ligible mass loss due to this sort of radiation*. In fact, this means that 
asymptotically flat black holes (i.e. the sort we’ve been studying so far) 
have negative specific heat, since reducing the energy of the system (mass) 
increases the rate at which it is lost. 

Notice furthermore that for the charged black hole, the temperature 
vanishes at extremality, since there r} = Q = M. This fits rather well with 
what we have learned previously: the extremal solution is supersymmetric 
and in fact a BPS state, and so zero temperature is consistent with 
its stability. In addition, we see that the thermodynamics protects the 
censorship idea, since it cannot radiate further mass away, making a sub- 
extremal object with a naked singularity. 

In fact, the temperature can be related to a purely geometrical quan- 
tity known as the surface gravity, k, of a black hole, which is a purely 
geometric quantity that exists at the horizon, and (crucially) is constant 
all over it???. If we had a test particle in the geometry connected to an 
observer at infinity by a long (light) string, the surface gravity is in fact 
the acceleration needed to hold the particle stationary at the horizon. It 
can be defined in terms of a Killing vector x normal to the horizon: 


K = (VEX (V Xo) Irony > (17.10) 


where we perform the evaluation at the horizon. 

For our solution, we have that x“ = é” = 6, and from the list of 
the non-vanishing components of the affine connection given in equa- 
tion (10.5), we can compute the only non-zero component of the covariant 
derivative: 


—2Mr + 2Q? n Mr — Q? E -Mr + Q? 


t 
VrxXt = rX — TeX, = r3 r3 r3 


which gives 
_ Mri- 


, 


3 
M+ 


* The reader can multiply by Ac? /Gkg in order to restore the physical units. 
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and so we have: 


T= —. (17.11) 


17.2 The Euclidean action calculus 


The action is usually evaluated by computing with what is called the 
‘Euclidean section’ of the spacetime, which arose in the previous sec- 
tions. Since this removes the singularities from the integrand, it makes the 
integration procedure sensible*®> 290. Furthermore, for asymptotically 
(locally) flat spacetimes, the action is interpreted as computed with refer- 
ence to an appropriate background in order to give a finite answer. Later, 
we will see a different prescription in the context of asymptotically anti-de 
Sitter spacetimes, which allows for a computation of the action which does 
not require reference to another spacetime. Let us compute an example 
with the present methods to get used to how they work. 


17.2.1 The action for Schwarzschild 


The Schwarzschild spacetime is asymptotically flat, and so we can com- 
pute the action by using flat spacetime as a reference background. For 
both spacetimes, the Ricci scalar R = 0 and so the second part of the 
action is where we must concentrate our efforts. 

We must evaluate the extrinsic curvature for both spacetimes. Let us 
pick for our boundary the spherical shell at r = R. The unit outward 
normal to this is (see insert 10.2, p. 229): 


The extrinsic curvature is 
1 a8 
Kw = zraG 6G wv, 
which gives non-zero components 


Ku = -3 
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1 1 2M 
Koo = 9 1/2 ( — —) 2r sin? 0: 
gayan 
y 1 
K = GP Kw = 7. om \tl2 5 [2r — 3M], (17.12) 
(ay 


and by setting M = 0 we get the result K = 2/r for Minkowski space. 
The measure for integration on the boundary is 


1/2 
Vh =r? (.- =) sin 6 
r 


and recall that the period of the imaginary time is Ar = 8. So for 
Schwarzschild we have 


J Vh Kg = bB4r(2r — 3M). 


For Minkowski, we must be more careful. The measure is Vh = r° sin 0, 
and K = 2/r, but we must choose our temperature carefully. Since 
Minkowski is regular for any period of 7, the temperature is arbitrary, 
and so we must fix it to match the Schwarzschild temperature. At ra- 
dius r, the temperature is not 8, but it is red shifted to 8 (1 — 2M /r)/?, 
so that is what we should use for the result of integrating over the compact 
time, with the result: 


1/2 
[Vikee = B4n2r (1 — E) 
T 


and so the action difference in the limit R — œ is 


I? = o% (17.13) 


Let us see that we can in fact extract useful information from this result. 
First, we note that M is a function of 6 (M = 8/87) and so we should 
be careful when differentiating with respect to 8. A computation of the 
energy, using the formula (17.6) gives: 


which is an extremely intuitive result. We have seen that the system has a 
temperature, and so we should expect to compute a non-zero ‘Bekenstein— 
Hawking’“© 21 entropy, using equation (17.7): 

GM 81M 2 A 


— BM ——— = — 
S= 2 2 4’ 


416 17 D-branes and black holes 


where A is the area of the black hole’s horizon. So we see that these 
results combine nicely to confirm the expression for the thermodynamic 
potential 


17.2.2 The action for Reissner—Nordstrom 


A similar computation of the gravity action can be done for the charged 
black hole, and in fact, the result is the same as in equation (17.13), 
with @ now from the expression given in (17.9), which should be obvious 
to the reader who followed the computations. The term in the metric 
containing Q is subleading in a 1/r expansion. Now the action needs to 
be supplemented by a contribution from the Maxwell term, which can 
be manipulated into a boundary term, assuming that the equations of 
motion are obeyed: 
— py gD, — ol uv 

Iu = I VIE WE de=- | A,FMdS,, (17.14) 
where the latter is a boundary integral, and we have used the on-shell 
condition that V,FY" = 0. 

Notice that the usual expression for the gauge potential, written as a 
one-form A = A;dt, where A; = Q/r, is singular, since the interval dt is 
infinite at the horizon. We can repair this problem by defining a value for 
the potential at the horizon, ® = Q/r,, and then redefining the potential 
by a gauge transformation: 


1 1 
A=Q (- — — | dt 
T r4 
Now since the non-zero components of Fy, are just Fr = —Q/ r?, the 


boundary integral for the action is easy to compute, giving, in the limit 
R— œ the result: 


IM = "oe. 
2 
So the total action turns out to be 
I? = Pim — QG). 


2 


Again, in the semiclassical limit we can equate this to GW, where the 
thermodynamic or Gibbs potential is 


W =M -TS - Qð, 
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since in the thermodynamic analogy, ® is like a chemical potential for Q, 
the analogue of particle number. Now we can use the standard thermo- 
dynamic relations to compute: 


e= (8), 3), 


= -7 (ss), ~Q, (17.15) 


where A is the area of the black hole’s horizon. These canonical ensemble 
computations are best performed by working in terms of r} as much as 
possible, converting in the end to, for example, 0/06 = (Or,/0G)0/Or4, 
etc. 


17.2.3 The laws of thermodynamics 


The reality of the thermodynamic behaviour of black holes begun to 
emerge from considering (among other things) the observation that was 
made by relativists that an isolated black hole’s horizon area, A, cannot 
be decreased by any physical process*?” 289. This is, of course, reminis- 
cent of the analogous law for entropy, S, in thermodynamics, where it is 
called the Second Law of thermodynamics. 

Combining this with the result that there is in fact a temperature to be 
associated with black holes, because they are radiating their mass away 
quantum mechanically leads to the ‘Bekenstein—Hawking’ relation of the 


entropy to the area?®2 261 which we computed in two cases above: 
A 


In fact, a First Law can be formulated for black holes as well, 


1 
dE = TdS +pdV <= dM = gid A + OydJ + Qd®, 
T 


where on the left hand side are the usual quantities from the first law, and 
on the right are the analogous black hole quantities, the electric charge 
and potential at the horizon, and the angular velocity at the horizon QH 
and angular momentum J such as could be computed for a rotating black 
hole (the Kerr solution). 

Additionally, a Third Law can be stated???. For the Reissner-Nordström 
black hole, we saw that the extremal case has T' = 0. However, to achieve 
such a case starting from finite temperature is intuitively physically 
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impossible since approaching the extremal case would mean opening up 
the infinite volume spacetime which in chapter 10 was shown to live at 
the horizon of the extremal black hole. 


17.3 D = 5 Reissner—Nordstrom black holes 


It is a remarkable and profound fact that black holes obey the laws of 
thermodynamics, saying that gravity has some underlying structure which 
has yet to be fully understood. What one needs to find is (as for ordi- 
nary thermodynamics) an underlying microscopic description from which 
these laws arise. This is a big problem with quantum gravity. A universal 
microscopic description of the required degrees of freedom is not known. 

Happily, the modern era has seen remarkable progress. String theory 
contains a theory of quantum gravity within it which is understood well 
enough to make progress in at least some of these questions. So far, we 
have only seen signs of gravity perturbatively, but black holes are firmly in 
the non-perturbative sector. Now, there are powerful arguments about the 
behaviour of strings at high energy density which can be followed to strong 
coupling to achieve a sharp, but qualitative understanding of the quantum 
behaviour of black holes as described by strings via a ‘correspondence 
principle’*°*. There is marked qualitative agreement with the properties 
we have uncovered above’. 

However, by the study of a specific but large class of black holes in 
string theory, it is possible to find a microscopic description of them us- 
ing D-branes which firmly establishes the precise (including all crucial 
universal numerical factors) thermodynamic relations we discussed semi- 
classically above. ‘This is remarkable progress is a good sign that string 
theory (and M-theory) does indeed show mature signs of having a descrip- 
tion of non-perturbative gravity. Let us begin to uncover some aspects of 
this description. 

We shall work with five dimensions, for the simplest example. A five 
dimensional analogue of the charged black hole solution (10.4) that we 
already studied somewhat in chapter 10 is: 


—1 
2n ě g Im g 
2 2 2 2103 
ds --(1- Fre i)a +(1- 3+ 5) dR + R*dQsS, 
q 

where 

dQ = db? + sin? 0(dd* + sin? ¢ dx’) (17.18) 
is the metric on a round three sphere, and (t, R,0, ġ, x) constitute polar 


coordinates in the directions (x°, zt, x”, x’, x4). 
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As before, there is an outer horizon at the largest root of G™" = 0: 


R? =m + 1/m2 — &, 


and a singularity at R = 0. From our previous discussion, we know that 
there is a Hawking temperature and Bekenstein-Hawking entropy set by 
the horizon. We would like to make a link to a microscopic description of 
the underlying structure of the black hole. 

The challenge is therefore to attempt to embed this black hole into 
string theory in a manner which allows us to use some of the tricks we 
learned about D-branes to help us study its properties. It is useful to 
rewrite the hole in isotropic coordinates for this study, since we are going 
to build the black holes out of branes, and we have presented the super- 
gravity solutions for them in chapter 10 in terms of such coordinates. ‘To 
do this, let us write R? = r? + R* for some new radial coordinate r. Since 
we can write —Gy = G" as 


l 2 2 2 2 l 4 2 2\\_2 rÍ r 
a(R- RR - R) = a0- (RE = R) G a- E), 


where rå = Ri — R? = 2m? -— q°, we find the following pleasingly 


simple form: 


ds? = H? fd? +H ( foldr? + rds), 
where f=1- 4, =E i145 
— A € — H!) (17.19) 


where the horizon is at r = ry. It has area A = 2n? (r3 + R?2)3/? = Qa? RÈ. 
The interior region of the black hole containing the singularity is not 
covered by these coordinates. In the extremal limit where the horizon is 
degenerate (m = q), we get R4 = R? = q and the solution in the original 
coordinates is: 


ds? 


q\* o q \ 5 2 n2 
-(1-5) dt +(1- 5) dR? + R?d, 


q 


where the horizon is at R? = q. It has area A = 2m?q3/2. In isotropic 
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coordinates we get simply: 
ds? = —H.*dt? + He (dr? + r°d03), 
Ar = He! 
Q? 
and He = 1+ a (17.21) 
where we write Q? = q for later notational convenience. The horizon is 
now at r= 0. 

Now comes the fun part. We have to see whether any of the structure 
of the solution is familiar to us from what we have learned so far. It is 
encouraging that we get something that looks like the correct type of 
harmonic function that we would like to come from a brane solution, but 
we have to achieve a constant dilaton, and see the gauge field arise from 
either pure metric geometry and/or the R-R sector, if we are to connect 
it entirely to D-branes. 


17.3.1 Making the black hole 


The most obvious thing to try would have been the D5-brane solution, 
wrapped on T°, which would have given (ignoring the T° directions): 


ds? = —H~'/4at? + H? (dr? + r°d03), 
Cc) = Ho. e7? = H! 
Q? 
where H=1+ Po (17.22) 

Compare this to the solution (17.21). This comes close in the gauge field, 
but fails for a number of reasons. The first is that the powers of the 
function H = 1+ Q?/r? are wrong in the parallel and transverse parts of 
the metric, and the second is that the dilaton is not a constant. 

Looking at the transverse part to see what is missing, we observe that 
we really need an additional H4. Perhaps we can combine this solu- 
tion with something which has this behaviour. This behaviour is what 
we would get if were to attempt to make instead a hole by dimension- 
ally reducing the D1-brane solution (delocalised in four of its transverse 
directions on a T* C T°, so that we use r~? and not r~° in H): 


ds? = H? dt? + H'4 (dr? + 1°dQ3), 
Cc) = Ho. e77 = H71 


Q? 
where H=1+5. (17.23) 
r 
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Again, this solution on its own would have shortcomings. Notice that the 
dilaton goes inversely with that of the D5-brane solution, but that the 
reduced R-R field is again just what we want. 

In fact, we can make a solution by combining these two in a manner 
analogous to that which we saw before in section 15.4, using the har- 
monic function sum rule to get a solution which has eight supercharges. 
The harmonic functions in the three sectors (i.e. directions transverse to 
both, transverse to the smaller, or parallel to both) combine by product. 
Ignoring the five directions of the T° this gives us: 


ds? = —H7'dt? + H (dr? + r°d03), 
cM!) = H` = c®, e7? =]. (17.24) 


We could take the diagonal combination of the charge sector as our gauge 
field (thereby averaging C™ and C) and so summing the charges) and 
things would be perfect there. So overall, this is very nearly what we want, 
but it sadly it fails because the power of H in G is not correct. 

Undaunted, we must search for some new component to the solution 
which does not modify what we have already got correct for the trans- 
verse directions and the dilaton and charge sector, but fixes the prob- 
lematic power of H in Gy. Switching off the contributions from the 
branes temporarily, we see that we must have a constant dilaton, and a 
metric: 


ds? = -H tdt? + dr? + r*dQ3, 


and we can still possibly allow an electric potential A; = H~', since we 
can take a linear combination of it with the other gauge sectors. 

One recourse is to appeal to pure geometry. We have only so far been 
considering a direct reduction on the T° by simply ignoring it. We can be 
considerably more subtle and reduce on it (or part of it) with a Kaluza— 
Klein twist. This could achieve our modification of the metric without 
modifying the dilaton, since it would come the pure geometry of the re- 
duction. Recall that we learned from earlier Kaluza—Klein studies in chap- 
ter 4 (see also insert 12.1) that we can modify a metric component which 
is Gy in D + 1 dimensions by twisting the y direction with, say the 


r? direction along which we do the Kaluza—Klein reduction. The metric 
component Gry in the D-dimensional metric is in fact Gia! — G55 4%, and 
the gauge field A, = Gs5y/Gs5. In the present case, our gauge field must 
be of the form (up to a gauge choice) A; = H~', and so this fixes for us 


what we can achieve in the reduction. 
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N.B. Since the gauge field is electric, it must come from a metric 
component resulting from a twist of time t with a spatial component 


and so this is in fact equivalent to giving the entire solution some 


momentum in the internal direction 7°. 


To see that this Kaluza—Klein will give the modification we need to get 
the five dimensional black hole metric, choose a six dimensional Kaluza— 
Klein ansatz (still with the D1- and D5-brane components switched off): 


1 1 2 
ds? = -zd + dr? + r°dQ2 + H de, + (3 — 1) at 
2 
= —dt* + dx + -z (dt — dzs)? + dr? + r°dQ5, (17.25) 


where we have shifted the gauge potential A; = H~! by unity (this is just 
a gauge choice), and labelled the Kaluza—Klein dimension as z5. 

We see that the solution looks very simple as a six dimensional metric, 
but when written in the Kaluza—Klein ansatz, with the appropriate gauge 
field, we can achieve the desired modification of the coefficient of dt? which 
will appear in the reduced metric. When we introduce the D1 and D5 
harmonic functions into the full solution, they will be multiplied back in 
according to the manner we have seen above, not modifying this structure 
at all. 

Before writing the full solution, note that we can introduce orthogonal 
coordinates \/2u = x5 — t and v2v = x5 +t and write the solution as 


9) 2 
ds? = 2dudv + < du’ + dr? + r7dQ3. 
r 


There is a null vector with components l, = ô „u, which is in fact co- 
variantly conserved. This shows that the solution (H is independent of 
the u,v directions and can have a variety of dependences on the trans- 
verse ones) is in fact a ‘plane-fronted’ wave, which has parallel wave 
fronts. It is often called a ‘pp-wave’ for this reason. (See insert 17.1 for 
a discussion. ) 

So we have in fact succeeded in our goal. By superposing these three 
components according to the sum rules, we can construct the five dimen- 
sional extremal black hole. To recapitulate, it corresponds to a D5-brane 
wrapped on a T4 (in directions £6, %7, £8, %9) to make a string lying in 
the x5-direction. This string is combined with a D1-brane also lying in zs. 
We know from previous chapters that this is supersymmetric. Finally, we 
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Insert 17.1. pp-Waves as boosted Schwarzschild 


Observe that we can write the pp-wave given in equation (17.25) in 
a manner in which is clearly a limit of a non-extremal form: 


2 2\—1 
ds? = —dt? + dx? + —H (cosh Bdt — sinh Gdas)* + ( — i dr’ 
r r 


9 
+7r7dQ3 +X daz. (17.26) 


This is written as a sort of boost, rather like we did for the p-brane 
solutions in subsection 10.2.2. It is actually a Lorentz boost of a fa- 
miliar solution in the (t,x5) plane. The supersymmetric solution we 
wrote previously is the limit of infinite boost, 86 — oo, with ry — 0 
holding the combination r2, = rZe?"/4 held fixed, just like the infi- 
nite boost gives the supersymmetric extremal p-branes. The infinite 
boost gives a special supersymmetric solution with a null Killing vec- 
tor 0/Ou, where v2 u = (x5 —t). This is a momentum in the zs direc- 
tion, as discussed in the main text. The correctly normalised value of 
rp is 

rp = — gg ol = F3 -Qp, 
where Qp is an integer, R is the radius of z5, and V is the volume 
of the T4. We were able to compute the momentum in this direction 
by Kaluza-Klein reduction to be P = Q/R = RV/(g2a"*), where R 
is the length of x5 and V is the volume of the T* on which we could 
put x6,...,2%9. More generally, we have now 


QP- QF E RV rê sinh 23 E RVra eb — @— 20 
R = gat 2 gta’ 4 
So we see that the supersymmetric limit is to have only a left-moving 
momentum excited. The general solution has both left and right mo- 
mentum excited. What was it we boosted? Well, taking 6 — 0: 


2 2\—! 9 
ds” = — ( — 3 dt? + das + ( E 3 dr? + r°dQ3 + X dz}, 
r r — 


simply the five dimensional Schwarzschild solution, times a T°. 
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combine this with a third element, a wave in the x5 direction. Compact- 
ifying on x5 to five dimensions, we get a pointlike object, the extremal 
Reissner—Nordstrom black hole, where the U(1) charge is in fact a diag- 
onal combination of the U(1)s from the two R-R sector charges and the 
Kaluza—Klein charge of the momentum! 

We can now be a bit more general. There is no reason why we cannot 
consider having different amounts of the various charges from the three 
independent sectors, since it is only their orientations which matter for 
the amount of preserved supersymmetry. So we can have Qs, Qı and 
Qp as three independent integers representing the number of D5-branes, 
D1-branes, and momentum in the compact x5, respectively. Let us intro- 
duce the correctly normalised harmonic functions and write the solution 
representing this. The metric is (in Einstein frame) 


gi! ds? — Hy?" 14 (—at? + dx? + Hp (dt — dæs)?) 
+ HU’ i! (ar? +r’ a03) + + V'2H*H dst, 


(17.27) 


where Asin, in the (2°, x’, x8, x?) directions, is the metric on a T4 with 


unit volume. Notice that given the orientations of the constituent branes, 
we can replace the T4 by a K3 and preserve the same amount of supersym- 
metry. The results for the entropy count will turn out to be the same, but 
we will do it more carefully in a later section, since wrapping branes on 
K3 produces interesting subtleties, due to the enhancon mechanism which 
we discussed in chapter 15. The x5 direction is compact with period 27 R. 
The dilaton and Ramond—Ramond (R-R) fields are given by 


H 
e’? — T FY) = 3H t, Fy; =2ré sin’ sing. (17.28) 
The harmonic functions are given by 
2 2 2 
r r r 
H =1++4, Hs=14+3, Hp=, (17.29) 
r r r 
where the various scales are set by 
V; Va’ 
r5 = gsal Qs, ri = gso y Qı, rp = geal V g Qp, (17.30) 


where V, = (27V/a’)*. The properties of the event horizon at r = 0 can 
be computed (which the reader should do), yielding a vanishing surface 
gravity (and hence Hawking temperature) and a non-vanishing area and 
hence Bekenstein-Hawking entropy: 


AH = 4m” V R, rır5fp, = = 2nmy Qı Os QP. (17.31) 
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Our goal is to find a microscopic description of this, and we do this next. 
Notice that the mass of the black hole is computed to be: 


(17.32) 


which is just the sum of the Kaluza—Klein mass and the constituent brane 
charges normalised by the appropriate volume factors arising from where 
they are wrapped. That there is no interaction energy is consistent with 
the fact that we are constructing this black hole out of BPS constituents. 

Notice that, inevitably, there is an explicit dependence of the mass on 
the embedding parameters. This is in contrast to the entropy, which is 
independent of the embedding parameters and so appears to be much 
more universal. We shall see a reason for this much later. 


17.3.2 Microscopic entropy and a 2D field theory 


Now we can follow the logic which we used in chapter 10. This geometry is 
entirely constructed with R-R charged objects, with some momentum. We 
have established that D-branes are the smallest possible objects carrying 
those charges, and so we must be able to make the black hole out of 
D-branes, with some momentum”. 

The case which we consider here is a compactification in which Qs 
D5-branes wrap a Tt, appearing as strings in six dimensions, forming 
a composite with Qı Dl1-branes. The D1 can only move within the 
D5-brane world-volume, and so this configuration should remind us of 
the D1-D5 bound state, which preserves 1/4 of the spacetime supersym- 
metries. Adding BPS momentum (i.e. purely right-moving) to such a con- 
figuration breaks a further 1/2 of the supersymmetries, and so we have a 
total of four supercharges. 

Let us consider the case of gQ < 1, where Q is any of the charges in 
the solution. Then from the form of the harmonic functions (17.30), it 
is clear that in this limit we are studying the weakly coupled system of 
D-branes in flat space. We shall perform the study of the system in this 
limit initially. The case of gQ > 1 is where we have a macroscopic black 
hole, and as we shall see, our results for the counting of the entropy will 
apply to this case as well. This will appear to be simply due to the fact 
that we are counting BPS states, but later we shall see that things are 
more robust than that. 

The configuration yields the following decomposition of the spacetime 
Lorentz group: 


SO(1,9) > SO(1,1) & SO(4) & SO(4), (17.33) 
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where the first factor acts along the D-string world sheet (t, x°), the 
third acts in the rest of the D5-brane world-volume (xf, x", xë, x?) and 
the second in the rest of spacetime (xt, x?, x3, x4). From the point of 
view of the D5-brane gauge theory, the D1-branes are bound states in 
the ‘Higgs branch’, in which the D1l-branes are instantons inside the 
D5-branes (see section 13.4). This branch is parametrised by the vacuum 
expectation values (vevs) of 1-5 open strings, which give 4Q,Qs5 bosonic 
and fermionic states, simply the dimension of instanton moduli space. 
The ‘Coulomb branch’ of the gauge theory is the situation where the 
D1-branes become pointlike instantons and then leave the D5-branes!”", 
ceasing to be bound states. This branch is parameterised by the vevs of 
1-1 and 5-5 strings, which ultimately separate the individual D-branes 
from each other. This takes us away from the black hole, the state of 
most degeneracy. So we study the 1-5 and 5-1 open string sector, i.e. 
oriented strings stretching between the D1- and D5-branes. From the 
counting in section 13.4, we know that we have 4Q,Q5 boson-fermion 
ground states’. 


N.B. Another way of thinking of this theory is as follows. At strong 
coupling, it will flow to the infra-red and become a non-trivial con- 
formal field theory (see insert 3.1). It turns out (this is essentially a 
property of the superconformal algebra) that the number of boson- 
fermion ground states is directly related to the central charge of 


the conformal field theory, which in turn is equal to the difference 
in the number of hypermultiplets and vector multiplets ny — ny. 
In this case (things will be different in the case of K3 wrapping 
later in section 17.5) the number of 1-1 and 5-5 hypermultiplets 
exactly cancel the number of 1-1 and 5-5 vector multiplets, leaving 


G1 Qs5. 


Our configuration must be made to carry momentum Qp in the x° 
direction around which the D-string is wrapped. What we really have is 
an effective 2D field theory in the (t, x5) directions on the world-volume 
of the effective string. The Hamiltonian is H = Qp/R. We are trying to 
distribute this total momentum amongst the 4Q1Qs5 bosons and fermions. 
This should remind the reader of earlier studies in chapters 3 and 4. It is 
just like being at level n and trying to distribute the energy among the 
bosons and fermions in the two dimensional conformal field theories we 
discussed in chapter (see insert 3.4, p. 92). Here, we have a supersym- 
metric string moving in the 4Q,Q5 dimensions of the moduli space. 
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The number of ways, d(Qp), of distributing a total momentum Qp 
amongst the 1-5 and 5-1 strings is given by the partition function: 


OO 1+ “ 


S dp) = (TI 1— q” 


n=l 
For large Qp, this gives d(Qp) ~ exp(27,/Q1Q5sQp), and Boltzmann’s 
relation S = Ind(Qp) yields precisely the entropy (17.31) we computed 
for our black hole using the Bekenstein—Hawking area law, in the previous 
section’. 

Let us pause to admire this result. We have actually counted the de- 
generacy of BPS states in the limit gQ < 1 where we have D-branes in 
flat space. When we go to gsQ > 1 and the geometry of the branes will 
take over, making the black hole with geometry given in (17.27), we can 
be assured that the degeneracy will be precisely the same, because this 
is not renormalised by any quantum effect. So we have actually found 
a microscopic description of the black holes, at least for the purposes of 
counting the entropy. This works for black holes in four dimensions too?®’, 
and with other properties like spin, etc. There are excellent reviews of this 
in the literature?’>. In fact, as we shall see, it is not really supersymmetry 
that is protecting us from an awful mismatch between the strong and 
weak coupling limits, but an important universal structure which will be 
uncovered later in chapter 18. A sign of this is to perform the counting 
successfully for a non-extremal black hole?°?, which we shall do next. 


(17.34) 


17.3.3 Non-extremality and a 2D dilute gas limit 


A non-extremal generalisation”©? of the solution can be written by exploi- 


ting the boost forms of the various components which we noted in sub- 
section 10.2.2 (see equation (17.26)) and insert 17.1, with the following 
result: 


2 
gil?ds? = an a (ar + dx + + (cosh Gdt — sinh aes 


2 —] 
+ Zitz" ( - a dr? + r° dO} | + VPZ Z si, 


e°? = 977, /Zs, (17.35) 


where” ; 


2 
Zi = 1 + sinh? 61 £; Zs = 1 + sinh? 8s 2, 
r T 


* The reader might find it worth checking that in the case that all of the R-R charges 
and the momentum are the same, a reduction to five dimensions gives the isotropic 
form of the five dimensional Reissner-Nordström black hole given in equation (17.19). 
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The R-R charges of this solution are as before, while as we learned in 
insert 17.1, there is now both left- and right-moving momentum in the z5 
direction, creating the non-extremality. 


P= QP — QR B RVrê sinh26 _ RVrê eb — e? 
= R o g2a!4 J — 92a A . 


The mass of this solution is 


T- RVra (257 n coma n on =), 


2/4 
Js Q 


Now we can compute the entropy of the solution by computing the area 
of the horizon at r = ry: 


— IRV ry, 


S = —z—,— (cosh (1 cosh 8s cosh 8). 
Gs O 


Now we study an interesting limit. We take the R-R charge densities 
to be greater than the momentum densities which in turn is larger than 
the string scale: 

ri ri > rp >a’, (17.36) 


which has the effect of keeping the D-brane component close to extremal- 
ity but allowing both left and right momenta to survive. We can check 
this by seeing that the energy above the amount at extremality, computed 
in equation (17.32), becomes: 

~ 7 RVra e2P E QP 


M-Mwr~ — 
gat 4 R’ 


and so we see that the extra energy coming from the left-moving sector is 
simply additive, as though the left- and right-moving components of the 
system are non-interacting, despite the fact that we are non-extremal. 
This is called the ‘dilute gas’ limit, since in the 1+1 dimensional model, 
a ‘gas’ of 4Q1Qs5 boson-fermion pairs, there is no interaction between the 
left- and right-moving parts. 

A little algebra shows that in this limit we get for the entropy 


S = 2m (y QIQ2QE + y 210508). (17.37) 


The microscopic computation for the statistical entropy is just like the 
one we had before, but with both left- and right-moving sectors. In this 
dilute limit, since they are decoupled the result is just the sum of the 
entropies of the two sectors, as we have seen coming from the supergravity. 
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So again, we have exactly verified with a microscopic computation the 
entropy of a black hole, now even without the help of supersymmetry. 


17.4 Near horizon geometry 


Recall that in our earliest examination of extremal black holes in chap- 
ter 10, we found that the geometry of the horizon was an interesting place, 
since the geometry was highly symmetric. The extremal horizon size was 
controlled entirely by the asymptotic charge at infinity, and not by the 
details of the embedding of the solution into the supergravity. In fact, 
there are other special properties of the black hole apparent when the 
system is embedded in the supergravity. 

Just as we saw in the case of the solution for the D6-brane wrapped 
on K3 in section 15.4, the parameters of the compact solution are just 
the asymptotic values of fields — the moduli — in the full supergravity. 
There, we studied a solution where the volume of K3. Here, the radius R 
of the zs circle, and the volume V of the T4, are the asymptotic values 
of scalars. In fact, these scalars approach fixed universal values at the 
black hole horizon, due to what is called the ‘attractor mechanism ®®". 
The values are fixed by the underlying U-duality algebraic structure of 
the supergravity. In particular, the area of the horizon itself is fixed in 
terms of the Ees (6) U-duality invariant, and the parameters which make 
it up are determined only by the charges measured at infinity and not the 
details of the geometry or the embedding. In particular, the entropy itself 
is an Eg (6e) U-duality invariant. 

We won't study this general issue in any detail here, but refer the reader 
to the literature?°”. Let us instead directly examine the near-horizon ge- 
ometry of the black hole that we constructed in the previous sections. 
Consider the non-extremal black hole solution given in equation (17.35), 
but in string frame: 


2 
ds* = z7 z"? (ar + daxz + H (cosh Gdt — sinh adas?) 
r 


9 —1 
+ Zi Z5 ( - a dr? + r? d0} | + VPZ? Zg"? dss, 


e°? = 922, /Zs. (17.38) 


The limit we will take is that g,Q1,9;Qs5 are large, but Qp are arbitrary. 
This means that r? < r? and r2, and so we can neglect the 1 in the har- 
monic functions in which they appear. So we see that the volume of the T* 
has become fixed to Vri/rz, and the dilaton has gone to e? = ggr1/rs. 
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In the limit, we get: 


2 
ds? = — (ar + dz? + + (cosh 6dt — sinh aes 


rır5 
+25 ( — i) j dr? +r’ aa) + ds24. (17.39) 
r2 r2 re T 
It is useful to define 
p>. =r cosh?3, p* = rĝ sinh’, (17.40) 
and we get 


2 2 
ds? = —— - ( — 3 dt? + ( + = | dx? + 20 didas 
T T 


r 


—1 
+ mis 1 — (4 = P=) dr? + rprsdQ? + T ds?a. (17.41) 
r2 r $ rg T 


Finally, after a change of coordinates to p? = r? + p2, the metric is: 


(0° — EN — e) rırsp? 


ds? = -4—0 Y__ T de + A ode 
rırsp’ (P — 4P — p=) 
2 p+P— 4, \° 2 /1 7.2 
+p (azs + 2 at) + 7ry7r5dQ3 + OST (17.42) 
5 
which can be recognised? 295 as a three dimensional black hole solu- 


tion called the ‘BTZ black hole’? multiplied by an S° and TŻ. In fact, 
the black hole solution can be seen to be asymptotically AdS3, with a 
length scale Z set by €? = rırs. See insert 17.2. The case p} = p_, gives 
the extremal 5D black hole, and the near-horizon metric becomes locally 
AdS; x S’ x Tt, with an identification on the zs circle. This is a situa- 
tion that we have seen before, where the extreme black hole has a simple, 
highly symmetric spacetime in the near-horizon limit, with the size of the 
solution controlled by the asymptotic charges. 

The fact that the near-horizon geometry of the black hole is actually 
AdS3, (times fixed compact spaces) with a black hole in it is interesting. 
As we shall see in the next chapter, there is remarkable duality proposed 
which — if correct — ensures that the physics of the 1+1 dimensional theory 
which was controlling our entropy count is captured entirely by the AdS3 
physics. Especially in the case of AdS3, the aspects of the duality relevant 
to our problem are quite well understood. It is this AdS/CFT duality 
which seems to ensure that the entropy count was correct, even away 
from extremality. See insert 17.2. 
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Insert 17.2. The BTZ black hole 


Consider the action for (2+1)-dimensional gravity with negative cos- 
mological constant A = —1/¢?: 


— TT J d°x/—g (R-— 2A). (17.43) 


There is an interesting solution, whose metric is: 


2 2 1,2, 2 4G3J N” 
dsppz = —V(p)dt +V(p) dp + p° | dp + 72 dt) , 


2 72 
16633 ) (17.44) 


2 
p 
V(p) (scam + p2 + 02 
where y is periodic, with period 27. This is the ‘BTZ black hole’ 
solution’’®, and there are two event horizons are at p = p+, in terms 
of which we arrived at the solution (17.42), and ¢* = rirs there. The 
mass and angular momentum of this solution are given by 


y- Pat P= _ P+- 
8243” MGs 


Notice that the case M = —1/8G3,J = 0 gives us AdS3 in global 
coordinates, as given in equation (10.29). The case M = 0, J = 0 is 
also AdS3, but now in local coordinates. In fact, the BTZ spacetime 
is locally AdS3 everywhere. Since y is compact, there is a global 
difference which makes it a non-trivial solution for arbitrary M and J. 

Using the techniques presented at the beginning of this chapter, the 
entropy and temperature may be computed to be 


2mp _ A p- 
4G3 AG's’ 2ml? p4 l 


The AdS/CFT correspondence, to be discussed in the next chapter, 
associates a dual (1+1)-dimensional CFT to the physics of AdS3 x SË, 
with??” c = 3£/2G3. In fact, the M = 0 and M = —1/8G3 cases can 
be identified?”* with the NS—NS and R-R ground states of the theory, 
with energy E = 0 or E = —¢/8G3, where the fermions are either 
periodic or antiperiodic around y. (The factor of £ results from a 
conformal rescaling, see section 18.1.3.) Computations we know how 
to do from chapters 2 and 4 show that the zero point energy difference 
is c/12, which is the result one would get from converting €/8G3. 
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17.5 Replacing T* with K3 


An important variation on the constructions above is to replace the T4 
in the 76,..., xg directions by the K3 manifold instead. In fact, this does 
not break any more supersymmetries than the D5—D1 orientation, and 
so in principle, everything should go through trivially. However, as we 
know from chapters 9 and 15, the wrapping of the D5-branes on the K3 
should change things considerably, since the enhancon mechanism ought 
to modify the geometry significantly in the limit of large charges where 
the black hole becomes manifest. In fact the original reference considered 
K3 first’, and did not take into account the subtleties introduces by K3 
in the macroscopic geometry. Our goal in this section is to examine this 
physics carefully*?’. Their answer for the entropy was not wrong, however, 
for reasons we shall see. Our careful analysis will produce a new result, 
however, since it will become clear that the enhancon mechanism works 
in precise conjunction with the second law of thermodynamics. 


17.5.1 The geometry 


The Einstein frame metric is: 
ds? = H7 ”*H; "* (dt? + dx? + Hp(dt — dirs)*) 
+ Hy!" He!" (dr? +r? d03) + VP Hs "dei, (17.45) 


where ds. is the metric on a K3 manifold with unit volume. The other 
fields and harmonic functions are the same as those listed in equations 
(17.30). 

Of course, the integers Q1, Q5 and Qp appearing in the harmonic func- 
tions measure the asymptotic charges associated with the electric and 
magnetic R-R fluxes and the internal x5-momentum, respectively. We 
must, however, introduce another set of integers, Ni; and Ns to denote the 
number of D1l-branes and D5-branes, respectively, in the system. Clearly 
we have Ns = Qs. However, as discussed in chapter 9 and in detail in 
section 15.4, wrapping the D5-branes on K3 induces a negative D1-brane 
charge and so we have Qı = Nı — N; or alternatively Nı = Qı + Qs. 

Just like in section 15.4, the volume of the K3 manifold (measured by 
the string frame metric) is: 


V(r) = =V, (17.46) 


where V is the asymptotic volume of the K3. At the horizon, it is: 
re Qı N, — Ns 
Va = V(r =0) = 4V = SV, = ——V, 17.47 
w=V(r=0)= BV =5 = (17.47) 
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and so if rı < rs, then Vy < V. So we see that as long as rı < rs, that 
the volume K3 is shrinks as we move in from r — oo. When we reach 
V(r) = V, at some radius, new physics will come into play, and this is 
the ‘enhancon’ locus we discovered in section 15.4. ‘This radius is easily 
computed: 


2 gsa' Vx 


e= wv —vy — Ni), 


(17.48) 


r 


>0 for 2Ns5 > Ny 
<0 for 2Ns5 < N, ’ 


where pe < 0 simply indicates that the K3 volume reaches V, inside the 
event horizon. Therefore we see that we can have the enhancon appearing 
either above or below the horizon, depending upon how we choose the 
parameters. 

Let us consider the case of #2 > 0. Now when the K3 volume reaches 
V,, at the enhancon radius, fe, the wrapped D5-branes will be unable to 
proceed supersymmetrically into smaller radius, due to the fact that their 
effective tensions are going through zero there. ‘They are therefore forced 
to form an enhancon sphere at radius fe. By contrast, D1-branes and 
momentum modes can movie inside of r = fe: they are not wrapped on 
K3 and therefore do not care that it is approaching a special radius there. 
However, notice that the geometry can be made of D1—D5-bound states. 
The corrections of —7, to the effective tension of the wrapped D5-brane 
is precisely compensated by the +7; coming from the marginally bound 
D1-brane. Therefore we can make the above geometry in equations (17.45— 
17.29) by binding N5 D1-branes to Ns the D5-branes we wish to include 
in the geometry, and bring the resulting Ns D1—D5 bound states in from 
infinity, together with Q1 extra D1-branes. 


17.5.2. The microscopic entropy 


In the microscopic model we have some modifications to the T* situa- 
tion. We have an effective 1+1 dimensional gauge theory on the effective 
D-string formed by wrapping the D5-branes and binding it with 
D1-branes. At strong coupling the theory will flow to a conformal field 
theory in the infra-red (see insert 3.1, p. 84). The important feature of the 
conformal field theory is its central charge, which can be computed from 
the gauge theory as proportional to ny — ny, the difference between the 
numbers of hypermultiplets and the number of vector multiplets. Count- 
ing the bosonic parts, the Dl-branes contribute N? vectors and N? hy- 
pers, the latter coming from (x°, x", x°, x°) fluctuations. The D5-branes 
contribute N? vectors, but there are no massless modes coming from os- 
cillator excitations in the (xf, x, x8, x°) (K3) directions. There are, in 


addition, 1—5 strings which give N; Ns hypermultiplets. Evaluating the 
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difference gives: Nı Ns — NZ = QıQs hypermultiplets. Hence in total, 
there are 4Q1Qs5 bosonic excitations and an equal number of fermions, 
since a hypermultiplet contains four scalars and their superpartners. 

In another language all that we have done is evaluated the dimension 
the Higgs branch of the D5-brane moduli space of vacua, where the Nj 
D1-branes can become instanton strings of the U (N5) gauge theory on the 
world-volume of the D5-branes. The vacuum expectation values of the 1-5 
strings is precisely what constitutes this branch. In this language, the ab- 
sence of hypers coming from the 5-5 sector corresponds to the absence 
of Wilson lines on the K3 surface (there are no non-trivial one-cycles). 
The entropy count then goes precisely along the lines of section 17.3.2. 

Let’s close this discussion by observing that we have a mild appar- 
ent conflict with the microscopic description. For N, < 2Ns5, we know 
from the analysis of the previous section that, at any given value of the 
momentum, the entropy can be maximised by using only N,/2 of the D5- 
branes in the problem. So, from the field theory point of view it appears 
to be favourable to Higgs the U(.Ns5) gauge theory leaving massless only 
a U(N,/2) subgroup. But since all of these supersymmetric vacua are 
degenerate, all black holes appear to be on the same footing. 

This is really an artifact of the thermodynamically peculiar situation 
that we are at zero temperature while having a finite entropy, so the 
entropy strictly has a meaning as a degeneracy of ground states. Processes 
which maximise the entropy require dynamics, and so we must take the 
system away from extremality in order that it can explore configuration 
space, and find the maximal entropy black hole. 


17.5.3 Probing the black hole with branes 


Let us illustrate the above statements with some probe computations?””. 


Both D1- and D5-branes are natural probes of the geometry~°°, since they 
preserve the same supersymmetries. Consider a composite probe brane 
consisting of ns D5-branes and nı D1-branes. It is important for the 
physics of the following that this composite probe is in the D5-branes’ 
Higgs phase. That is, this composite probe is not simply a collection 
of individual D5-branes and D1-branes moving together, but rather the 
D1-branes have been absorbed as instanton strings lying along the z- 
direction in the D5-brane world-volume. These instantons are maximally 
smeared over the K3 directions and that we have chosen the orientation of 
the vevs of the hypermultiplets arising from 1—5 strings such that the in- 
stantons are of maximal rank in the U (n5) gauge theory. In this phase, the 
composite probe brane is then a true bound state, i.e. the fields describing 
the relative separation of the branes in the Coulomb phase are all massive. 
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The effective action for the composite brane probe regarded as an ef- 
fective string is 


S=- / de e?) (ngr V (r) + (ni — ns)T1)(— det gap) !/2 
> 
+nsts | C8) + (nı — ns)n f, OLAN (17.49) 
~x<K3 > 


where X is the unwrapped part of the brane’s world-volume, with co- 
ordinates ®t. Remember in the above action that the wrapping of the 
D5-branes on the K3 introduces negative contributions to both the tension 
and two-form R-R charge terms. Recall that gap is the pull-back of the 
string-frame spacetime metric. The background fields in which the probe 
moves are those of the black hole solution given in equation (17.28). The 
corresponding R-R potentials may be written as 


Cl) — g; He *dx® \ dx? A ex, CO) = g; Hy *dx® Adz, (17.50) 


where €x3 denotes the volume four-form on the K3 space with unit volume. 
These R-R potentials do not vanish asymptotically because we choose a 
gauge which eliminates a constant contribution to the energy which would 
otherwise appear. 

We will now choose static gauge, aligning the coordinates of the effective 
probe string with the x° direction and letting it move in the directions 
transverse to K3 while freezing and smearing the degrees of freedom on 
the K3: 


E? = 7 =t, = r(t), 1=1,2,3,4. (17.51) 


The result can be written as an effective Lagrangian £ for a particle 


moving in the (xt, x7, x3, x*) directions: 


1 . 
L= 5 (nss V Ay + (nı — ns )rı Hs) (1 -+ Hp) i? + ras), (17.52) 


where, as usual, a dot is used to denote 0/0t, and 


2 = 6? + sin? 6(¢? + sin? ¢ x”). 


As should be expected by now, here is no non-trivial potential, since 
supersymmetry cancelled the mass against the R-R charge as in previous 
computations of this type. 

The effective tension of the probe is given by the prefactor in equa- 
tion (17.52). We can already see that there is the possibility that the 
tension will go negative when ns > nı. 
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Putting in the definitions of the harmonic functions given in equa- 
tions (17.29) and (17.30), we see that the tension remains positive as 
long as 


(n575V Hı + (nı — m5 )7 Hs) > 0 (17.53) 
which translates into 


(2N; — Ni )ns — Ns5nı 


2 ~2 2 
> = gl Vz 
r re Ista (V — Vans + Vena 


(17.54) 


It is worth considering some special cases of this result. If we remove all 
of the D5-branes, the result for pure D1-brane probes is quite simple, as 
setting ns to zero in the above result gives: 


1 . 
Lo = 5mmiHs(1 + Hp) i? + rA], (17.55) 


since the D1-brane is not wrapped on the K3 and so its tension is positive 
everywhere. It simply floats past the enhancon radius on its way to the 
origin without seeing anything particularly interesting there. 

Note that the result (17.55) is the same as would have been obtained in 
the case of probing for a T* compactification, considering only motion in 
the directions transverse to the torus. Similarly in the case that nı = ns, 
we get: 


1 | 
L = SnstsHi(1 + Hp) i? + PÀ], (17.56) 


which is the same as the result for pure D5-brane probes in the case where 
they are wrapped on T4. The cancellation of the induced tensions from 
K3 wrapping and non-trivial instanton number in constructing the bound 
state probe provided a simple result: the wrapped D5-branes, when appro- 
priately dressed with instantons, can indeed pass through the enhancon 
shell. 

If we instead remove all of the D1-branes, we just get the familiar result 
of section 15.4 that the probe, made of pure D5-branes, hangs up at the 
enhancon radius fe given by equation (17.48). Now we discover that our 
earlier enhancon result is just a special case of a more general result: 
whenever there are more D5-branes than D1-branes making up the probe 
(i.e. n5 > n1), there is a generalisation of the enhancon radius, 72, where 
the composite probe will become tensionless and must stop. Notice that 
this happens in a ‘substringy’ regime where Vk3 < V}. 
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17.5.4. The enhancon and the second law 


The entropy and area of the black holes which we construct are given by 
the formula 


S= 2 = m V/Q1Q5Qp = 2m,/ (N1 — Ns) NsQp, (17.57) 


where in the second equality we have written it in terms of the number 
of physical branes of each type. Let us consider the dependence of the 
entropy on the number of D5-branes. Fixing Nı and Qp, we see that it 
gives a half an ellipse, as depicted in figure 17.1. We see that there are 
maximal entropy black holes that we can make, (corresponding to the 
apside of the ellipse) which are those for which Ns = Nj/2, or in other 
words Q1 = Qs. 

If we wish to consider the maximum entropy that can be achieved for 
a given set of parameters, N1, N5 and Qp, we observe that the behaviour 
of this entropy changes at precisely Ny = 2Ns5. In figure 17.2 is a plot of 
the (square of the) maximal entropy as a function of Q, for fixed N5 and 
Qp. For a ‘large’ number of Dl-branes (Ni > 2N5), the maximal area 
squared is simply proportional to Q1, as expected from equation (17.57). 
However, for a ‘small’ number of Dl-branes (N1 < 2N5), the entropy is 
maximised if only Ns = Nj/2 of the available D5-branes participate in 
the formation of the black hole. In this regime, we have 


Amax X NI = (Qi + Qs) (17.58) 


and so the curve becomes a parabola which only reaches zero at Q1 = — Qs. 


Fig. 17.1. The horizon area as a function of Ns, for fixed Qp (= 1) and 
Nı (= 5), which forms half of an ellipse. As the number of D5-branes 
increases past N,/2, the area decreases. 
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Fig. 17.2. The square of the maximal horizon area as a function of Q1, for 
fixed Qp (=1) and Q; (=2). For Nı > 2N;, the (area)? increases linearly. 
For Nı < 2N;, to maximise the area, one must use only Nj/2 of the 
available D5-branes (see figure 17.1), and therefore the dependence on N; 
is quadratic. 


Note that in this regime, the maximum entropy is greater than one would 
calculate from equation (17.57). Assuming the excess D5-branes have ac- 
cumulated in an enhançon shell around the black hole, the maximum 
entropy configuration corresponds to precisely that where the K3 volume 
is frozen at V, throughout the interior region. 

Let us return to the curve in figure 17.1. If we were to begin with a 
black hole with a ‘large’ number of D1-branes, we would be on a point 
on the left hand side of the ellipse in the figure. We may now consider 
increasing the number of D5-branes in the system by bringing them one 
at a time from infinity. As a result the black hole moves up the ellipse 
to the extremum at Ns = N,/2. At this point, however, if we were to 
add one more D5-brane, we we see that we will in fact decrease the hori- 
zon area, and hence the entropy of the resulting system. In principle we 
can bring this D5-brane up to the black hole horizon as slowly as we 
like, and so we have found a way of reducing the entropy of the hole by 
an adiabatic process. This is a violation of the second law of thermo- 
dynamics. 

Actually, there is a very satisfying resolution of this problem?’’. It is 
precisely for this class of black holes that the enhançon appears above 
the horizon. So an attempt to bring our extra D5-brane into the hole is 
thwarted by the fact that it will be forced to stop at the enhancon radius 
fe just above the horizon. We could bind the extra D5-brane with an 
extra Dl-brane to bring it in, but in this case Qı remains fixed while 


17.5 Replacing T* with K3 439 


Qs increases. Therefore adding the D1/D5 bound state to the black hole 
increases the entropy. 

If we begin with a black hole on the right half of the ellipse (N1/2 < 
Ns < Ni), the enhancon again ensures that we cannot move further to the 
right decreasing the horizon area by dropping D5-branes into the black 
hole. These were configurations where the black hole is already surrounded 
by a region where V(r) < V, and hence the extra D5-branes are restrained 
from reaching the horizon by the enhançon mechanism. 

However, we have seen in section 17.5.3 that D1/D5 bound states can 
move through such regions where V(r) < V, and so we must still in- 
vestigate if we are able to decrease the entropy by sending in a bound 
D1/D5 probe brane. Adopting the previous notation, let the probe con- 
sist of a bound state with nı Dl-branes and n5 D5-branes. Assuming 
that the black hole already contains many more of each type of brane, i.e. 
n1,n5 << N1, N5, dropping in such a probe would cause an infinitesimal 
shift in the entropy (squared) given by 


6S? = 4n Qp (N5nq + (Ni — 2N5)ns). (17.59) 


Note that implicitly we are assuming N1, N5,n1,n5 > 0. Even so the 
expression in parentheses has the potential to be negative, which would 
signal a decrease in the black hole entropy. However, we found that this 
expression also appears in the numerator of equation (17.54) for the ra- 
dius of vanishing probe tension, but with the opposite sign. Hence the 
probe-brane finds no obstacle to dropping inside the horizon only in those 
situations where the entropy increases. Precisely in those cases where sec- 
ond law would be violated, the enhancon locus filters out the wrong type of 
D1—D5 bound states from reaching the event horizon. Thus the enhancon 
provides string theory with precisely the mechanism needed to maintain 
consistency with the second law of black hole thermodynamics’? 300. 
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As we learned in section 10.2, there are effectively two descriptions of 
the low energy dynamics of branes. One description uses the collective 
dynamics of the effetive world-volume field theory. In the case of N co- 
incident D-branes, this is captured in string theory by the open string 
sectors which give a U(N) gauge theory with sixteen supercharges. The 
other description treats the brane as a soliton-like source of the various 
low energy closed string fields in the superstring theory. As such it has a 
description in terms of a classical solution of the low energy field equa- 
tions. In both cases, we must remember that there is a whole tower of 
stringy dynamics which sits on top of this low energy physics, and we 
must understand in which situations this tower can be made irrelevant, 
or at least kept under control by a sensible expansion. To control string 
loops, we must work in a regime where gs is small, so that we can trust the 
classical action that we wrote down for the supergravity. Similarly, work- 
ing in the a’ — 0 limit ensures that we can safely ignore the possibility 
of the massive string states introducing corrections to our supergravity, 
and in the open string sector, that the truncation to gauge theory of the 
full Born—Infeld, etc., action, is sensible. In this chapter, we will follow 
this limit quite some way, and the two complementary descriptions will 
lead to a sharp statement of a duality between two traditionally disparate 
fields: large N gauge field theory and gravity. This is a natural and logical 
outcome of many of the gauge theory and geometry connections we have 
already been noticing throughout this book. 
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18.1 The AdS/CFT correspondence 
18.1.1 Branes and the decoupling limit 


We have already learned from our moduli space probe computations that 
the specialisation of the results to gauge theory can be achieved by tak- 
ing a’ — 0 while keeping finite some characteristic gauge theory quan- 
tity of interest, such as a typical vacuum expectation value of a mass- 
less ‘Higgs’ field. In geometries already considered, this corresponded to, 
for example, keeping fixed a scaled radial coordinate u = r/a’ as we 
send a’ — 0, which also meant that r — 0. In other words, we must 
approach the core or horizon of the solution closely. In these limits, 
we found that the remaining supergravity quantities which survived the 
limit in combinations have physical meaning in the gauge theory on the 
probe, such as the gauge coupling, etc. Let us see if we can take this 
further. 

Let us consider the case of the extremal D3-brane, initially. At low 
energy, on the world-volume (ignoring the overall U(1) corresponding 
to the centre of mass) there is a U(N) gauge theory with M = 4 su- 
persymmetry in four dimensions, i.e. sixteen supercharges. The gauge 
coupling is gy = 2mgs. The gauge multiplet contains the vector, An, 
six scalars ¢;, i = 1,...,6 (representing the transverse motions), and 
four two-component Weyl fermions, Aa, a = 1,...,4, the fermionic su- 
perpartners of the eight physical bosonic degrees of freedom. There is a 
SO(6) ~ SU(4) R-symmetry under which the scalars transform as the 6 
and the fermions transform as the 4. ‘The theory is conformally invariant, 
(i.e. it has vanishing G-function) with the conformal group being SO(2, 4), 
which contains the Poincaré group, the dilatations, etc., as discussed in 
sections 3.1 and 10.1.9. 

The low energy supergravity solution is: 


ds? = Hy nyydelda” + Hy! dada, 


e? — g? 
S? 
Cy = (H3~' — 1)g7 tdr? A--- Adz’, (18.1) 
where u = 0,...,3, and t = 4,...,9, and the harmonic function H3 is 
4ng Na? 
H = 14 2A, (18.2) 
r 


We are instructed to send a’ — 0, and hold a quantity u = r/a’ fixed. 
This limit focuses on the neighbourhood of the horizon of the brane, and 
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a computation gives the following metric?”: 

ds? u? du? 

— = aa (dt + da? + das + dx?) + Ly + Ldn: 
“dC (4) = 16ra” Ne). 


where L’ (18.3) 


| 
No 
So 
<L 
E 
= 
| 
Q 


We have written it such that we can see the lengths measured by the 
metric in units of the string length. 

From our work in section 10.1.9, we recognise this solution as the metric 
of AdS; x S”, where the cosmological constant and the radius of the sphere 
is set by 0? = a’y/ 29%, N, a combination of the supergravity /string theory 
parameters which gives the gauge coupling. Just as in the case of the 
Reissner—Nordstrom horizon, the near-horizon geometry of the D3-brane 
is a smooth ‘throat’ geometry, with size set by the charge of the solution. 
Since, as was discussed in chapter 10, AdS; x S° is a maximally symmetric 
solution, just like Minkowski space, we see that the extremal D3-brane is 
an interpolating soliton solution, like extremal Reissner—-Nordstrém®? (see 
insert 1.4). The extremal M-brane solutions of section 12.6.1 also share 
this property®®. 

Let us observe that the limit of small r is also a sensible restriction to 
low energy from the point of view of supergravity. Recall an effect which 
is familiar from considerations of ordinary gravity solutions such as black 
holes. ‘There is a redshift effect, which means that the energy, as measured 
at asymptotic infinity, of a signal originating at radius r is decreased due 


to a multiplicative factor y gulr) = H; 1/ E arising from having to climb 
out of the gravitational well produced by the solution. This redshift is 
infinite as r — 0, and so the throat is decoupled from the asymptotic 
regime in the low energy limit. 

Now we should ask about the regime of validity of this geometry. We 
have to examine the amount of curvature this solution has, and this is set 
by the size of a typical squared curvature invariant, R?. We have sent a’ 
to zero and also are keeping gs small, to remain in the supergravity regime 
(string tree level). Looking at the essential controlling function (18.2), we 
see that we have one more parameter we can adjust, and this is N. If we 
make N large, we can keep the curvatures low. More properly, if we keep 
the effective coupling A = g%,,N large enough, we can ensure that we 
stay at closed string tree level and decouple the higher string modes by 
sending g;,a’ — 0. Notice that this limit is the regime that open string 
and hence gauge theory perturbation theory breaks down. So we have 
a useful complementarity. The large N, strong ’t Hooft coupling limit of 
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the gauge theory has a description in terms of the supergravity solution 
above. This is the ‘AdS/CFT correspondence’? 271, 272. The corrections 
to this in a 1/N expansion are the usual stringy loop corrections to the 
supergravity. In fact, the string coupling is to be identified with 1/N, just 
as was anticipated long ago in general terms for gauge theories at large N 
(see insert 18.1). We have a concrete realisation of this conjectured string 
theory as type IIB on AdSs x $°. Notice that the SO(4,2) and SO(6) 
isometries of each space become the conformal group and the R-symmetry 
of the gauge theory. 

Before we go any further, let us therefore compute the five dimensional 
Newton constant, G's in terms of our compactification on an S° of radius £. 
We get 1/Gs = (Vol(S°)¢°)/Gjo. Looking at our expression for Go in 
equation (7.44), and the one for @ in equation (18.3), it is prudent to 
substitute for £, giving our first precise entry in the AdS/CFT dictionary: 


E Tl 
2N?’ 


Gs (18.4) 
since the volume of a unit S° is 7°. This will be useful to us many times 
later, since we will want to convert gravitational quantities to gauge theory 
ones. Notice that this formula also confirms for us in five dimensional 
terms that for fixed string length, the large N limit keeps us at tree level 
in the effective string theory, and hence just gravity. The effective closed 
string coupling is get ~ 1/N. 


18.1.2 Sphere reduction and gauged supergravity 


We have arrived at a remarkable connection between a particular large N 
gauge theory (pure NV = 4 supersymmetric D = 4 SU(N)) and a trun- 
cation of type IIB string theory on AdS; x S°. For many purposes, it is 
useful to think of this as simply a five dimensional theory, obtained by the 
analogue of Kaluza—Klein reduction on S°. The resulting five dimensional 
theory is in fact a five dimensional NV = 8 ‘gauged supergravity’, with 15 
vector fields acting as gauge bosons of an SO(6) gauge symmetry. There 
are in fact 42 scalars in the theory, which in general are charged under 
the SO(6). 

One way to think of how to arrive at the gauged supergravity theory 
and the resulting solution we are studying is as follows*°”. Start with the 
T° reduction of type IIB, which gives an M = 8 theory in five dimensions 
with a global ecg) symmetry. The 42 scalars ġ; in the resulting theory 
live on the coset F¢g)/U Sp(8). We discussed this theory in the context of 
U-duality in section 12.7, where we saw that wrapped branes filled out the 
various multiplets of the symmetry. Starting with this theory, it is possible 


Insert 18.1. The large N limit and string theory 


Quite general considerations?! can lead to a search for a string the- 


ory description of gauge theory at large N. In the commonly used 
scaling, a power of gym is absorbed into the fields in order to write 
the Lagrangian as L ~ —TrF?/(4g%,,), and this is the only appear- 
ance of g%,,. So there is an overall N/A (where A = gê N is the “t 
Hooft coupling’) in front of the entire Lagrangian. Hence, vertices 
in Feynman graphs come with a factor N, while propagators come 
with 1/N. Feynman graphs are drawn with a double line, one line 
carrying an index in the fundamental, the other an antifundamental: 
the full propagator is in the adjoint. (This might remind the reader 
of open string diagrams of chapter 2.) A closed loop will contribute 
an N, since a free index can run over all its N values. The reader 
might like to consider some vacuum graphs (appropriate to any field 
theory with adjoint fields): 


N 


8 6 
J NN = N° i N‘N? = N° 


N 


A graph with E edges (propagators), V vertices (interactions) and 
F faces (closed loops) can be drawn on a surface of Euler number 
x= F-E+V = 2-— 2h. The second equality is familiar from 
chapter 2, relating to the genus (number of handles h) of a closed 
Riemann surface. Overall, a graph comes with a factor N* and is 
some polynomial in A, and so planar (sphere) diagrams dominate at 
large N, followed by toroidal, etc. As this is reminiscent of a closed 
string theory diagram of the same topology, this suggests the identi- 
fication gs ~ 1/N. With reasoning along these lines, it was suspected 
that there might be stringy descriptions of large N gauge theories, 
where the string coupling is related to N as above. The difficulty 
was trying to find such a string theory. It surely could not be one of 
the strings used for ‘theories of everything’, since those would be too 
simple, it was thought. Now we see that we can use such strings, but 
propagating on interesting spacetimes, as we shall uncover. 
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to make some of the global symmetry local, gauging by letting some of the 
vectors of Ess) enter into the covariantised versions of the derivatives. In 
fact, to achieve gauge invariance, such a procedure ultimately leads one 
to go beyond minimal coupling and generate potentials for the scalars, 
and the largest subgroup that can be consistently gauged turns out to 
be SO(6) C Eee). There is a non-trivial potential, V(¢;), for the scalars, 
coming from the non-minimal coupling procedure, and the effective theory 
is of the form (looking just at the bosonic gravity and scalar sector): 


B 1 
= 16rG5 


J dav -G [R - Gyðu — V (4) } (18.5) 


AdSs with the particular value of the cosmological constant A = —6/¢? 
and with an SO(6) gauge symmetry is a very special solution to this. It is a 
fixed point for the scalars, and so 0¢;/Ox" = 0 and they all vanish ¢; = 0, 
and so SO(6) is preserved, since there are no non-zero fields charged under 
it in this case. The value of the potential is V(¢; = 0) = —12/ and so 
we have: 


1 
¢=——_ | @xv-G {R—2QA}, (18.6) 
167G5 


for which the maximally symmetric solution is AdS; with A = —6/@?. 

This way of thinking of AdS is quite useful, since it leads immediately 
to an intuitive understanding of what is going on in the gauge theory in 
more complicated situations we will encounter in chapter 19. 

The other way to think of our SO(6) symmetric solution is in ten di- 
mensional terms, which is how we began. However, it can be thought of 
as a Kaluza—Klein truncation of the ten dimensional theory by placing it 
on an S°. The ansatz that is used is that the five-form F, (5) is set by some 
constant times the volume five-form €(5) of the S°: 


Fos) = Abe (5) + A €(5). 


This is the ‘Freund—Rubin ansatz’, and with this choice, the ten dimen- 
sional equations of motion decompose into two sectors: 


4 4 
Rup — ~ pa Iu Rmn = tpg Imn; 


(with u,v having Lorentzian signature (— + + ++) and m,n having 
Euclidean (+ + + + +)) which is the precise generalisation of that which 
we saw happen for the Reissner—Nordstrom solution in section 10.1.11. 
The maximally symmetric solutions are of course AdSs and S°. 
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18.1.8 Extracts from the dictionary 


Recall that we identified the scaled radial coordinate u as representing an 
energy scale in the gauge theory. It is natural to therefore to consider the 
limit u — 0 as the infra-red (IR) and u — œ as the ultra-violet (UV). We 
must not forget that our theory is defied as strongly coupled even in the 
UV, since it is conformal, and we must keep A = Gey N large to remain 
within gravity. 

The limit u — oo defines a natural boundary of AdS. In the coordinates 
used in (18.3) any radial slice is in fact four dimensional Minkowski space, 
but u = oo is special for us, since on the one hand it takes a finite time 
for massless particles to propagate from u = 0, reflect at u = oo, and 
return. On the other hand, the UV is the natural limit in which to discuss 
intuitive objects in gauge theory, like pointlike operator insertions. 

Notice that large u seems like an IR limit for the AdS side of the duality, 
while it is UV on the side of the CFT. This is a feature of what is known 
as the ‘UV/IR correspondence’. (See also the discussion before equation 
6.1.) 

When the common phrase ‘the dual theory lives on the boundary’, or 
some variation of it, is used, it should be understood that it is a short- 
hand for this UV identification. There are many properties (or quantities 
within) the dual which cannot unambiguously be placed at the boundary, 
and so we should be careful. It is better to think of the dual theory as 
being everywhere*, and a slice at some value of u simply focuses on the 
effective theory obtained by working at a cutoff defined by the energy u, 
and the background geometry has metric yuy = (€7/u*)hyv, where hy, is 
the metric induced on the boundary by restricting the five dimensional 
metric to constant u. 

Recall that our coordinates inherited from the brane solution put us on 
AdS in local coordinates. We know from section 10.1.9 that we can con- 
sider this as a local patch of global AdSs, and so it is natural to consider 
the same field theory dual to AdS in these coordinates. For example, for 
global AdSs we write: 


(2 
Going to the radial slice at infinity, we see that the dual theory is on a 
background R x $° with metric ds? = —dt? + ¢?d0%, which is the Einstein 


static universe. The local coordinates before had us studying a system for 
which the dual is on R x R3. There is the temptation to be confused at 


2 2\ Tl 
ds? = — ( + 5) dt? + ( + 5) dr? + r2dQ?. (18.7) 


“ Frustratingly, perhaps, even better is not to think of the dual gauge theory as any- 
where in the five or ten dimensional spacetime at all. It is simply the dual. 
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this point, since we are supposed to think of the physics as independent 
of the coordinates, but somehow this seems to matter here. In fact, we 
must recall that in making the choices of coordinates here, we are also 
choosing a specific time slicing. This means that we are making choices 
which will affect our definition of the Hamiltonian of the theory. Further, 
since the radial coordinate seems to refer to the energy scales within the 
dual theory, being able to choose alternative radial foliations would seem 
to make good physical sense, since it refers to a choice of regulator at a 
given energy scale. 

A large part of the rest of the dictionary of the AdS/CFT correspon- 
dence comes from equating the partition functions of the two theories: 


Zras(G0,i) = ZcFT(®o0,i). (18.8) 


Here the quantities ĝo; have two interpretations: On the gravity side, 
these fields correspond to the boundary values (i.e. at r = oo) for the bulk 
fields 6; which propagate in AdS. ‘This includes not just the 42 scalars, 
but all fields, including the graviton and the gauge fields. On the field 
theory side, the ĝo, correspond to external sources or currents coupled to 
operators in the CFT. We can then obtain insertions of these operators by 
differentiation of the partition function with respect to the sources. ‘This 
fits rather nicely, since all fields on the gravity side have specific SO(6) 
gauge charges, which matches the corresponding R-charge of the inserted 
operator. 

In fact, there is a specific relation which can be derived be- 
tween the dimension A of an operator which a scalar couples to and the 
mass m of the scalar in the bulk spacetime. As a solution to the wave 
equation in AdSs, a scalar ġi(r, x) s asymptotic behaviour is in fact: 


bi(r, x) = el^ (x) + e Pid, (x), (18.9) 


A; = 2 + 4/44 me. (18.10) 


In fact, the first term is a non-normalisabile solution while the other term 
is normalisable. They both have a meaning in the theory. The first term 
is interpreted as switching on or ‘inserting’ the operator, while the latter 
term has the interpretation as controlling the vacuum expectation value 
of the operator. We shall see this interpretation in action with specific 
examples later on. In fact, there is a generalisation of this to the case of 
a p-form field in AdSp. It couples to a (D — p—1)-form operator and the 
dimension is: 


D-—1-2p | (P= 1 = 
rn t aS 


271, 272, 274 


where 


A= 
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We list how the basic 42 scalars are interpreted in the gauge theory in 
table 18.1. In the table, the trace is over the adjoint of the gauge group, 


Table 18.1. An extract from the dictionary of the AdS/CFT correspondence 


SOG] charge [A 


under which every field transforms. In the first two lines we recognise our 
two friends from ten dimensions, the dilaton and the R-R scalar. As is 
to be expected, the dilaton couples to the basic Yang-Mills Lagrangian 
of dimension four, since its asymptotic value sets the string coupling (a 
fact we know from way back in chapter 2), and gê, = 2mgs. Similarly, we 
know that the R-R scalar couples to the topological term of dimension 
four, controlling instanton, from our studies in chapter 9. These fields were 
not involved in the sphere reduction and so do not have and non-trivial 
S'O(6) charges. 

The rest of the 42 scalars couple a different class of operators. The first 
set, with m? = —2/¢? couples to a symmetrised product of the scalars ¢j, 
with the trace removed. 


N.B. The reader may be disturbed by the fact that the scalars can 
have a negative mass squared. It turns out that the presence of nega- 
tive cosmological constant requires us to reexamine the issue of stable 
scalar fluctuations about the vacuum. The result is that there is a 


window of squared masses below zero up to the value —4/¢? which is 
stable. This lower bound is the ‘Breitenlohner—Freedman’ bound?°?, 
and its negativity is a crucial feature which helps the dictionary to 
work. 


Recalling that the scalars are in the 6 of SO(6), a little group theory 
confirms that 6 ® 6 = 20 $ 15 @1, where the latter is the trace, and 
the previous two are the symmetric and antisymmetric combinations. In 
fact, there is a whole tower of Kaluza—Klein harmonics which can be 
made by such symmetrised products of the scalars. The reader might 
recognise these from group theory as the spherical harmonics of S”, which 
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are indeed made this way most commonly. These operators, which are the 
‘chiral primaries’ of the conformal field theory, couple to the basic tower of 
scalars which arise in the Kaluza—Klein spectrum with these same SO(6) 
transformation properties. 

The other set of scalars with m? = —3/€?, couple to an antisymmetrised 
product of the fermions Aa. These transform in the 4. Representation 
multiplication gives 4 & 4 = 10 @ 6, and since the A, are fermions, it is 
the 10 which is picked out. A similar structure exists for the Aa, which 
are in the 4, and hence give the 10. 

Correlation functions of the various operators in the CFT can be deter- 
mined through calculation involving the dynamics of the various scalars 
to which they couple, propagating in the AdS spacetime. ‘This is a very 
powerful technique which we do not have time to explore here. 

Just as we did in the case of black hole studies at the beginning of 
chapter 17, one can consider evaluating the AdS partition function in a 
saddle-point approximation: 


oe faas ($i) — (el 010") 


opr (18.12) 


where I,qs(@;) is the classical gravitational action as a functional of the 
(super)gravity fields, and O' are the dual CFT operators. Hence, in this 
approximation the AdS action becomes the generating function of the 
connected correlation functions in the CFT?" 7. This framework is also 
naturally extended to considering CFT states for which certain operators 
acquire expectation values by considering solutions of the gravitational 
equations which are only asymptotically AdS?’°. We shall do that below, 
but first we will explore a little of the technology of evaluating the action. 


18.1.4 The action, counterterms, and the stress tensor 


We need to make sense of the path integral of gravity on AdS, given on 
the left hand side of the correspondence dictionary in equation (18.12). 
This returns us to the issue of calculating the action of the theory, from 
which we can compute such quantities as the stress-energy-tensor, and 
if (as we did for asymptotically flat black holes in chapter 17) we were 
to Euclideanise, various thermodynamic quantities such as the energy, 
entropy, etc. 

Recall from earlier discussions in chapter 17 that the action in D di- 
mensions is defined as follows: 

1 D 1 D-1 
ee Ja vg (R= 2A) - [4 rVhK, 


(18.13) 


Ipulk + I surf => 
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where, as we’ve seen in section 10.1.9, the cosmological constant is related 
to the length scale ¢ by 


A=- 


Recall that the second integral is the Gibbons-Hawking boundary term, 
which is required so that upon variation with metric fixed at the bound- 
ary, the action yields the Einstein equations. Here, K is the trace of the 
extrinsic curvature of the boundary OM as embedded in M, which was 
discussed in insert 10.2. 

Remember also that both of these expressions are divergent because 
the volumes of both M and 0M are infinite (and the integrands are non- 
zero). The approach we used in section 17.2, (there, the first term vanished 
and the second term was divergent) to avoid this problem is to perform 
a ‘background subtraction’, producing a finite result by subtracting from 
equation (18.13) the contribution of a background reference spacetime, so 
that one can compare the properties of the solution of interest relative 
to those of the reference state. In our computation we ensured that the 
asymptotic boundary geometries of the two solutions can be matched in 
order to render the surface contribution finite. 

In AdS, we can in fact follow a different approach, which has a natural 
meaning in the dual gauge theory®*. We can supplement the action by 
a finite set of boundary integrals which depend only on the curvature 
scalar R (and its derivatives) of the induced boundary metric hyv, which 
itself diverges as r — oo. These integrals look like a family of counterterms 
in the dual field theory, and with appropriate coefficients, they cancel 
the divergences (IR in AdS, UV in the gauge theory) as r — ov, giving 
a intrinsic definition of the action for asymptotically AdS spacetimes, 
with no reference to a background spacetime. Calling the set of boundary 
integrals? Iet, we define the complete action to be I = Ipuik + surf + Iet. 

One of the useful quantities which we will extract from the action is 
the stress tensor, which is obtained by the standard expression: 


2 óI r? 2 6I 
TH” = ———— = li — —___ ____ 18.14 
/—y OY uy pono (5 \/—h a): ( 
where in the second expression we have used h,, which is the metric on 
the boundary induced by restricting the bulk metric by setting r to a 


' That this construction is unique to asymptotically AdS spaces is apparent because 
the AdS curvature scale £ is essential in defining the counterterms. We are excluding 
non-polynomial terms, which could be introduced in the absence of a cosmological 
constant??, giving a definition that is applicable to spacetimes with other asymptotic 
behaviour. 
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constant. In the first expression, Yuy is the metric obtained by removing 
a conformal factor r?/l? to get the dual field theory’s natural metric in 
the UV. From this stress-tensor we can extract quantities like the energy 
density, etc., in the usual way, for example p = T),,uu”, where u” are 
the components of a timelike unit vector. 


It turns out that the counterterm action is??* 306. 
1 D-2 4 
La = dP nh | _§ R 
t 8nGs Jam ” l + 2(D — 3) 


8 a D-1 9 
aoao ap (PoR? -gp a) + 
(18.15) 


+ 


Here, R and Rap are the Ricci scalar and Ricci tensor for the bound- 
ary metric, respectively. The three counterterms are sufficient to cancel 
divergences for D < 7. 

Let us consider an example. Take AdSs5 in global coordinates, as given 
in equation (18.7). As stated beneath that equation, the metric Yuy is 
that of the Einstein static universe of radius 4. Computing with the first 
two counterterms in equation (18.15), the stress tensor becomes: 


1 3 
Ty = — O 
a 8rGs (=) + 


1 1 1 


where G;; refer to the metric components in the angular directions for an 
S3 of unit radius. In the r — oco limit we see that we get a finite result, 
which can be written in the suggestive form: 


Tw = i (4 - 
I 64aG'sl 32m4 


using the conversion formula (18.4). This is the standard form (see equa- 
tion (10.23)) for a conformally invariant perfect fluid’s stress tensor (since 
it is traceless) of density p = 3p in four dimensions with a spacetime of 
metric Yuu. The overall prefactor is p/3, as written. We have used the con- 
version formula (18.4) to change gravitational quantities to field theory 
ones. Note that the stress tensor is traceless, as expected for a conformally 
invariant theory. The field theory is in an S? box of radius £, and so we 
can integrate the energy density to give the total energy (the dual to the 
spacetime’s gravitational mass) which is: 


E Qa b2 E 3 N? 
= 32G 16` 


Upty + Yu) duty + Yw), (18.17) 


(18.18) 
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In fact, this result matches expectations from field theory?™*. Since it 
is defined in a box, there is a Casimir energy. For free fields, the Casimir 
energy on SË x R, the Einstein static universe of radius £, may be found 
in the literature??? to be: 


2 

Ecos = aay (Aro + 1714/9 + 88m1) = AN) 
where no denotes the number of real scalars, 1/2 is the number of Weyl 
fermions, and nı the number of vectors. We have inserted the correct 
values for the dual SU(N) gauge theory, no = 6(N?—1), N4/2 = 4(N?—1) 
and nı = N?-—1, giving an expression which agrees with the result (18.18) 
that we got from the stress tensor in the large N limit. (See also insert 17.2 
for comments on the AdS3 case.) 


(18.19) 


18.2 The correspondence at finite temperature 


We arrived at the correspondence between the supersymmetric gauge 
theory and pure AdS by taking the near horizon limit of the extremal 
D3-brane solution. It is natural to try to give an interpretation of the 
non-extremal solution. A key difference between the two is that the latter 
solution is at finite temperature. As we shall see, these properties relate 
to those of the field theory. 


18.2.1 Limits of the non-extremal D3-brane 


Taking the decoupling limit of the solution given in equation (10.34) for 
p = 3, we see that a3 — 1 and so H3 — ¢*/r* again, and so we can write 
the solution as°2% 27; 


2 4 2 3 2 4 \~1 
2 r "H 2,7 daz r "H dr2 + 2dQ2 
dt =-| ppa) t+ aden + | ppa) w+ lds 
i=1 
(18.20) 
1 

where ¿ = aœ2f3 — f3. This is in fact the AdSs-Schwarzschild black 
hole, in local coordinates (its horizon is RÌ instead of S), times an S° of 


radius £. It is sometimes called a ‘flat’ black hole. In fact, its mass and 
temperature are easily computed to be: 


B Bnri o TH 
8G 02’ a ee 


(18.21) 


Interpreting the mass as an energy in the field theory?’', we see that 
in fact that there is a familiar energy-temperature relation following the 
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Stephan—Boltzmann law: 


E (18.22) 


18.2.2 The AdS—Schwarzschild black hole in global coordinates 


It is easy to write a global version of the AdS—Schwarzschild black hole 
solution: 


2 re ro 2 re ro i 2, 2702 
ds“ = — I+ zT z2 dt“ + L+ Ba 7,2 dr“ +r*dQs3, (18.23) 


and we have relabelled ry as ro since this will in general not be an horizon 
radius. A computation of the stress tensor gives: 


1 3 8rd 1 
T, = —— |> 4 L 
*  8aGs (i+ ge) +0(2), 
1 1 rá 1 
Tij = On ot iJ — j; 
? BanG (s+ gs) @ +o (3) 


1 f1 ro 
and so: Tiy = SnG; (a + a) (Autry + Yur): (18.24) 


In the last line we have taken the r — oo limit and put it into the perfect 
fluid form. The mass-energy can be written as 
3ml? 3arrg 3N?  3N?rG 
= 5 => E — ) 
32Gs5s 8G50? 162 4° 


(18.25) 


which after conversion using equation (18.4), gives the Casimir energy we 
derived before, since we are in the same box, together with an energy over 
extremality which matches the energy density derived for the flat black 
hole in the previous subsection. 

The horizon of the solution is located at the largest root, r_, of the 
equation G'" = 0: 


r? rå lf fs 
(18.26) 


Notice that r+ Æ ro for the global case, in general. The temperature of 
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the solution can be computed to be: 


yV” 


(i 
At 


M+ 


1 i 


PST 


This expression is very interesting, since for a given temperature T, there 
are in fact two values of r} which solve the above relation, as is clear from 
figure 18.1. Notice that there is a minimum temperature below which 
there are no black hole solutions. We see also that there are two classes 
of black hole solutions. There is one branch which, for large r_, the tem- 
perature goes linearly with the radius. The other branch goes at small r+ 
as the inverse cube of r4. These ‘small’ black holes have the familiar be- 
haviour of five dimensional black holes in asymptotically flat spacetime, 
since their temperature decreases with increasing size. The term ‘small’ is 
appropriate, since they are smaller than the characteristic size set by the 
AdS scale £, and so they have the characteristics of the asymptotically 
Minkowskian holes. Similarly, the ‘large’ black holes are obtained when 
f is small compared to the horizon size. These cases are most apparent 
when taking the large or small £ limit of the equation (18.26). The large 
black hole limit gives the case r} = ro (which we previously called ry) 
and the linear temperature behaviour seen in the case of the planar black 
holes obtained in local coordinates in equation (18.21). 
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0.4 
p 0.3 
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Fig. 18.1. The inverse temperature vs. horizon radii, r+, for AdS black 
holes. There are two classes of holes, small and large, and a minimum 
temperature. 
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18.3 The correspondence with a chemical potential 


It is extremely natural, given what we saw in the previous sections, to 
ask about the role of charged black holes in this AdS scenario. ‘There 
are SO(6) gauge fields in the supergravity and so a black hole can be a 
charged source of them. We will focus on the Abelian case, and the U(1)° 
Cartan subalgebra is the maximal case. It is easy to see what in the dual 
gauge theory such a black hole would correspond to. An electric field will 
be supported by a potential of the form A; ~ r~*. Since this is a rank one 
massless field in AdS with this asymptotic, it must correspond, by the 
dictionary of equation (18.11), to a dimension four operator or current in 
the gauge theory. ‘This is just what we would expect for an R-current, to 
which the gauge fields correspond. In other words, putting in a charged 
source is equivalent to switching on an external current source or chemical 
potential in the theory. It is instructive to construct the precise geometry, 
as our first example of non-trivial ten dimensional geometries which are 
dual to gauge theory. 


18.8.1 Spinning D3-branes and charged AdS black holes 


Given that the SO(6) R-charge comes from Kaluza—Klein reduction from 
ten dimensions on an S$”, it is natural to guess that the appropriate geom- 
etry to seek is one which has some momentum in the compact directions 
which will be equivalent to the conserved R-charges in the theory. The 
internal velocities — which couple to momenta in a canonical formalism — 
will be the chemical potentials in the gauge theory, and hence conjugate 
to conserved R-charges??® 309. 

So we seek a ‘spinning’ D3-brane solution®’® 311, There are six dimen- 
sions transverse to a D3-brane, and so we have three independent planes 
in which a rotation axis can be placed, to define three different angular 
momenta. 

Let us first review some geometrical parameterisations which will be 
useful?!*. Using the angles 6, Y% on an S*, we may introduce three direction 
cosines pj, with X; u? =1,0< 0 < 20,0 < Y< a: 


joy = sin, u2 = cos 0 sin y, u3 = cos 0 cosy. (18.28) 


In terms of these, and three more angles ¢;, 1 = 1,2,3, the metric on a 
round $° of unit radius can be written as follows (0 < ¢; < 27): 


3 
d05 = X (du; + p? dd;). (18.29) 


t 
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11. 


Now we can write the metric for the rotating solution, and it is? 
r4 
ds% = H3"? (- 1- i dt? + dx? + dx? + te) 


Adr? 2rt cosh 8 3 
yi/?|__ On A SOS l; u2 dd; 
t H3 EP r4 Hz ^A > pi dọ 


3 4 2 
+r’ SH; (a + p? do?) + n [Sen to 


? 


i=1 
—] —] 3 
_ gs (H3 —1) 2 
Cia) — Smg (oo B3 dt — df LL; dd) dx, A dx2 A dx3, 
e? = qs, (18.30) 
where the functions A Hz, and H; are given by 
u? i sinh? D3 Q3 r3 
A = HH — A3=1 ———_ = | 
1 H2 H3 Di, 3= 1+ oa er’ 
p2 
Hi=1+ 5, i = 1,2,3. (18.31) 
r 


It will be useful at this point to refer to the expressions given for the boost 
form for the non-extremal solution given in section 10.2.2. The structure of 
the solution can be seen to be closely related to our non-extremal solution 
presented there, the key difference being that there is a deformation of the 
round S” produced by spoiling the three directions ¢; with deformations 
controlled by the three parameters ¢;. The SO(6) isometry of rotation 
invariance is broken to U(1)° generated by the obvious Killing vectors 
O/O¢;. There are a number of interesting limits of this solution. One of 
them is discussed in insert 18.2, where we find an interesting form to 
which we will return later. 

Most pertinent to this section is the decoupling limit of the solution, 
where we scale the rotation parameters in order to keep them finite in 
the limit. We write r = o'u, ry = a'up, and since r3 = a’, in the limit 
a’ — 0, we see: 


sinh 63 and cosh 63 — 


A(t, r) — A(q, u). (18.32) 


Insert 18.2. D3-brane distributions 


Particularly interesting is the straightforward extremal limit 63 — oo, 
ry — 0, holding rjje?3 /4 = r$ fixed, giving 


dsig = Hy!” (—dt? + da? + dx} + da3) 


2 3 
oT i (du? + w2dd?) |. 
FH t" X Hi (du +; a) 


— 1) dt A dx, A dx2 A dx3, 
(18.33) 


The terms corresponding to rotation have disappeared, leaving a so- 
lution which is supersymmetric?! 313. It, of course, still has N D3- 
branes composing it, but it is not spherically symmetric. The change 
of variables?|: 


yı = 4/ (r? + É) u cos by = 4/ (r2 + £2) sin 8 cos gy, 
yo = y (r? + Ê) msingi = y (r? + &) sin 0 sin ¢1, 
yz = 4/ (r? + L) 2 cos bo = 4/ (r? + £3) cos 0 sin w cos do, 
ya = 4\/ (r? + £3) wo sin bo = 4/ (r? + £3) cos@sin yY sin do, 
ys = 4/ (r? + £2) u3 cos 3 = 4/ (r? + 8) cos 0 cos Y cos os, 


ye = \/(r? + £) 3 sin b3 = 4/ (r? + &) cos cos y sin ds, 


(18.34) 
places the solution back into the familiar form: 
ds? = H}? (—dt? + da? + dx} + dx3) + Hz!” (dy - dj). 


Now, Hs is not of our simple forms discussed in chapter 10. It is still 
harmonic, as it ought to be, and we may write it in the integral form: 


=" [dw — ee with f tw paws) = 1, (18.35) 


where the density function p3 — which may be derived implicitly from 
the change of variables (18.34) — encodes a general distribution of 
branes®!’, which we shall study in more detail later in section 19.2.4. 
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The last term in the metric in equations (18.30) vanishes in this limit, 
and after some algebra, the metric can be written as: 


Q 


d 2 
—— — VA (raat) l f dt? + f tdu’ + = Z etsas) 


HREN (Pau? + u? (ldo; + (H7 — 1)dt)?), (18.36) 


where 
1 ut 


Now we can consider slimensional reduction to five dimensions of this 
solution. Pulling a factor (Hi H2H2)~V/ 3 into VA puts it into the standard 
Kaluza—Klein form for reduction to five dimensions, and we get: 


ds? _ _ Ur 
v ~ -(H1H2H3)?? f dt? + (Hi Ho H3) (f du? + 7 dx. dz), 
Xi = H7! (HHH), AP =1— HET. (18.38) 


We have two scalar fields from the reduction, since X1 X2X3 = 1. There 
are three U(1) gauge fields since there are are three independent isometry 
directions, Qi. 

The meaning of this solution might be more apparent if one sets all the 
qi, and hence the H;, to be equal. Then comparing to equation (17.19), 
we recognise this as a family of charged five dimensional black holes, 
written in isotropic coordinates. One difference is that, just as earlier in 
section 18.2 these are actually ‘flat’ black holes, in the sense that the 
horizons are of RÌ topology. There are spherical and hyperbolic versions 
which can be readily written down. Similarly, there are such generalisa- 
tions in the case of the full ten dimensional rotating solution. In the case 
where all of the charges are different, we see that it is a quite general 
family, with three charges under the U(1)?, and two scalar fields. 

They are solutions of a U(1)° truncation of the M = 8 SO(6) gauged 
supergravity, with action: 


1 1 
_ 5 L — L 2 L —2 
I= -— = J Pr/—G a(r- 5 (1)? = 53)? = 7 > Xx; 


4 1 
+> SX; 1+ zee Fiy Fs, 4) . (18.39) 
1 


In the above, the gauge fields and their field strengths are labelled 1,2 
or 3 for each of the three U(1) sectors. The final term is a Chern—Simons 
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type term, which only will be non-zero if there are both magnetic and 
electric charges present, which will not be the case here. 

The two scalars yı and yə are contained in the three X;, via a gener- 
alisation of the exponential ansatz that we used in simpler Kaluza—Klein 
cases. We write them as components of a two-vector, = (1, Y2), and: 


l-> > 
Xi =e 209, (18.40) 


where the a; sum to zero in order to ensure X1 XX3 = 1, and we make 
the conventional choice?!!: 


a, = (5, v2), a = (=. -v2), ī = (—~5,0), (18.41) 


where a; satisfy the dot products a; - a; = 46;; — S, 


18.3.2 The AdS—Reissner—Nordstrom black hole 


A special case of this is to set all of the angular momenta to be equal, 
qi = q which makes all the X; = 1, setting all of the scalars to zero. Then 
with Fig) = Fra) /V3, the action becomes?!” 308, 


1 1 12 
I=- Pa/—G | R- -F° =) 18.42 
L6nGs J ° ( t ' ey (18.42) 
where the cosmological constant is A = —6/¢? (we omit the Chern-Simons 


term, since we only have electric charges present) and the solution is: 


2 
— — u —> — 
dss = H’ fd? +H(f dr’ + zz di: dë), 
A=1-H, 
2 2 4 
_ q uU 3 UH 
H=1+ z fay -pa (18.43) 


As stated before, this is the form of our old friend from chapter 17, 
the Reissner-Nordström black hole in five dimensions (17.19), but now in 
anti-de Sitter spacetime and with an horizon with topology RÌ. We can 
make the global cousin of this which would have a spherical horizon by 
replacing ~?dz - d#) by dQ and adding a 1 to the function f. We shall 
study this solution shortly?”. 


18.38.38 Thermodynamic phase structure 


By changing to a new radial coordinate r, in the same manner in which 
we did for equation (17.19), we write the black holes we have obtained in 
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static coordinates in the form in which we have previously done our 
thermodynamic studies. For comparison to the earlier case of AdS- 
Schwarzschild in section 18.2, we shall, as promised, work with the spher- 
ical cousins, obtained as stated below equation (18.43): 


ds? = —V(r)dt? + V(r) ‘dr? + r°dQ3, (18.44) 
where 
m qe. r? 
Here, m is related to the mass M of the solution as 
OT 
M = —m. 18.46 
sqm (18.46) 


The U(1) charge Q is related to q by 


Q = q. (18.47) 


Let r} denote the largest real positive root of V(r). This defines the 
horizon: 
rê + Pri — Pmr? +g e =0. 
The derivative of V is 
2 4 
y’ = > p2 larg + 2mri l — 4e = 52 larg + rl — Pe), 
+ + 

and so for a non-singular horizon we must have 2r¢ + rig? > qÊ. Now, 
as we’ve seen many times before, V’ controls the temperature of the black 


hole via 


g= 4m mri l 
OV w pril- gee 
When the inequality above is saturated the horizon is degenerate, 8 di- 


verges, and we get the zero temperature extremal black hole’. 
As before, we will choose a gauge in which A is regular at the horizon: 


3 
A=,/= (-4 + D) dt, where d=. (18.50) 
r ri 


(18.48) 


4 


t Note that this extremal case is not supersymmetric, as in asymptotically flat cases. 
The supersymmetric case is m = 2q, and then 
2 


V(r) = (1 E 4)" ro (18.49) 


r2 [2° 
which is clearly positive everywhere. This means that the curvature singularity at 
r=0 is naked for this value?!9. 
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It is useful to rewrite the temperature in terms of the potential: 


Anl? rs 


eee E EE 18.51 
É 202(1 — 2/92) + 4r2 een) 


which will be useful later. Here, 6, = \/3/4. It is useful to observe the 
behaviour of the temperature as a function of black hole size r}, as we 
did previously for the AdS—Schwarzschild case. 

The reader may notice that there are qualitatively two distinct types 
of behaviour, determined by whether Ẹ® is less than or greater than the 
critical value e. In particular, for ®>®,, 8 diverges (T vanishes) at 
ri = ¢°(@*/@2—1)/2. This regime of large potential has a unique black 
hole radius associated with each temperature. Meanwhile for ®< ®,, 6 
goes smoothly towards zero as r} — 0. This latter behaviour is just like 
that we observed in the case of AdS—Schwarzschild in figure 18.1. This 
small potential regime has two branches of allowed black hole solutions, 
a branch with larger radii and one with smaller. Correspondingly, the 
smaller branch of holes is unstable, having negative specific heat. Both 
cases are plotted in figure 18.2. 
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Fig. 18.2. The inverse temperature vs. horizon radii, r4, at fixed poten- 
tial for b> Pe, ®< Pe. The divergence in the first graph (shown with a 
vertical line) is at zero temperature, where the black hole is extremal. 
This divergence goes away for ® < ®,, in general, and the curve is similar 


to that of the situation with zero potential. 
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We will study the Euclidean section (t— ir) of the solution, at fixed 
temperature set by the period, 6, of the imaginary time. We will work 
with fixed temperature and potential, defining thus the grand canonical 
thermodynamic ensemble using the Euclidean version of the action given 
in equation (18.42). 

In fact, as both spaces we use are asymptotically AdS, it turns out 
that we need not consider the Gibbons—Hawking boundary term, since 
its contributions vanishes. The boundary terms from the gauge field will 
vanish if we keep the potential A; fixed at infinity. Imposing the equations 
of motion we can obtain: 


T® l / dx/g F +2 (18.52) 
= £ — + 5 . 
nG Ju VYE BY 
and we get, after substitution and integrating: 
Oat? gl 
T= — p? 2 ~,~4 #2 *_ 
ion” ( rt ES 2 
2m? 4 
= ——, 8 | Pr? = (0? — 8°) — 1) 18.53 


This is the grand canonical ensemble, at fixed temperature and fixed 
potential. The grand canonical (Gibbs) potential is W =I" /8=E-—TS — 
PQ. Using the expression in equation (18.53), we may compute the state 
variables of the system as follows: 


aa | P (S) Sar 
08), 8\ ae 5 8aGs 
ðE 2m?r3 Ay 
S= p ( OB ). IG, TIG an 


1 (oe — V3 
6 


(18.54) 


= ~3\ ae), ~ 8G 


Together, they satisfy: dE = TdS + dQ. 

In order to study the phase structure we must study the free energy 
W =I*/@ as a function of the temperature. It is shown in figure 18.3. 
The interpretation of this is as follows. At any non-zero temperature, 
for large potential (® > ®,) the charged black hole is thermodynamically 
preferred, as its free energy (relative to the background of AdS with a 
fixed potential) is strictly negative for all temperatures. 

This behaviour differs sharply from the small potential ( < e) situa- 
tion, which is qualitatively the same as the uncharged case. In that situ- 
ation, the free energy is positive for some range 0< T < Te, and it is only 
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Fig. 18.3. A graph of the free energy vs. temperature for fixed potential 
ensemble. There is a crossover from the cusp behaviour in the case ® < ®, 
to the single branch (® > ®,) behaviour. The two branches consisting of 
smaller (unstable) and large (stable) black holes are visible. The entire 
unstable branch has positive free energy while the stable branch’s free 
energy goes negative. 


above Te that the thermodynamics is dominated by AdS—Schwarzschild 
black holes (the larger, stable branch), as their free energy is negative. 

So for high enough temperature in all cases the physics is dominated 
by non-extremal black holes’. This phase represents a sort of ‘unconfined’ 
phase of the dual gauge theory, while AdS without a black hole is a ‘con- 
fined’ phase?"!. There is a lot of evidence for this which we cannot uncover 
here due to lack of space. However, a clear sign of this an examination 
of the behaviour of the physical quantities we have computed, such as 
the energy and entropy. One can take the quantities in equations (18.54), 
converting them to the gauge theory quantities using equation (18.4), and 
find that there is an overall factor N?. In an unconfined gauge theory, all 
of the N? adjoint degrees of freedom contribute on the same footing, and 
we see this here are an overall factor of N? in extensive quantities. 


>The ® = 0 special case of this transition, from AdS to AdS—Schwarzschild black 
holes, was studied first by Hawking and Page"! The more general phase diagram 
was worked out later in the AdS/CFT context 20>. 
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At low temperatures, and for ® > P}, we have something very new. No- 
tice that as we go to T = 0, the free energy curve approaches a maximum 
value which is less than zero. This implies that even at zero tempera- 
ture the thermodynamic ensemble is dominated by a black hole. From 
the temperature curve (18.2) it is clear that it is the extremal black hole. 
For ® = ®,, at T = 0 we recover AdS space, returning to the ‘confined’ 
phase. So this suggests that even at zero temperature the system prefers 
to be in a state with non-zero entropy (given by the area of the extremal 
black hole)‘, 

The resulting thermodynamic phase structure for the fixed potential 
ensemble is summarised in figure 18.4. It represents in the dual gauge 
theory the phase diagram for the introduction of a chemical potential 
into the gauge theory, and there is a phase boundary across which there 
is a first order phase transition to the deconfined phase. It is intriguing 
that this may be a (highly simplified) prototype computation for the phase 
structure of more realistic gauge theories in analogous situations. One can 
imagine the chemical potential here being analogous to baryon number 
in QCD. This would then be an analogue of the finite temperature and 
density phase diagram, a subject of some current experimental interest, at 
the time of writing. Perhaps one future use of this gauge/gravity duality 
might be to model the generic phase structure of more realistic gauge 
theories using black hole and other objects within the gauge dual. On 
the one hand, it seems unrealistic to expect a direct connection, but on 
the other, there may be universality classes of behaviour which are quite 
robust to modification of the details, and so may be captured by studies 
of the sort presented here. 


18.4 The holographic principle 


As we have seen there is a close relationship between the physical prop- 
erties of five dimensional AdS backgrounds and those of a four dimen- 
sional conformally invariant gauge theory. It is a remarkable duality, 
and is in fact the sharpest known example of what is called holographic 
behaviour?®® 78": the physics involving gravity in a given number of di- 
mensions is conjectured to be completely captured by a non-gravitational 
description in fewer dimensions. 


T Notice that this T = 0 situation can be seen to display the ‘confined’ behaviour char- 
acteristic of the ordinary zero-temperature phase, despite the presence of the black 
hole. This follows from the fact that the horizon at extremality is infinitely far away 
down a throat. There is the possibility that the extremal black hole might decay away 
by emission of charged quanta, which is possible since it it not supersymmetric, and 
so this T' = 0 part of the story should be studied further. 
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Fig. 18.4. The phase diagram for charged spherical black holes in global 
AdS. There is a transition from pure AdS to the black hole at finite tem- 
perature and potential. In the dual gauge theory, the black holes represent 
a deconfined phase of the theory. There is a boundary across which there 
is a first order phase transition between the two phases. The ® = 0 axis is 
the Schwarzschild case, with the Hawking—Page transition?t. The T = 0 
axis is the extremal charged case, also confining in the gauge theory. 


The idea of why such a conjectured phenomenon should be a reality 
is motivated by the behaviour of black holes. They seem to represent all 
their degrees of freedom on their horizon, from the point of view of an 
observer who remains outside, and the universal result that their entropy 
is one quarter of the area of the horizon is a precise statement that the 
number of degrees of freedom within the volume that is occupied by the 
black hole is in fact only of order one per unit area of the horizon, as 
measured in Planck units. 

The idea then is that in any quantum theory of gravity, the number of 
degrees of freedom in any volume are again just of order one per unit area 
of the surface surrounding the volume. This is enforced by the expectation 
that an attempt to examine the structure of the theory right down to the 
shortest distances, in order to learn about the microscopic degrees of 
freedom, will eventually probe energy densities which will dynamically 
favour the formation of a black hole, for which we believe the result is 
true. The largest obtainable entropy for a given volume is that held by a 
black hole which fills that volume. This puts an upper limit on the number 
of degrees of freedom as that given by the total surrounding area. 
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The AdS/CFT correspondence can be examined in the light of just this 
type of argument and seen to realise precisely this type of arrangement?!’. 
In this case, it takes the physics of gravity in five dimensional anti-de 
Sitter spacetime and makes a hologram of it in terms of a gauge theory. 
This is also true for anti-de Sitter spacetimes of other dimension too: 
the hologram is again a non-gravitational conformal field theory in one 
dimension fewer. Some of the best known examples are as follows. There is 
AdS3, which is dual to the 1+1 dimensional gauge theory arising from D1- 
and D5-branes intersecting. This was responsible for controlling a number 
of universal properties of five dimensional black holes which we uncovered 
in chapter 17. The cases of AdS,4 and AdS7 are also natural in this context. 
They arise as near-horizon limits (times S” and S4 respectively) of the M2- 
and M5-brane geometries discussed in chapter 12 (the reader can check 
this directly). In fact, as hinted at previously (see section 12.6.2), there are 
important conformal field theories, with sixteen supercharges (in 2+1 and 
a 5+1 dimensions), on the world-volumes of these branes, whose direct 
Lagrangian definitions are not known. However, the theories certainly 
exist as limits of more familiar theories, and the AdS/CFT relation can be 
taken as a definition of the properties of these theories via the holographic 
duality. 

The holographic expectation has been elevated to the status of a prin- 
ciple, although at present there is a scarcity of well-understood examples 
outside the AdS/CFT examples and their close cousins. A very active 
area of research is the endeavour to find further examples, since this is 
clearly an important clue regarding the nature of fundamental physics 
about which we should learn more. 
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The holographic renormalisation group 


We saw in the previous chapter that the ‘holographic’? 287 duality?! 


between AdS; physics and the physics of the conformally invariant four 
dimensional Yang—Mills theory can be extended to the properties of solu- 
tions which are only asymptotically AdSs5, in keeping with the basic dic- 
tionary of the correspondence. We studied the properties of Schwarzschild 
and Reissner—Nordstrom black holes in AdS, arising naturally as limits 
of non-extremal and spinning D3-branes, and found that their properties 
make considerable physical sense in the holographically dual field the- 
Ory. 

It is very clear that this duality between gravitational physics and that 
of gauge theory is potentially a powerful tool for studying gauge theory. 
The prototype example is, of course, a highly specialised sort of gauge 
theory, since it has sixteen supercharges, and is conformally invariant. Of 
great interest is the study of gauge theories which might be closer to the 
theories we use to model interactions in particle physics, such as QCD. 
Perhaps there are gravitational duals of such theories. More generally, of 
course, we would like to also find and study full string theory duals, if we 
want to study more than just very large N. At the time of writing, this 
is subject of considerable research effort. 

In this chapter we shall have a brief look at extending the intuition we 
have developed about the AdS/CFT correspondence a bit further, and 
address the issue of studying less symmetric gauge theories by deforming 
the AdS/CFT example. 


19.1 Renormalisation group flows from gravity 


Recall that, in section 18.1.2, we took a five dimensional perspective, 
and recognised AdS; with gauge symmetry S'O(6) as a special fixed point 
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solution of the gauged supergravity which preserves the full gauge symme- 
try. It should be clear from that discussion that other fixed points of the 
potential will have an intuitive explanation as other conformally invariant 
theories with fewer supersymmetries. We will again have 0¢;/0x" = 0, 
and some set of the scalars approaching some non-zero constants. Since 
the scalars are charged under the SO(6), such non-zero expectation values 
will mean that some amount of the SO(6) will be broken, leaving a sub- 
group G. The scalar potential will take some value —C/¢?. The solution 
will be AdS; with a new value of the cosmological constant and hence the 
AdS radius for this solution, @, will be given by: A = —C/l? = —6/€?. 
The expectation is that this defines a dual conformal field theory, with 
fewer supersymmetries and global symmetry G. 

We can imagine a solution that is asymptotically AdSs, with all of the 
scalars being asymptotically zero, but at smaller radius, approaches this 
new solution. Since the radial parameter has been identified with an en- 
ergy scale in the theory, we have the intuitive picture that this solution 
represents a collection of snapshots (one for each radial slice) of the evo- 
lution of the gauge theory as a function of energy scale. It begins in the 
UV with the symmetric theory and then at lower energies approaches a 
new theory, which is less symmetric. This picture is just what we would 
call renormalisation group flow (RG flow) 319- 320 in the context of the 
field theory. Our example is one of flowing from a UV fixed point, us- 
ing a ‘relevant operator’ (see insert 3.1, p. 84), to an IR fixed point. The 
five dimensional gravitational dual picture of this (and its ten dimen- 
sional extension) therefore deserves to be called holographic renormalisa- 
tion group flow, and we shall do so. 

In fact, we can be even bolder than this. There may be other solutions 
which are viable vacua which are not AdSs in the interior. If they are 
connected at large radius to the familiar SO(6) AdSs5, we can also think 
of them as the result of deforming the UV fixed point by relevant oper- 
ators and undergoing RG flow to some new non-conformal field theory. 
Evidently, the utility of such a tool is worth exploring. Ultimately, we 
can see that this leads us to even consider the existence of well-defined 
solutions that are not AdSs in either radial limit, which are nevertheless 
holographic duals of gauge theories. In fact, gauge theories of consider- 
able phenomenological interest — perhaps the entire Standard Model — 
may perhaps be represented in this way. It is prudent to develop the tools 
to find and study these holographic duals. 

The flow between fixed points has a precise example which we shall 
study in section 19.3. It breaks the supersymmetry from NV = 4 to N = 1. 
First, we shall study a simpler RG flow, which is just the switching on of 
an operator which preserves supersymmetry and merely takes the theory 
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out onto its Coulomb branch. Last, we shall exhibit a flow to a theory 
which is non-conformal and M = 2 supersymmetric. 

First, we will uncover a little of the basic technology that we will need, 
and emphasise a bit further aspects of the physics of the gravitational side. 
Before proceeding, we should note that many of the powerful techniques 
which underlie the construction of the solutions we present here are well 
beyond the scope of this book, and we must refer the reader to the liter- 
ature for the details. We shall merely exhibit solutions and hope that our 
discussion will at least make their properties seem natural and reasonable 
in the present context. Also, we will not have space to introduce in a self- 
contained manner some of the more advanced dual field theory properties 
that we examine. The reader should not regard this as discouragement, 
but instead as an opportunity to see some of these advanced field theory 
concepts and properties emerging in an interesting setting, which may, in 
some cases, serve as a useful introduction. 


19.1.1 A BPS domain wall and supersymmetry 


Since every radial slice should be dual to the gauge theory at some energy 
scale set by the radius, we expect that the metric should be of the form: 


£ 
ds¥ 4 = 2A") (—at? + da} +dx5+ dar) + dr’, u = Fe, (19.1) 


where we have preserved the Poincaré invariant form of the metric. The 
function A(r) is chosen such that as r — oo, A(r) — r/£, and so we 
recover the metric of AdSs5, where we show how to return to the more 
familiar local AdSs coordinates in terms of the variable u. 

Let us consider the possibility that one of the 42 scalars, y, has been 
switched on, and has a non-trivial profile as we go in to smaller r. The 
function A(r) will deviate from the AdS behaviour of r/¢ to some non- 
trivial behaviour. Generically, it is useful to think of A(r) as parametrising 
some interpolating region, with AdS; located at r — +00 being one re- 
gion. On the other side, there are a number of possibilities for what A(r) 
might do, and we shall see three types by example as we proceed. One 
possibility is that we get A(r) x r again, (with the scalar running to a 
constant) giving an AdS region in the interior. As discussed before, this 
is another fixed point, and is expected to be dual to a conformal field the- 
ory again. We shall see this later. Away from the asymptotic behaviour, 
we should still think of A as giving us an interpolating solution, form- 
ing a ‘domain wall’ separating two types of asymptotic behaviour. See 
figure 19.1, and recall the kink example of insert 1.4 (p. 18). 
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Fig. 19.1. The function A(r) in the metric parametrises a departure from 
the UV’s AdS behaviour, and may be thought of in terms of a ‘domain 
wall’ separating it from a new region in the IR. 


Let us study some of the physics of this wall°!®. The supergravity action 
is: 
=> I 
~ 16rGs 


If we insert the form of the metric given in equation (19.1), we get the 
following equations of motion: 


/ BaV/—G[R — 20,0 Op — V(y)]. (19.2) 


12A? — 247+ V = 0 
6A +12A?+2¢7+V =0 
10V 
p+ 4Ayp — -— = 0, 19.3 
a eee (19.3) 
where a dot denotes a derivative with respect to r. It is interesting to note 
that differentiating the first equation and then using the third equation 
gives the second, and in fact 
. 9 
Aee (19.4) 
3 
It is most interesting to substitute the equation (19.1) into the action 
itself. Since the only non-trivial behaviour of the metric is as a function 
of r, the problem reduces to a one dimensional one, since the integral 
over the directions (t, £1, £2, £3) is trivial. Throwing away the (infinite) 
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constant from performing that integral, the action reduces to an energy 
functional: 


1 


+00 
— __ dr e*4 202 — 12. A? 19. 
maz | r et^ [ap +V) (19.5) 


— OO 


Let us consider the possibility that V depends upon an auxiliary func- 
tion W, in the following manner*: 


4 |1 OWN? 4 
Vl) = = |= (—]} -=W?]. 19.6 
= 3 l E) , | (19.6) 
Let us substitute this into the energy functional, to get 
1 too 5 4 (OWN? 16 
e= are! 0g? — 124? a(55) - E w2 
161G; im S l 7 telap) 3e 


1 +00 10W\? 1 2. \? 
= —_ dr et^ 2(9+ 55] -12(4 — ) 
16nG; J. me P= 0 Ao Fay 


4 OW _ 16 ; 
Zp ¢— Aw. 
4 ap |e w] 


(19.7) 
We have obligingly completed the square, as suggested by four of the 
terms, and collected the remainder at the end. Since ¢(OW/dy) = W, we 
can write the last two terms under the integral as Fd(12e*4W) /dr, and 
therefore it may be integrated and replaced by a boundary term. 

So the functional is extremised if the following first order equations are 
satisfied: 


DA 2y de _10W. a93) 
or 3l Or £ op 

In fact, (by analogy with many other cases in earlier chapters) the reader 
should expect that finding a solution to these equations means that we 
have found a BPS solution of the system, preserving some of the super- 
symmetries of the original M = 8 supergravity. The precise number of 
unbroken supersymmetries depends upon the details of W and the de- 
pendence on the scalars. 


* The function W is called the ‘superpotential’ in the context of supersymmetric do- 
main wall technology. It should not be confused with the W we shall later use for 
field theory superpotentials. 


472 19 The holographic renormalisation group 


19.2 Flowing on the Coulomb branch 


Recall that the VV = 4 supersymmetric Yang-Mills theory’s gauge multi- 
plet has bosonic fields (A,,, @i), 2 = 1,...,6, where the scalars ¢; transform 
as a vector of the SO(6) R-symmetry, and fermions A;, i = 1,...,4 which 
transform as the 4 of the SU(4) covering group of S'O(6). 

As we know from other examples in chapters 13 and 15, it is interesting 
to give vacuum expectation values of the scalars in the gauge multiplet. 
Generically, switching on vevs in the Cartan subalgebra of the SU(N) 
gauge group will break the theory to U(1)‘~!, while keeping the scalar 
potential >/; ; Tr|¢i, @;| vanishing and hence preserving supersymmetry. 
This is the Coulomb branch of vacua of the theory. 

In the AdS/CFT context, the 42 MN = 8 gauged supergravity scalars 
decompose as 1+1+10+10+20 of the SO(6) ~ SU(4) gauge group, cou- 
pling to operators which have those R-charges in the gauge theory. ‘Their 
translation is given in the dictionary extracts in table 18.1. Let us consider 
a family of vacua which are dual to the case of having switched on some 
components of this operator. If the AdS/CFT dictionary is to be believed, 
we should expect to find a non-trivial five dimensional supergravity solu- 
tion which is asymptotically AdS; (since in the UV any relevant operator’s 
vev should be negligible), and in the bulk there should be a non-trivial 
profile for supergravity scalars in the 20. In ten dimensional type IIB su- 
pergravity terms, since we are exciting an SO(6) spherical harmonic, we 
expect that the supergravity solution is asymptotically AdS5 x S”, but in 
the interior, it deviates from it. In particular, the S° should be deformed 
in such a way which represents the turning on of the 20. 


19.2.1 A five dimensional solution 


The scalar which will have a non-trivial profile will be called a. It should 
be zero as r — oo, and according to the dictionary entry (18.11), it should 
go as 


Q1 —9r/e 
a— —e +e, 19.9 
V6 (19.9) 


since the 20 is an operator of dimension two. 

In fact, there are complete solutions which can be written down 
One of them is as follows. The scalar œ will correspond to a particular 
part of the 20: 


329, 330 


6 


4 
a : N Tr(¢i¢i) -2X Tr(digi). (19.10) 


i=1 i=5 


This operator, which we can write as diag(1,1,1,1,—2,—2), in an SO(6) 
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basis, splits the R° transverse to the brane into an R* and an R?, and so 
we expect that the supergravity solution will preserve an SO(4) x SO(2) 
of the SO(6). The dependence of a and A can be written as first order 
differential equations representing a flow from their initial values at r —> 
oo to the interior, all the way to r — —oo. Defining p = e“, we have: 


ðp 1.,0W 1/1 5 OA 2, 2/1 ø 
Or 60" = HG P) Or a =a (at4 


where the auxiliary function 


1 p’ 
W=-|= += 
(a+5) 


can be used to write the scalar potential: 


4/1 /OW\? 4 o| 1 (OW? 16_, 
-a hG -pl = aa (FE) “zao 094123) 


The functions W and V are plotted in figure 19.2. 
In fact, the flow equations can be solved explicitly. Since we can write 
a differential equation for p in terms of A: 


op _ (e-2' 
OA 2+ pë)’ 


12 
e2A — Bo (19.13) 
where / is a conveniently chosen integration constant. This initial value 
flow problem completely specifies the five dimensional supergravity solu- 
tion. 

Recall that we have two pictures, a five dimensional one in which we 
just have the gauged supergravity, and a ten dimensional one in which 
we have some type IIB solution. ‘The first can be obtained from the lat- 
ter, of course, although as we get more complicated gauged supergravity 
solutions, it will be harder to find the ‘lift’ to the full ten dimensional 
geometry. We shall, in a number of examples, wish to probe the geom- 
etry with D3-branes in order to determine more information about the 
physics. This is appropriate since the solutions are, after all, supposed 
to be made of D3-branes, in the sense that we discussed as early as in 
chapter 10. The D3-brane itself is best understood in a ten dimensional 
setting, and so the full ten dimensional picture is very useful to have, in 


we can write 
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Fig. 19.2. The superpotential and potential, W and V, as a function of 
the scalar a. 


19.2 Flowing on the Coulomb branch 415 


order to do the probe computation. Notice also that ultimately we would 
like to study the full string theory beyond the tree level gravitational 
limit, which is again naturally done in a ten dimensional setting. Let us 
therefore write the ten dimensional lift of that which we have uncovered 
here. 


19.2.2 A ten dimensional solution 


We expect that the ten dimensional solution will be of the form, 
dsjg = Q7 dsj 4 + dss, (19.14) 


where Q is a ‘warp’ factor, which can depend upon the angles on the S° 
and r, and ds? is a deformed metric on the transverse space. Since we 
expect an SO(4) x SO(2) invariance, it is sensible to break things up into 
the metric d2 on a round SŽ, and two other angles 0 and ¢ which control 


the rest of the S°, which is now deformed. The solution is®?” 330. 
1/2 
Q? = Xi’ 
E P 
Xı = cos” 0 + p® sin’ 0, (19.15) 
with 
g? sin? 0 p? cos? 0 
2_ 02 2 2 
dss =Q 2 dé X, —— do’ + —=—d0s (19.16) 
The other supergravity fields all vanish except: 
4A Ẹ 
X 
e? =g, Ca = dt Ada! A da? A da’. (19.17) 
gsp 


19.2.3 Probing the geometry 


The geometry above is very interesting, but there is more physics to be 
uncovered. It is meant to govern the physics of the Coulomb branch of the 
moduli space of the V = 4 gauge theory. Going onto the Coulomb branch, 
recall, is merely the process of pulling the N branes apart, away from the 
origin at u = 0. Recall also our result from chapter 10 that because the 
branes are all BPS, there is no potential for an individual brane’s motion 
transverse to all the other branes and, furthermore, because we have six- 
teen supercharges, the actual metric on this moduli space should be flat. 
This should be true here. It is a simple exercise (see e.g. section 10.3) 
to probe the supergravity geometry presented in the previous subsection 
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with a D3-brane?!*. In Einstein frame, some of the terms in the D3-brane 
world-volume action are: 


S = -T3 J d'E det! ? [Gap + e7? Fa] 
Ma 
1 
+ [3 I (Cw + C2) NF + 5 (0) F F), (19.18) 
4 


where Fab = Bap + 2mo Fap, and Mz, is the world-volume of the D3-brane, 
with coordinates €°,...,€°. As usual, the parameters u3 and 73 are the 
basic R-R charge and tension of the D3-brane: 


u3 = Tags = (27) (a)? (19.19) 


Also, Gap and Bab are the pulls-back of the ten dimensional metric 
(in Einstein frame) and the NS—NS two-form potential, respectively. 

A quick computation shows that the potential vanishes, and the result 
for the metric on its moduli space is 


g? sin? 0 p? cos? 0 
dr? + — | d? + ——dd? + ———d3 
ro + 7 ( + X, p“ + X, 3 J> 


T3 X e274 
2 p 


2 
dsm = 


(19.20) 


which looks very far from being flat. The way around this problem must 
simply be an issue of coordinates. There must be new coordinates more 
clearly adapted to the dual gauge theory physics in which this geometry 
is manifestly flat space. We expect to be able to find a new radial coor- 
dinate v and a new angle w which replace r and 0 so that the metric is 
simply?!®: 


ds24 = > dv? tu? (ay? + sin? pdo? + cos? pd) | 
— > [dv? + vd). (19.21) 


Equating coefficients requires us to show that the following equations can 
be solved: 


X24 


5 dr? = dv’, 
p 
X e242 
AP = dy’, 
of 
2A p2 
n sin? ð = v? sin? Y, 
p 
e?^ g? p? cos? 6 = v? cos? y. (19.22) 
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In fact, we can now perform this change of variables on the supergrav- 
ity solution itself. After some algebra, and after using the flow equations 
themselves, the result is: 


°° -1/2 
ds? = (oa (-at? + dxf? + dx + dz3) 


2 1/2 
2 2 2 
+ (za) (dv + U d3). (19.23) 


Looking at the form of the other supergravity fields in equation (19.17), 
we see that we have returned to the standard form for the brane solution, 
where we now have?!® 

p? p4 


H = ———— = —— 
3 Xjes Ry 


6 
p — 1 
— 19.24 
(uv? + 1?) p? + 2v2 cos? w(p® — z ! ( 


which we have partially translated into the new coordinates using the 
change of variables (19.22). A useful equation from there is a quadratic in 
p? obtained by eliminating 0 from the last two lines in equations (19.22), 
to give: 

2 


l 
sin? ypt? + | cos? — sin? Y — a p? — cos? Y = 0. 
v 


In the new variables, H3(v) is in fact harmonic. One way to see its ex- 
plicit form is to expand the above equation for p® in large v. To do 
this, observe first that to a first approximation, the third term in the 
square braces vanishes, and so we have the solution pf = 1. Substi- 
tute p = 1 + (l? /v?)g(l, p, v), and solve at the next order. The result 
is g = 1 + O(I? /v?). Recursive substitution like this will give?!*: 


I? 1 18 
p =1+ 52 +(1- sin’) 5 +(1- 3sin” Y + 2sinf Y) -z + 
Using this, H3 may be expanded to give: 


¢4 Pg 4 
A3(v) = | l+ -5(3sin w—1)+ —q(1 — 8sin” w + 10sin* w) + , 


(19.25) 
which suggests the form: 


H3(v) -GQ + 2 Tal COs w); Con = (—1)"17", (19.26) 


A478 19 The holographic renormalisation group 


where the Y;(cos? Y) (with Y,(1) = 1) are the scalar spherical harmonics 
on S°. In the above, we see explicitly the 20 (n = 1), and the 50 (n = 
2). 

This is remarkable, since we are seeing explicitly that non-zero l turns 
on precisely the operator which we want, with subleading mixing with 
higher order harmonics?!*. 


19.2.4 Brane distributions 


The analysis we carried out above, where we found variables which took 
us from a complicated solution to one of the simple D3-brane standard 
form (but with a complicated harmonic function H3), should remind the 
reader of the discussion presented in insert 18.2. Let us take the case 
where we only have one of the ¢;, say 41 = l non-zero. This corresponds 
(before the limit of insert 18.2) to a rotation in only one plane, and hence, 
after the limit, we expect an SO(4) x SO(2) invariant configuration. Let 
us study this. 
The metric before the change of variables is: 


dsig = Hz '/” (—dt? + da? + da3 + da3) 


r? + I? cos? 6 
r2 + l 


1/2 


+ H, dr? + (r° + I? cos? 6) dé" 


+ (r? + 1°) sin? 8de? + r° cos? sist , 
p4 
r? (r2 + 1? cos? 0)’ 


g; (H3 ' — 1) dt A dzı A dz2 A^ dz3, e? = gs. (19.27) 


H3 = 1 + 


Cias) 


The change of variables3t4: 


\/(r2 + 17) u1 cos ġ1 = 4/ (r? + 1°) sin 8 cos ¢1 


y2 = 4/ (r? +17) ui sin dy = 4/ (r? + I”) sin Osin dy 
Y3 = T H2 COS og = r cos 0 sin w cos do 
Y4 = r u2 sin 2 = r cos 0 sin Y sin ¢2 
Ys = T u3 Cos 3 = r cos 0 cos Y cos Q3 


yı 


Ye = r u3 sin 3 = r cos 0 cos Y sin ġ3, (19.28) 


places the solution back into the familiar form: 


ds? = H; "° (—dt? + da? + dar} + dz3) + Hy!” (dy - dy). 
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Let us examine the harmonic (in the y;) function: 


p4 


H, = 1 + —— s. 
: : r?(r2 + I? cos? 0) 


(19.29) 
Notice that when r = 0 there is a quadratic singularity for all 0. From the 
coordinate transformation (19.28), it is clear that this singularity occurs 
on the flat plane Rt given by y3 = y4 = ys = yo = 0, and the locus of 
points y? + y2 < l°. This is a disk. 

The singularity in the harmonic function should signal the presence of 
the source — the D3-branes themselves — and it is tempting to conclude 
that they are distributed on that disk, and we can write?!’ the appropriate 
uniform density function to go into the integral form (18.35): 


= 1 = 
pE) = 50 (1- Vk + 98) 8G). (19.30) 


In fact, since a pointlike source in six dimensions produces a quartic 
singularity, a smeared two dimensional source should indeed produce a 
quadratic singularity so we are clearly on the right track. See figure 19.3. 

We can check that our density function is correct by working perpen- 
dicular to the (y1, y2) plane of the disc, 6 = 0, to show that we recover 


D3—brane 
distribution 


Fig. 19.3. The uniform disc distribution in R? of D3-branes produced by 
switching on an operator in the 20. ‘This is a part of the Coulomb branch 
of the dual gauge theory. 
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expression (19.29) by explicitly integrating the the integral form (18.35). 
The 0 dependence is forced to come out right by standard harmonic anal- 
ysis: separation of variables, and the uniqueness of the expansion in terms 
of spherical harmonics. 

There remains to establish a direct connection to the geometry of the 
previous subsection. So far, they have some of the same symmetries, but 
we have not shown that they are directly related. In fact, despite the 
differing form of the harmonic functions, they contain precisely the same 
physics. This can be shown by explicit computation. Notice that from the 
change of variables (19.28), we can write that 


r? = y? — l? sin? 6. 


We can easily expand the harmonic function in 1/r?, and then use 


toifa 1S Ea) 
2 2 2 nD 2 ° 
rey y Yi Ao Y 


After some algebra, we find precisely the expression (19.26) we wrote 
earlier in terms of spherical harmonics, with (Y, v) replaced by (6, y). 


19.3 An N =1 gauge dual RG flow 


To recapitulate, the V = 4 supersymmetric Yang-Mills theory’s gauge 
multiplet has bosonic fields (A„, i), 7 = 1,...,6, where the scalars ¢; 
transform as a vector of the SO(6) R-symmetry, and fermions ;, i = 
1,...,4 which transform as the 4 of the SU(4) covering group of SO(6). 
In M = 1 language, there is a vector supermultiplet (A,,, 4), and three 
chiral multiplets made of a fermion and a complex scalar (k = 1, 2,3): 


Dy = (Ak, Pk = P2k-1 + tba), (19.31) 
and they have a superpotential 
W = hTr(®3[®,, P2]) + h.c., (19.32) 


(‘h.c.’ means Hermitian conjugate) where h is related to gym in a specific 
way consistent with superconformal symmetry. 
Let us study the case of giving a mass to ®3, 


1 
La > La + J 6 5m3? + h.c, (19.33) 


where ‘h.c.’ is the hermitian conjugate. The resulting spectrum (both mas- 
sive and massless) can now have at most an M = 1 multiplet structure. 


19.8 An N =1 gauge dual RG flow 481 


The resulting SU(N) theory has matter multiplets in two flavours, ®, 
and ®5, transforming in the adjoint of SU(N). The SU(4) ~ SO(6) 
R-symmetry of the N = 4 gauge theory is broken to SU(2)p x U(1)r, 
the latter being the R-symmetry of the M = 1 theory, and the former a 
flavour symmetry under which the matter multiplet forms a doublet. 

This mass perturbation is a relevant one and so upon flowing to the 
IR it becomes more significant. Eventually we fall to scales where the 
mass is effectively infinite, and we are close to the pure MN = 1 theory we 
discussed in the previous paragraph. 

In a supergravity dual, via the dictionary this maps to turning on cer- 
tain scalar fields in the supergravity, their values being close to zero in 
the UV (r — +00), they develop non-trivial profiles as a function of r, 
becoming more significantly different from zero as one goes deeper into 
the IR, r — —oo. The supergravity equations of motion require that 
there be a non-trivial back-reaction on the geometry, which deforms the 
spacetime metric in a way given by A(r), in equation (19.1) 

There is a supergravity dual which achieves this3??. It turns on two 
scalars, which turn on a combination of the operator which we want, and 
a vev of the operator we discussed in the previous section: 


4 6 
a: > Tr(digi)—2X_ Tr(di¢i) 
i=1 t=5 
x: Tr(A3dA3 + v1lye2, 3|) + h.c., (19.34) 


At a low enough scale, we can legitimately integrate out the massive 
scalar ®3 , and this results in the quartic superpotential’?5 326 


h2 
— —_Tr([@,. p]? 19. 
W in r([@1, b2]*), (19.35) 


which is in fact a marginal operator of the theory®”°. So the theory we 
get in the IR is also a conformal field theory, as is confirmed by the 
following considerations. If the operator, represented by the sum of the 
terms in equations (19.32) and (19.33), is marginal in the IR, then as it 
is a superpotential, it must have dimension three. This can be achieved 
if the fields developed anomalous dimensions 7; (the fields’s dimension is 
1+ ~% in this notation) once they left the UV and went to the IR. Since 
®3 was treated differently from ®, and ®o, it can have a different value 


for its anomalous dimension. An appropriate assignment is??? 326 : 
Hay = 2 _! (19.36) 
Yı — Y2 — 4 y) Y3 — 9 ° ° 


We should also check that the (-function vanishes. In fact, it is 
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proportional 331 to 3— 57,(1—27;), and so we see that it vanishes, showing 
that our operator is in fact exactly marginal”. 

From what we have already learned about AdS/CFT, it is natural to 
expect that the gravity dual to this conformal field theory is again Ad5s. 
It cannot be the same AdS; as before, and so it must have a different 
value for the cosmological constant and for the gauge symmetry associated 
to the supergravity. In the language of the discussion presented at the 
beginning of this chapter, it must simply be another fixed point of the 
N=8 gauged supergravity, which has V = 2 supersymmetry and SU (2) x 
U(1) gauge symmetry. In the ten dimensional language, it must be that 
the transverse geometry is no longer S°, but some deformation of the 
sphere which preserves SU(2) x U(1) isometry. 


19.3.1 The five dimensional solution 


Just as in the previous sections, the radial dependences of scalars and the 
function A(r) are given in terms of first order ‘flow’ equations (recall that 


p =e): 


dr 66° dp 60 
dx _10W _1 = men) 


dp 1 W 1 (Aea — 3) + noo 
p 


2 


dr l ôx H p 

dA 2 

dr 3. h(2 -2 642)), (19. 
dr TAM a 6P 2 (cos (2x) (p° — 2) — (3p° + )), (19.37) 


where the function 
1 
=p (cosh(2x)(o® — 2) — (3p° + 2)) 


can be used to construct the potential via: 


4/14 /0W\? 4o 1 (OW 1/OW\? 16 __, 
- 45> (3) -5w = ACS] 5 (Sr) e" 


(19.38) 

The functions W and V are plotted as contour maps in figure 19.4, and 
as three dimensional figures in figure 19.5." 

It is clear that the values x = 0, a = 0 (p = 1) define a stationary point 

for the scalars. After a bit of thought, one can find another fixed point 


' The reader should not take the small scale variations of the contours near the fixed 
points seriously. ‘They are due to loss of numerical accuracy. 
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Fig. 19.4. Contour plots of the superpotential and potential, W and V, as 
functions of the scalars a, x. This is dual to the RG flow from the NV = 4 
conformally invariant gauge dual (the fixed point at x = 0,a = 0) to 
an N = 1 conformally invariant gauge dual (either of the fixed points at 
a = log 2'/®, x = +log3!/?). 
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Fig. 19.5. Three dimensional figures of the superpotential and potential, 
W and V, as functions of the scalar a, x, for the RG flow from the V = 4 
gauge dual to an M = 1 gauge dual. 
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solution: y = +log3!/?, a = log 21/6. In the first case, those values give 


OA 1 
aE T Ae!’ 
after throwing away an integration constant, which gives AdS5 with cos- 
mological constant Ayy = —6/4?. In the second case, the fixed point 
values give: 
OA 95/3 r/é ~ 30 
Bp = 3p OT A(r) =e where C= Sy 
after throwing away in integration constant, which gives AdS5 with cosmo- 
logical constant Arr = —6/¢%. So the ratio between the two cosmological 
constants is in fact A 9 
UV 
—— = . 19.39 
An 3227 (19.39) 


This flow can be recognised as a generalisation of the pure p Coulomb 
branch case from before, by setting y = 0. Unlike that case, there is no 
known exact solution for these particular equations, but much can be 
deduced about the structure of the solution by resorting to numerical 
methods which we shall not explore much here. It is possible to extract 
that the asymptotic UV (r — +00) behaviour of the fields y(r) and 


a(r) = log(p(r)) is given by: 


y(r) > ape +++: a(r) > agne i? + ae" +--+. (19.40) 
This behaviour of x is, according to the dictionary 18.11, characteristic of 
an operator of dimension three representing a mass term (controlled by ao), 
while that of a represents a mixture of both a dimension two mass operator 
(again through ag) and a vacuum expectation value (vev) of an operator 
of mass two (through a1). 

Actually, the values of the constant 


Ji al 8 
a= 45 + [Šio ag (19.41) 


characterise a family of different solutions for (p(r), x(r), A(r)) represent- 
ing different flows to the gauge theory in the IR. Meanwhile, in the IR 
(r — —oo) the asymptotic behaviour is: 


1 
x(r) > 5 log 3 — boe™ f ++, 


1 -1 
a(r) > 5 log 2 — Viper +s, 
95/3 
where A= ——(V7—1). (19.42) 


3 
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At this end of the flow, there is also a combination which is characteristic 
of the flow, and this is bọaĝ. This may be thought of as characterising the 
width of the region interpolating between the two AdS asymptotes®??. 

The critical value âe ~ —1.4694 represents the particular flow which 
starts out at the NV = 4 critical point and ends precisely on the M = 1 
critical point. It has been proposed?!” that the solutions with â > âe 
describe the gauge theory at different points on the Coulomb branch of 
moduli space. The combination âe then, is pure mass and no vev, while 
other values are a mixture of both. The vev is that of a combination of 
massless fields which take us out onto the Coulomb branch. 

For the flows with â < âe, the five dimensional supergravity potential is 
no longer bounded above by the asymptotic UV value. They are believed 
to correspond to attempting to give a positive vev to the massive field. 


19.8.2 The ten dimensional solution 


The ten dimensional solution can be parameterised in the same way as 
before, in equation (19.14). This time we have??* 324, 


Q? cosh y of + o2 
ds? = ¢*>——_— |do? + p° cos? 6 — Ao? 4 HH 
° p? cosh? x P Xo ? Xı 
_ 2 
Xə cosh x sin? 6 pê sinh x tanh y cos? 6 
TAS jd EE 19.43 
X? ( D + X 03 ’ ( ) 
with 
Q2 — x? cosh x% 
E p 
X1 = cos? 9 + p° sin? 6 
Xə = sechy cos? 0 + p° cosh x sin? 6. (19.44) 


The g; are the standard SU (2) left-invariant forms (see insert 7.4, p. 180), 
the sum of the squares of which give the standard metric on a round three- 
sphere. They are normalised such that do; = €;;,0; ^ og. For future use, 
we shall denote the coordinates on the S° as (1, Y2, Y3). 

It is easily seen that the non-trivial radial dependences of p(r) and x(r) 
deform the metric of the supergravity solution from AdS5 x S° at r = +00 
where there is an obvious SO(6) symmetry (the round S° is restored), toa 
spacetime which only has an SU (2) x U(1) symmetry, which is manifest in 
the metric of equation (19.43). The SU (2) is the left-invariance of the c; 
and the U(1) rotates a, into o2. The obvious extra U(1) symmetry, as 
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O/O¢ is also a Killing vector, but this is not a symmetry of the other fields 
in the full solution. 

The fields ® and Cig), the ten dimensional dilaton and R-R scalar, are 
gathered into a complex scalar field A = C9) + ie”, which is constant all 
along the flow. ‘There are non-zero parts of the two-form potential, C(a), 
and the NS-NS two-form potential Big) also, but for our study we won't 
need them. 

Part of Cia) may be written as: 


4 
Cia) = ——w(r,@) dzo A dx, ^A dxg ^ dz, (19.45) 
gs 
e44 
where w(r,0) = zalo” sin” 6(cosh(2y) — 3) — cos? 0(1 + cosh(2x))]. 
p 


We have only displayed the part of it which will be pertinent to the physics 
of a D3-brane probe. The part that is missing does not give a non-zero 
contribution to the probe Lagrangian. 


19.38.38 Probing with a D3-brane 


In order to understand this geometry a bit better, we shall do what we 
did in the previous example, and probe the geometry with a D3-brane. 
Again, this has a natural interpretation®*!. The Coulomb branch moduli 
space of the V = 1 SU(N) gauge theory is parameterised by the vevs of 
the complex adjoint scalars 1,2 which set the potential Tr([¢1, ¢2]7) to 
zero. This generically breaks the theory to a product of U(1)s. Probing 
with a D3-brane will single out a four dimensional subspace of the full 
moduli space here since our moduli space is the space of allowed zero-cost 
transverse movements of our single D3-brane probe. These directions are 
parameterised by the scalars (¢1, ¢2, 63, 64), which make up the complex 
doublet (%1, Y2). That hyperplane corresponds to the choice 0 = 0. 

Using thevery familiar probe methods from before (see e.g. section 10.3), 
we get the following result for the effective Lagrangian for the probe 
moving slowly in the transverse directions y™ = (r, @,9, Y1, Y2, Y3) (we 
restrict ourselves to considering Fy, = 0 here): 


L=T-V= POAC nny" — 73 sin? be^ p*(cosh(2x) — 1). (19.46) 


The Gmn refer to the Einstein frame metric components. 

It is clear that the case 0 = 0 indeed makes the potential vanish, picking 
out the four dimensional moduli space of the probe. The case p = 0, which 
is ~ = —oo, lies outside the physically allowed values of the flow. 
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19.3.4. The Coulomb branch 


It is worthwhile considering the case of large vevs. ‘This should correspond 
to large r, and we should get a familiar result, flatness in all four (moduli 
space) transverse directions to the brane. The metric on this moduli space 
is simply the flat metric on R4: 


ds, = see” + v7d03], with v= elt (19.47) 
where we have defined the energy scale v. 

A general point on the flow has 0 = 0 as the family of flat directions. 
This moduli space is the Coulomb branch of the gauge theory anywhere 
along the flow. We see that we have movement on a (stretched) $°, with 
coordinates (41, Y2, Y3), and the radial direction r. These give an R’, 
topologically, exploring the vevs of the complex scalar fields in the adjoint, 
ġı and ¢2. The metric on this moduli space for arbitrary (r, Y1, Y2, Y3) is: 


2 


We can study this metric in the limit of small vevs: r — —oo. Inserting 
the IR values of the functions and defining: 


h? 
ds? = g ea + Peep (cosh? of +o? + o3). (19.48) 


— pob p/j PÍ 3 _ 91/6 
u = re > l= 3573 Po = PIR = 2 / (19.49) 
we get 
d2, -—~— Ja’ +u? ($o +o? + a2) (19.50) 
Mir 81292, 4 2 3 1 2 . . 


This is an interesting result3?? which encodes information about the 
filed theory in a way which it would be nice to understand better. In 
order to do this, we ought to find better coordinates in which various 
field theory quantities are more manifest.3?t In a low-energy sigma model, 
the metric on the moduli space is the quantity which controls the kinetic 
terms for the scalar fields. In superspace, the kinetic terms are written in 
terms of a single function, the Kahler potential K: 


L= [aon (®t, pit) — { eow ®') + h.c. \, (19.51) 


where © are chiral superfields whose lowest components are the scalars 
whose vevs we are exploring and W(®) is the superpotential. Our next 
task is to prove the existence of a Kahler potential for the probe metric. 
It is not at all manifest that this is the case, so we should spend some 
time on this next. 
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19.3.5 Kahler structure of the Coulomb branch 


Let us start again with some new assignments of coordinates. ‘The mod- 
uli space is parametrised by the vevs of the complex massless scalars, 
which we shall write as z1 and z2. The z; transform as an SU(2) doublet 
(i.e. in the fundamental), while their complex conjugates transform in the 
antifundamental. The SU(2) flavour symmetry implies that the Kahler 
potential is a function of u? only where we define, 


u? = 2121 + Z222. (19.52) 


This is not necessarily the coordinate u we used as the AdS coordinate, 
or in the small vev presentation of the moduli space in the previous sub- 
section. We shall see how they are related in various limits later. 

We can divide the coordinates (and indices) into holomorphic and 
antiholomorphic (those without and those with a bar). If the Kahler struc- 
ture exists then the metric is given by 


ds* = gupdz”dz” = gyzydz1dz + gyadz1dZ2 + gojdzedzZ + goadzedz2, 
where 
Juv = OyOoK (t?) = Ip (Dp(u2)K’) = plo w))K" + Ip (2) Op (wu), 


where the primes denote differentiation with respect to u*, and we have 
inserted our assumption about the u dependence of K. Notice that since 


ðu’) = % and lu’) = zi, (19.53) 


we have 
Qi = ð K — K’ + 2K", 
919 = 222K", (19.54) 


and so on. Some algebra shows that the metric can be written as 
ds? = (dzdz + dzgd22)K’' + (Zdz1 + Zodzq)(z1 dz + zodZ2)K". 
Now notice thatë? 
du = 5 (ade + Zodzq + zıdZı + zodZ2) and 
U03 = 5—(~izidar — iZ9dzq + 1z1dZ, + izodZ2). (19.55) 
This is convenient, since we can write 


1 1 
du + iuo3 = —(Z,dz1 + Zədzə) and du—iuo3 = —(z1dzZ1 + zədZə). 
u u 
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Some more algebra puts the metric in the following form: 
ds? = (K' +u’ K')du? + u” (K'(o? +02) + (K' + u?K’)o$). (19.56) 


Looking at the form of the probe result in equation (19.48), we see 
that in order to put the metric into Kähler form we need a change of 
radial coordinate relating r and u. Equating coefficients, we obtain three 
equations: 


T3 cosh? y 


(K' +u’ K'du’ = 3 eA dr? (19.57) 
p 
u? (K' +u’ K’) = spe cosh? y, (19.58) 
u K' = Sep eA. (19.59) 
Using the first two equations we find 
lp’ 

dr? = ~ du” 19.60 
2 n, (19.60) 

with solution: ; J 1 
u=—el M/E with d =. (19.61) 

a dr p 


Since the latter is always positive it defines a sensible radial coordinate u. 
We can now define K by the differential equation (19.59): 


,_ dK _ 3 pre 
dlu?) 2 u? ? 


(19.62) 


and we have to check that such a K obeys equation (19.58), which can 
be written as 


d 
u? Au) (u? K") = PEPPA cosh? y. (19.63) 
From the definition of u in equation (19.61), we have that 
d l? d 
-2 (19.64) 


d(u2) — 2u? dr’ 
and so we need to show that 
< — (u’ Kk") = se pes cosh? x. (19.65) 


From our definition of K in equation (19.62) this amounts to requiring us 
to show that: 


d 2 
7 (pe) = an cosh? y. (19.66) 
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We can achieve this by performing the derivative on the left hand side and 
substituting the flow equations for p(r) and A(r) listed in equations (1.13) 
gives precisely the result on the right’. 

We have demonstrated the existence of the Kahler potential. In fact, 
using the equation (19.64) we can write an alternative form for the defi- 
nition of K, to accompany (19.62), which is: 


ak Trzle?Aln), (19.67) 


N.B. This remarkably simple equation has been shown3?t to be sat- 
isfied by the Kähler potentials of all of the holographic RG flow 


examples that are (currently) known in ten dimensions. It would be 
interesting to learn what lies beneath this apparent universality, and 
the direct meaning of this equation in field theory. 


In fact, one can readily write down an exact solution to this equation 
everywhere along the flow. Up to additive constants, it is: 


(2 2A 1 
K = G + 5) (19.68) 


Let us unpack some of the content of this solution?*!. For large u (i.e. in 
the limit of large vevs), p ~ 1 so that, from equation (19.61), we have 
Urn 4 exp(r/@), and to leading order: 


1 2 


T3 2 2r/e __ 
K ~ —£ = 19.69 
2 Í 82 ge). ( ) 


which implies the expected flat four dimensional metric (19.47) that we 
obtained before. We can also look at next-to-leading order corrections to 
the Kahler potential. Recalling the asymptotic solutions for œ and y in 
equations (19.40) and also the flow equations (19.37) gives: 


2 
— eet + Olei, (19.70) 


so that 
1 2 
K ~ 730 Ger — dr) (19.71) 
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We have discarded terms of order exp(—2r/£) as well as constant terms. 
Similarly, the corresponding expression for u? is from (19.61): 


(7 y 4af r 
u’ ~ “A G [ey sir) (19.72) 


Returning to the Kahler potential, we find that: 


1 2 p2 12 2 
K ~ Sna.. e — 0 In (a) (19.73) 


an expression which looks like a one-loop field theory result. Further com- 
parison requires some knowledge of how aĝ corresponds to the mass for ®3. 
To deduce this we can look at the probe result at large u more closely. The 
result of the probe calculation was given in equation (19.46). To leading 
order, we have 


p? 
lal + lz = a cos% 0, and 


p? 
lz3|" = — ert sin’ 0, (19.74) 
Q 


and so 


c= — (a+ la+ li) - ll (19.75) 
BT ge. yy (2 l 


where we used the asymptotic solution (19.40) for a@ and for x. The mass 
of 3 is therefore 


2 
m3 = FP (19.76) 
Inserting this into the Kahler potential, we obtain 
1 >» Nm? alu 


which is of the form expected for the tree level plus one loop correction, 
since (it turns out that) the M = 4 field content ensures that u7 ln u? 
terms cancel exactly. For small u, p — 21/6 and we have 


£ r 


This gives us: 


2 4/3 12 1/3 
T3 o 3 [ural 7 1 3 fa 2,4/3 
K ~ 9 SR (8) = gmg we ge) My 09-79) 
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and so the metric in this limit is: 


1 ural? \ 3 74 4 
ds? ~ 91/3 (Ga? (o? 2 303) | 
O N Bag, g2 ga EU (71 T2 F 393) j 
(19.80) 


which can be converted to the original form (19.50) after the redefinition 
u — u®/* and an overall rescaling. 

So now we understand that the curious form of this metric is simply a 
consequence of the power, 4/3, of u? which appears in the Kahler poten- 
tial. This power in turn follows from simple supergravity scaling, which 
translates nicely into the field theory data we already discussed. 

At the UV end of the flow we have the standard AdS; x S” geometry. 
The AdS; part of the metric given in equation (19.1) with A = >| which 
has a scaling symmetry under 


1 
£ — —T e > ae4 u > Qu, (19.81) 
a 


where we have used that u ~ e^ for large r. In other words the fields on 
moduli space have scaling dimension one, and so match with the dual field 
theory values for the scalar components of these chiral superfields in the 
N = 4 theory. Next we consider the IR end of the flow. Here the solution 
again has the scaling symmetry (19.81) except that A = 25/3r /3£ in this 
case. The coordinate u goes like u ~ exp | szaz) ~ (e“)3/4 and thus the 
scaling symmetry becomes 


1 
£ — —T u > a?!4u, (19.82) 
a 


Therefore, we see that the massless fields have scaling dimension 3/4 
here. Again this agrees with the field theory, as it includes the anomalous 
dimensions discussed earlier in equation 19.36. 

Let’s put it another way. Consider the Kahler potential at either end 
(UV or IR) of the flow. From the SU(2) flavour symmetry we know that 
K is a function of u? only. We also know the scaling dimension of wu? at 
each end of the flow. The action’s kinetic term is: 


S= J d'r ð, OoK Ouy OM, (19.83) 


where y are the massless scalars with some scaling dimension. For the 
action to be invariant under scaling, K (u?) must have scaling dimension 2. 
At the UV end of the flow u has scaling dimension 1, so K ~ u?, as 
expected. At the IR end of the flow, u has scaling dimension 3/4 and so 


K ~ (u?)4/3, matching our earlier results. 
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19.4 An N = 2 gauge dual RG flow and the enhancon 


It is worthwhile studying just one more flow example. This time it will 
not flow to a fixed point, and will preserve twice the supersymmetry as 
the previous example. This is achieved by turning on operators which cor- 
respond to giving equal masses to the M = 1 multiplets ®;, #2. Together, 
these form an NV = 2 hypermultiplet. This leaves one adjoint chiral multi- 
plet ®3, together with the vector VV = 1 supermultiplet (A, A4), forming 
the N = 2 vector supermultiplet. So the deformation preserves an N = 2 
structure. 

As before, this should correspond to an appropriate combination of 
scalars being switched on in supergravity, and the solution is known’. 
Again there are two scalars, and they correspond to the following opera- 
tors: 


4 6 
a : X Tr(didi) — 2 >) Tr(giĝi) 
i=l i=5 


xX: Tr(à1à2 -+ A2A2) + h.c. (19.84) 


Moving around on the accessible part of the Coulomb branch of the VN=2 
theory corresponds to giving a vacuum expectation value (vev) to y3 = 
5 + is, which is the plane 0 = 7/2. 

The Coulomb branch of the moduli space of the N = 2 SU(N) gauge 
theory is parametrised by the vevs of the complex adjoint scalar y3 which 
set the potential Tr[¢s, psy? to zero. This generically breaks the theory to 
U(1)~!. This moduli space is of course an N — 1 complex dimensional 
space, but we are just focusing on the one-complex dimensional subspace 
corresponding to SU(N — 1) x U(1). The low energy effective action of 
the theory is described in terms of a low energy field u with an effective 
complex coupling T(u): 


0 Ant 
= — +i 19.85 
ru) = Tob oe tia, (19.85) 


where the classical value is Te = 0;/27+1/gs in our case. The quantities 0; 
and gs are of course set by the R-R scalar Co) and the dilaton ®. Recall 
that C9) couples to F A F on the D3-brane world volume, contributing 
to the 6-angle in the N = 2 effective low energy theory. 


19.4.1 The five dimensional solution 


As before, at r — ov, the various functions in the solution have the 
following asymptotic behaviour???: 


p(r) > 1, x(r) 0, A(r) — r/2. (19.86) 
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For arbitrary r, the values of the functions are determined by the following 
flow equations: 

da l10OW 1/1 4 

— = -— = — | = - h(2 

dr l ða 3é (G p cosh( v) 

dx _ 109W ly. 


-2 _ et Agana 

dr = Lx zg? sinh(2x) 

dA 2 2 1 ly 

aA fy _ 4 ft} h(2 19.87 
7 T 7, (| + 5P cosh( 0) ( ) 


where the function 
1 1 
W = — (| + 5P cosh(2x) ) 


can be used to construct the potential via: 


4/14/0W\? 4o 1 (OW\? 2 (AW? 16__, 
v=al5> (52) -gwe = sa (FE) tala) Tze 


(19.88) 
The functions W and V are plotted as contour maps in figure 19.6, and 
as three dimensional figures in figure 19.7.4 
By using the middle equation of (19.87), we can write expressions for 
da/dy and dA/dy, which we can integrate (with some manipulation) to 
give: 


2 


A P 
-k 
Í sinh(2y) 
inh 
p? = cosh(2x) + sinh*(2y) h + log ZI) (19.89) 


Here, k is a constant we shall fix later, while y is a constant whose values 
characterise a family of different solutions for (p(r),x(r)) representing 
different flows to the M = 2 gauge theory in the IR. See figure 19.8. 


e For y < 0, equation (19.89) yields a finite value, yo = $ cosh! Co, 
of y in the IR, while p goes to zero. The supergravity solution has 
a naked singularity as a result. 


e For y = 0, x diverges in the IR and again p goes to zero. Supergrav- 
ity again has singular behaviour, coming from both the divergence 
and the zero. 


e For y > 0 both x and p diverge, and the supergravity is singular. 


t As mentioned before, the reader should not take the small scale variations of the 
contours near the fixed points seriously. They are due to loss of numerical accuracy. 
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Fig. 19.6. Contour plots of the superpotential and potential, W and V, 
as functions of the scalars a, x, for the RG flow to an N = 2 gauge dual. 
The flows depicted in figure 19.8 are centred on the ridges to the left, the 
case y = 0 being precisely along the ridge. 
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Fig. 19.7. Three dimensional figures of the superpotential and potential, 
W and V, as functions of the scalar a, x, for the RG flow to an N = 2 
gauge dual. 
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Fig. 19.8. The families of (x,a) curves for differing y, given by equation 
(19.89), superimposed on the contours of the superpotential W. There are 
three classes of curves. The middle curve is y = 0, the y < 0 curves are 
below it, and the y > 0 curves are above. The flow from UV to IR along 
each curve is to the right. 


All of our intuition gathered in this chapter and the previous one points 
towards there being sensible physics concerning the Coulomb branch of 
the expected VV = 2 dual gauge theory to be found at the end of the 
flow. We see that instead, the supergravity solution flows to regions which 
produce unphysical singularities. Somehow, this must be obscuring actual 
physical information. 

This is where it is useful again to study the ten dimensional lift of 
the solution and probe it with a D3-brane. Following the wisdom of the 
previous two examples, we might find that the probe has a better handle 
on what are the right variables to use for the extraction of meaningful 
physics. 


19.4.2 The ten dimensional solution 
The ten dimensional solution written in the form (19.14), with??” 328, 
2 
1 


do? 6 anf 2% a3 +93 2 , ad" 
— 0 | — + — inl 0 —— 19.90 
g + p COS (- X F X, + sın Re ( ) 
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where c = cosh(2y), and 


Q2 — (cX X2) "4 
p 
Xı = cos’ 0 + p° cosh(2y) sin? 0 
Xə = cosh(2y) cos* 6 + p® sin? 0. (19.91) 


It is easily seen that the non-trivial radial dependences of p(r) and x(r) 
deform the supergravity solution from AdS; x S” at r = oo where there 
is an obvious SO(6) symmetry (the round S° is restored), to a spacetime 
which only has an SU(2) x U(1)? symmetry, which is manifest in the 
metric (19.90). 

There are also explicit solutions for the R-R two-form potential, Cia), 
and the NS-NS two-form potential Biz). We will not need them here. The 
fields (®,C(o)) are gathered into a complex scalar field which we shall 


denote as A = Cg) + ie °, and the solution for them is as follows: 


1-B 
=i (3). (19.92) 
with j j 
bi/4 — 4-1/4 >; X 
— id — 2! 
— Tn , where b= cy (19.93) 


We shall extract the specific form for the dilaton, which we shall need, a 
bit later. 

We will need the explicit form for the R-R four-form potential C(4), to 
which the D3-brane naturally couples. It is 


2 
8 


X 
Cu) = tA Ll dro A dx, A dx A^ daz. (19.94) 
gsp 


As is clear from the behaviour displayed in figure 19.8, it is evident 
that in the IR the supergravity becomes singular. This makes it hard to 
interpret the physics which is supposed be telling us about a dual gauge 
theory. Again, it is prudent to probe the geometry with a D3-brane to see 
if we can determine more about the physics. 


19.4.8 Probing with a D3-brane 


Following on what we did before, it is again straightforward to probe the 
geometry?” 333 and the reader is urged to carry out the computation. 
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The result is an effective Lagrangian £ = T — V, where: 


T = P3 4 24 
29s 


02 [62 v2 ye + v2 h? 
2 6 2 1 2 3 - 2 
x — | — 0 | —+-—-s— 0—=—— 
l; + 2 k + p Cos E: + X, + sın X; , 


u & (cX X)? 
2gs (œ -— 1) 


¿2 62. 6 > y2 ve 4 ye b? 
x l| — — 0 os “2 3 2 0 — 
l — 1)? + ( C + pee cX9 + Xı + smn Xə ! 
H3 Xı u3 ktp? [=r á 


where the v; are the natural velocities associated to the one-forms g; given 
in insert 7.4 (p. 180), and in the last line we have used the first of the 
results in equations (19.89). The penultimate line was arrived at by using 
the fact that the second flow equation in (19.87) allows us to replace 77 


by ¿L/l — 1)’]. 


19.4.4 The moduli space 


In order to make the potential vanish, there are two independent condi- 
tions: cXə = X1, which means 0 = m/2, or p = 0. Notice that for the 
cases of y > 0, the second situation does not exist, since (as is clear from 
figure 19.8) p — œ and xy — œ, while for y < 0, the flow assigns a 
specific value, yo = 5 cosh! co, for x while p — 0. The moduli space is 
parameterised by the coordinates (6, ¢), with metric: 


dsiyo(y < 0) = Hg C (cos? 0d? + sin? odd”). 
2gs (c — 1) 

Notice that at y = 1, the value of co diverges, and so the metric vanishes. 

In the first situation there is a sensible metric for all classes of y. It is 

parameterised by the (c, ) space and the metric is: 


9 = m ck? de? 9 


As discussed earlier, the y < 0 flows lead to p = 0 and some finite value of 
c, which we call cg. The supergravity is singular there, but the probe 
metric is perfectly smooth there. This situation is similar to ones we have 
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encountered before, and is suggestive of a the edge of a disklike D3-brane 
source. 

In the case y > 0, c diverges, and the probe metric vanishes again. This 
is a signal of an enhancon-like locus, which we encountered in chapter 15. 
It appears here to be a circle, as would appear in the case of wrapped 
D7-branes, but we must be careful before we interpret this in gauge theory. 
As in the previous two examples that we have studied in this chapter, we 
must be careful to ensure that we are using the right coordinates. 

We have two scalars, c and ¢, but we must recall that these should be 
the components of a complex scalar, the adjoint scalar in the low energy 
effective low energy U(1) action on the brane. So they should have the 
same coefficient?’ 333, So we must find a complex coordinate z in which 
the metric is conformal to dzdz. This is achieved by finding a new radial 
coordinate v such that 

dc? du? 

(2—1)? v2’ 
which has solution 
c+ 1 
c— 1’ 
and so our putative enhancon circle at c — co on the y > 0 branches is 
at z = 1. We can write the metric as: 

21.2 

_ 13 EX pag (19.97) 

2gs (c + 1)? 

In the low energy theory, the scalar field Y, being part of the NV = 2 gauge 
multiplet on the brane’s world-volume, should have the same functional 
dependence for the kinetic term that the U(1) gauge field on the probe 
has’’?. This translates into a kinetic term for Y: 


V = 


ds (7) 


ds? = edy dY, (19.98) 
where the dilaton may be extracted from the equation (19.93) as: 
e7? “ 


7 gs| coso + icsin o| 


We must therefore change variables to the complex coordinates Y. Writing 


~ Oz OZ 
dzdz = dY dY —— 
“we OY ay’ 
we get an equation 
ƏY |? icsing|? ke 1 
OY |" _ 12,2 |25 + icsin g =F lth | 
Oz c+1 4 z 
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and therefore 


kl 1 
Y=— Z). 19. 
= (2+5) (19.99) 


We should write our complex coupling 7 in terms of this coordinate. Some 
substitution gives the holomorphic result: 


1/2 
y? bs 
r=- (z) ta (19.100) 


We have a branch cut forming a segment??? of the real line: —kl < Y < ké. 
We see from the change of variables in equation (19.99) that this branch 
cut is the circle z = 1, which is the enhançon, appearing in the y < 0 
flows. The y > 0 flows are currently believed to be unphysical. 

So we see that in fact the singular behaviour of the supergravity was 
hiding valuable physics which we uncovered by probing with a D3-brane. 
Just as in chapter 15, we find a region of the moduli space of large N 
gauge theory with eight supercharges where the constituent D-branes have 
spread out into a locus which we call the enhancon. Just as there, were 
this not to have happened (as the naive supergravity would allow), the 
constituent branes would have attained negative values for their tension. 
In the dual gauge theory, this negativity is a negative value for the kinetic 
term in the low energy action one moduli space, or alternatively, a negative 
value for the effective squared gauge coupling Jég- In any of those pictures, 
this would be unphysical, and the brane physics protects itself against this 
case by moving the constituent branes to quantum corrected positions. In 
the language of the gauge theory, this is of course a large N manifestation 
of the Seiberg-Witten locus?#?, which owes its origin to the same positivity 
requirements’. 


19.5 Beyond gravity duals 


The last example is a situation where a supergravity solution, in attempt- 
ing to reveal the physics about highly non-trivial behaviour of the dual 
gauge theory, needs to be supplemented with information about the string 
theory. We found this by probing with D3-branes by hand. 

This is the expected sign that our ability to extract useful informa- 
tion about dual gauge theories will rely on our success in understanding 
more about the full string theory in the background. The D3-brane probe 
method, while powerful in its own right, is only a hybrid method, and 


8 See also section 16.1.12, for examples where quantum corrections to brane geometry 
in F-theory correlate with underlying Seiberg-Witten theory. 
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much more progress will be made when some way of computing in the 
full string theory for these backgrounds is found. The difficulty here is 
that one of the most crucial features of the solution is that it is supported 
by N units of R-R flux. This cannot be described as a small perturba- 
tion of an NS—NS background, and so the string theory must be phrased 
directly in terms of the R-R data. It should have been apparent, how- 
ever, from the many studies that we have carried out in this book that it 
is in fact difficult to describe fully the strings propagating in such back- 
grounds. Looking back, it should be clear that we have only ever described 
string propagation in these backgrounds in the supergravity limits. The 
full conformal field theories that we described or alluded to were only 
ever for propagation in non-trivial NS—NS fields (like K3 geometry, or the 
NS5-brane’s core). For the R-R p-branes, or the non-trivial F-theory or 
other such fascinating backgrounds, we were never in a position to present 
a world-sheet model (like a o-model of chapter 2) which corresponded to 
the full string theory in the background, even perturbatively. ‘The prob- 
lem is that in the formalism described in chapter 7, the vertex operators 
corresponding to R-R states introduce world-sheet branch cuts in the 
presence of the superconformal generators, making them non-local with 
respect to each other!, and hence outside the realm of the local conformal 
field theories that we have been studying. 

Tools for the description of string theory propagating in R-R back- 
grounds need to be developed further, with some urgency. Results in this 
area will be especially interesting in view of the variety of physical phe- 
nomena that we have learned about from D-branes throughout this book. 
We learned all of this by indirect arguments combined with powerful tech- 
nology in various limits (such as open strings, conformal field theory, and 
supergravity). Imagine what we might learn, and what useful tools we 
could develop if we could formulate things more directly. 

A tantalising glimpse in this direction has been obtained recently. In 
addition to Minkowski space and AdS; x SŽ, it has been realised*“* that a 
certain type of pp-wave (see pp. 422—423) with R-R flux is also maximally 
supersymmetric. Furthermore, the pp-wave can be obtained**?**" as a 
certain limit of AdSs x S? that focuses on trajectories with large angu- 
lar momentum in the S°. String propagation in this pp-wave is exactly 
solvable, despite the R-R flux, in the light-cone gauge *“°. 

Remarkable, a class of gauge theory operators from the original dual 
CFT with R-charge going as VN as N — oo can be directly identified 
with the full tower of string states**”. Properties of the light-cone string 
can be reconstructed from the gauge theory, and vice versa. This is an 
exciting development that will undoubtedly be explored further. 


20 
Taking stock 


It is hoped that we have learned rather a lot about string theory in this 
book, and that the role of D-branes and other extended objects has been 
fascinating, entertaining, and instructive. It was with great pain that we 
had to sacrifice a tremendous amount of material in order to keep this 
book close to a sensible length, while retaining enough to succeed in telling 
a coherent story. 

It is tempting to sit and reflect upon what great lessons we have learned, 
although it is not clear that this is a useful exercise at this stage, so we 
will be brief in our remarks. ‘The main and most unambiguous lesson is 
that extended objects are vitally important to our understanding of string 
theory, and possibly (probably) whatever the final form of the fundamen- 
tal quantum theory of space and time turns out to be. While extended 
objects are universally accepted as important, it is still (at a stretch) a 
matter of taste whether someone wants to go further and accept that it 
is unambiguously true that ‘string theory is not a theory of strings’. The 
author believes it to be so, but will not insist that the reader take a po- 
sition, since it seems that nobody can yet say what string or M-theory 
actually are theories of. 

Whatever the final theory turns out to be, and whether or not once it is 
found it turns out be directly relevant to nature at all, it is clear that we 
have many new tools to work with which should keep us busy for some 
time to come in various areas. There are still many very specific ques- 
tions that might be partly answered with the present technology which 
would have considerable benefits. For example, various gravity duals of 
increasingly complex gauge theory phenomena are being found from time 
to time, and a useful body of knowledge is being assembled about how 
such tools work in some detail. As a by-product, valuable lessons about 
strongly coupled gauge theory are being learned. ‘This is despite the lack 
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of a viable technology for studying string theory in R-R backgrounds, (an 
issue discussed at the end of chapter 19) with which considerable leaps in 
our understanding will be likely. 

A topic that we have not touched upon at all is the whole ‘Brane World’ 
discussion. This topic fruitfully borrows many ideas from the string the- 
ory constructions which we have discussed here, applying them to phe- 
nomenology. One class of models is that we simply live on a three-brane 
embedded in higher dimensions, to which are confined the gauge interac- 
tions which give rise to the standard model physics (so this is rather like a 
D-brane). Meanwhile, gravity lives in the whole spacetime and its relative 
weakness as compared to the other forces is apparently then attributable 
to the fact that it lives in more dimensions**°’. The other sort of scenario 
is again the idea that we live on a brane in higher dimensional spacetime, 
but that gravity is localised in the neighbourhood of the brane, due to 
the properties of the larger spacetime?*”®. 

These both lead to interesting toy models of our world, and may find 
a home one day within a fundamental theory. The efforts to move these 
ideas forward are often mistakenly identified with research in string the- 
ory, but it should be clear that although there is some overlap, these are 
entirely different endeavours. It is safe to say that at the time of writ- 
ing the many models which are being studied in these genres are not 
anywhere near constrained enough by being embedded in the (relatively) 
tight framework of string or M-theory (as far as we understand the latter 
two). On the other hand, this might not turn out to be entirely a bad 
thing, but it is too early to say. 

Both of the topics above (and much of the content of the body of 
research described in this book) rely on the fact that although we do not 
know the details of the theory, we can learn a lot about things by working 
with low energy truncations. Of course, any small child educated in the 
modern field theory era will rightly immediately speak up at this point 
and mention that this is not special to string theory, but is a foundation 
of quantum field theory in general. The remarkable thing that seems to be 
available to us in the stringy arena is the wide variety of different ways of 
embedding various low energy phenomena into string and M-theory. This 
inevitably leads to new effective and often geometrical tools for studying 
these low energy phenomena, and sometimes powerful dual descriptions 
of the same physics, as we have seen many times. 

This urges us to begin looking around for more examples, and possibly 
applications to other fields of physics where strongly coupled phenom- 
ena and interesting effective field theories of various sorts abound, like 
condensed matter physics. An example of this is the recent activity in 


embedding the physics of the quantum hall effect into string theory?*, 
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following on from recasting it in terms of tools (such as non-commutative 
geometry®’>) sharpened in the string context. This may not be the only 
class of examples, and in fact there may be a lot to gain by deliberately 
exploring connections. There is also of course great likelihood that some 
of these connections will enrich understanding of string and M-theory. 

While it is all well and good to discuss the elegant tools that we have 
uncovered, perhaps for useful application to difficult (nearly) phenomeno- 
logical questions, we must not sidestep the issue of the direct search for 
a definition of M-theory. It becomes apparent when preparing a book of 
this sort, which surveys a large portion of the field, that it is perhaps not 
surprising at all that we have not yet stumbled on the definition. At nearly 
every turn of a page there seems to be a host of interesting unexplored 
connections and directions which might lead to interesting new physics. 
To save embarrassment, no attempt will be made to list them, since the 
large number may simply be a result of the author’s ignorance, rather 
than his profound insight. In any case, the reader has probably their own 
list to be getting on with. 

There are a number of seemingly very interesting features of D-branes 
which apparently have very deep roots, however. Whether or not they are 
a signal of the right variables for a dynamical formulation of the under- 
lying theory is quite possibly an entirely different matter, but they are 
intriguing. For example, it is very striking that D-branes seem to supply 
the right variables for many very elegant descriptions of various geometries 
such as that of instantons, monopoles, the moduli spaces of these objects, 
ALE spaces, etc. Essentially, these ‘right variables’ are all of the charged 
hypermultiplets of various sorts which constitute the D-branes’ collec- 
tive coordinates, together with an appropriate set of constraints and/or 
projections. 

Further to this (and closely related of course) is the fact that the world- 
volume couplings of D-branes seem to be naturally written in terms of 
very powerful geometrical objects: characteristic classes of various sorts, 
which enable them to enumerate topology so naturally*. This is an aw- 
fully generous circumstance and makes one wonder whether we should 
look deliberately for other powerful tools by starting with some of our 
other favourite geometrical or topological devices (other characteristic 
classes, etc.) and attempting to make them dynamical, perhaps by de- 
signing a world-volume interaction around them. Of course, it is not clear 
what the best candidates are, and what guiding principle one should 
use. Furthermore, this has in many senses been tried before, but perhaps 


* Part of the outcome of this was the K-theory!!8 description of D-branes alluded to 
but (sadly) not described in any detail in this book. 
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some of this approach could be revisited in the light of recent develop- 
ments. 

An interesting endeavour which is firmly underway at the time of writ- 
ing is the revisitation of string field theory. As was clear to some people 
long ago (back at the time when string duality was generating a heady 
excitement, and hasty and unkind (but perhaps forgivable) things were 
said about string field theory), it may yet have its uses. One such use has 
turned out to be the detailed study of local portions of the potential in 
which the string theories which we know are special vacua. Various ideas 
are afloat concerning the suggestion that the decay of unstable D-branes 
(via ‘tachyon condensation’) takes the theory to a new but familiar place. 

So for example the space-filling D25-brane of bosonic open string theory 
decays away leaving a closed string theory vacuum. A relatively simple 
string field theory computation shows that the energy difference between 
the starting vacuum and the ending vacuum well approximates the tension 
of the D25-brane, which is intriguing®*’. Similar suggestions for the unsta- 
ble branes of other theories have be tested also, with encouraging results. 
This has led to renewed vigour in the matter of understanding formula- 
tions of string field theory, and the interpretation of mysterious aspects 
of current formulations. In the latter regard for example, still puzzling 
to some extent is the fact that the computation done above is within the 
purely open string field theory. However, since the endpoint of the process 
is not an open string theory at all (the D25-brane has disappeared), the 
appearance in that framework of the closed strings which remain (if that 
is what remains) is not well understood. Overall, this is certainly a very 
interesting area which may well sharpen our understanding of aspects of 
the string vacua we know and how they are connected. 

There has also been recent progress in understanding the fate of tachy- 
onic purely closed string backgrounds and the vacua to which they 
decay***. For example, supersymmetry-breaking orbifold projections of 
Cə can be constructed, generalising the ALE spaces of chapters 13 and 
14. Tachyons arise in the twisted sectors, giving interesting models in 
which the supersymmetry breaking is localised at the conical singularity. 
The decay channels involve the spaces radiating some of their curvature 
to infinity, becoming less singular and settling to stable vacua with curva- 
ture, or to flat space. Even in these tachyonic models, techniques closely 
related to some discussed in chapter 13 show that there are fascinating 
connections to a rich mathematical framework of singularity theory**’. 

Included in the above are topics which incorporate the fact that we are 
very much at home with the idea of non-BPS D-branes, and in fact some 
of the outcome of that research may be to find more useful techniques 
for finding them and working with them. Non-BPS D-branes were not 
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discussed at all in this book, unfortunately, but the tachyon condensa- 
tion techniques can be used to point to their existence (and sometimes 
stability) !® 21. Furthermore, the K-theory organisation!!’ of D-branes in 
fact does not care whether they are supersymmetric or not. This is very 
encouraging but we need more than a classification, we need a technology. 
With a good handle on the properties of non-BPS D-branes we can address 
two large areas of research. One is the area of probing various dualities 
beyond the supersymmetric sector. This applies to field theory dualities, 
where we might learn about more realistic strongly coupled gauge theory 
phenomena with such tools, and also string theory dualities, where con- 
nections to non-supersymmetric string vacua can be explored. This is a 
major motivation (in part) for some of the endeavours mentioned above. 

The whole area of ‘holography’?°° 7°" has certainly only just begun to 
be uncovered. It is perhaps clear that the collection of ideas surrounding 
that topic is an intriguing part of a profound story about spacetime, 
quantum mechanics, gravity and field theory, but the problem so far is 
the lack of a constructive way of phrasing the Holographic Principle: it 
tells one what the count of degrees of freedom ought to be, but gives (at 
time of writing) no insights as to how to implement the hologram. It may 
be again that this is a result of working with the wrong basic objects: as 
a result, it seems that the few working examples of holography that we 
have, like the AdS/CFT correspondence and perhaps matrix theory, are 
too different from each other in order to teach us anything general but 
yet specific enough. 

On the whole, it remains a very exciting area in which to be working. In 
fact, one has a feeling of anticipation that there is something just around 
the corner which will put us back into the remarkable situation we were 
in a few years ago. Up to late 1994 or early 1995 we used to dream about 
various scenarios in string theory (perturbative and non-perturbative) 
which we had scarcely any tools to help us realise. Branes, and particularly 
D-branes, came along as the sharp tools that were needed and some of 
those dreams were made concrete, others discarded. For a while, D-branes 
were so intrinsically rich with new physics that they supplied us with new 
scenarios that we had not dreamed of at all, and gave us further ideas 
about how to concretely study those new situations. 

Now we are in the situation where things have become hard again. 
Since the Second Revolution, we now dream in technicolour: branes are 
still telling us that there are remarkable places to which the theory can go 
(eg. by their changing shape and expanding into other branes, mingling 
with spacetime geometry or describing it as non-commutative, etc.) but 
it is harder for them to take us there. In other words, it is perhaps time 
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for them to hand over to another tool that can take us to these new 
places. One has a feeling that this new tool (or tools) may well be within 
our grasp, perhaps just at the edge of our collective peripheral vision. 
It may be that, as happened with D-branes initially, the new tool has 
already been discovered, but has not yet been recognised. Perhaps it is 
time to squint more quizzically at some of the objects which lurk in our 
notebooks. 

There are many more topics of considerable importance which we have 
only touched upon, or not mentioned at all. An obvious one is the emer- 
gence of non-commutative geometry in both field theory and string theory 
which has been a topic of much research??®. We touched upon it in one 
of its guises earlier in section 13.6, but have left most of it unexplored. 
There are other topics too, such as compactifications of string theory 
and M-theory to four dimensions using the some of the new ideas and 
techniques that D-branes have supplied, perhaps giving new insights into 
phenomenology and/or other important four dimensional physics. Any of 
those topics could well be the area in which the next major breakthrough 
occurs, which is exciting. The hope is that, regardless of where the next 
breakthrough might be, this book will serve as a useful guide to some of 
the ideas and tools which have brought us to this point, and which may 
well help in moving things further. 
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level matching 
from translational invariance, 
42, 91 
modular invariance and, 91 
of closed string modes, 42 
Lie algebras 
adjoint representation of, 
109 
affine, 102 
Cartan subalgebra, 110 
classical, 111 
Lie groups and, 108-111 
simple, 109 
simply laced, 112 
Yang-Mills and, 66 
linearised gravity 
graviton from, 7—11, 145-147 
Lorentz group, 68 
as a gauge group, 67—68 


inertial frames and, 6 

representation using gamma 
matrices, 68, 159 

tangent frame and, 62, 67—68 


M-branes 
descending to D- and NS5-branes, 
277-278 
descending to odd D-branes and 
NS5-branes, 396-399 
Dirac-Nepomechie—Teitelbiom 
charge quantisation, 277 
supergravity solutions, 276—277 
tensions, 277 
M-theory, 367, 400—408 
and strongly coupled strings, see 
string duality 
eleven dimensional supergravity 
and, 271-273 
F-theory and, 394-396 
matrix theory formulation of, 20, 
400—408 
Möbius strip 
amplitude, see amplitude, vacuum 
fundamental region, 148 
magnetic monopole, see monopole 
Majumdar-Papapetrou solutions, 
232 
matrix string theory, 404—408 
Hamiltonian of, 405 
interactions from irrelevant 
operator, 407 
long strings from twisted sector, 
406 
orbifold of (R8)^ by Sy, 
405—407 
matrix theory, 367, 400—408 
and non-commutativity of 
spacetime, 20, 403 
Hamiltonian of, 402 
toroidal compactification of, 404- 
408 
Maurer—Cartan one-forms, 180 
McKay correspondence, 187, 289 
Melvin solution, 320 
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mode expansion 
of open and closed strings, 37, 48 
various open string boundary 
conditions, 250 
modular invariance, 91, 103-104, 116, 
158 
even self-dual lattices and, 103, 106 
j-function and, 382, 387-390 
level matching and, 91 
seven-brane metric and, 378-379 
modular transformations, 88-89, 145, 
379 
as generators of SL(2, Z), 88 
fundamental domain and, 89, 379 
moduli space 
Coulomb branch, see Coulomb 
branch 
Higgs branch, see Higgs branch 
of BPS monopoles, 363-366 
of elliptic K3 manifolds, 383 
of instantons, and black hole 
entropy, 426, 434 
moduli space metric, see also moduli 
space 
from Dp-brane probe of p-brane, 
245-246 
from D-brane probe of RG flow 
geometry, 476, 487, 488, 493, 500, 
502 
from D1-brane probe of ALE 
space, 286-289 
instanton contributions to, 363, 
365 
of D = 2 + 1 susy gauge theory, 
348-352 
monodromy 
SL(2,Z) and, 376-382, 384-396 
monopole 
BPS saturated, 311, 312, 313, 
314, 363-366 
BPS, enhancon and, 356-359 
D-brane as, 306-314 
Dirac, see bundle, monopole 
H-, as wrapped N5d-brane, 357 
Kaluza—Klein, 357 


Kaluza—Klein; six-brane as, 
348-352 

moduli space of, 363-366 

’t Hooft—Polyakov, 310 
Montonen—Olive duality, 374-375 
multiple D-branes 

boundary conditions, 249-252 

unboken supersymmetry, 252—254 
Myers effect, 314-321 


Nahm 
monopole data, 311 
monopole equations, 307 
naked singularity 
as limit of charged black hole in 
Ads, 460 
enhancon and, see enhancon 
mechanism 
from holographic RG flows, 495 
repulson as, 354 
near-horizon, see horizon, geometry 
near 
Neveu-Schwarz fermions, 115, 156 
Newton’s constant 
from low energy effective action, 
61, 175 
relation to central charge of 2D 
CFT, 431 
relation to large N gauge theory 
quantities, 443 
no-force condition, see Bogomol’nyi-— 
Prasad—Summerfield states 
non-Abelian 
Dirac—Born—Infeld, 136-137 
Dirac—Born—Infeld, and dielectric 
effect, 314-316 
gauge theory, see also Yang—Mills 
R-R couplings, 221-222 
R-R couplings, and dielectric 
effect, 314-316 
Taylor expansion, 316 
tensor multiplet on coincident 
NS5-branes, 270 
vector multiplet on coincident 
NS5-branes, 268 


non-commutative geometry 
fuzzy sphere and, 317-318 
matrix theory and, 20, 403 
remarks, 508 
non-compact Lie groups 
by continuation, 111 
T-duality and, 108 
U-duality and, 279, 280 
non-extremal Reissner—Nordstrom 
construction from branes and 
momentum, 427—428 
dilute gas and, 427—428 
non-perturbative strings, see under 
duality 
and extended objects, 17 
normal ordering, 40 
time ordering vs, 76 
NS-NS sector, 160 
NS5-brane, 241 
as dual of fundmental string, 
198 
as instanton, 267 
branes ending on, 268-270, 297 
coincident, 268-270 
from D5-brane, 266 
heterotic, 267—268 
T-duality of, 267—268 
type II, 268-270 
world-volume dynamics, 268-270 
nut singularity, 350 
of Taub-NUT metric, 350-352 


operator 
irrelevant, and matrix string 
theory, 407 
marginal, 83, 84 
relevant and irrelevant, 84 
string state correspondence, 
48—51 
vertex, see vertex operator 
operator product expansion (OPE), 
75-16 
operators 
spherical harmonics and, 448, 478 
states and, 74-75 
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orbifold, 117 
action on Chan-Paton factors, 
283—284, 323 
blow-up to smooth manifold, 185 
fixed point, 117—119, 126, 
388—390 
from T-duality of Type I, 193 
K3 limit for superstring, 179-191 
of (R°)”* by Sy, and matrix string 
theory, 405—407 
of circle (bosonic), 117 
of superstring on T4, 179-191 
points of fundamental domain, 
90, 371 
superstring on R*/Zo, 282 
T*/Zy spectrum, 180-184, 336- 
339 
orientifold 
as orbifold fixed point, 126, 193- 
194 
at strong coupling; O6, 352 
at strong coupling; O7, 392, 394 
at strong coupling; O8, 275, 277 
from T-duality, 125-126, 193-194 
group, 126, 166, 194, 324 
limit of F-theory, 390-392 
making type I from type IIB, 165- 
166, 201 
parity and, 125 
tension of O-plane, see tension 
world-volume curvature 
couplings, 217, 220 
oxidation 
of RG flow geometries to ten 
dimensions, 475, 486—487, 499 
reduction as, in compactified 
matrix theory, 405, 408 
reduction vs, 405, 408 


(p, q)-five-branes, see bound states of 
N$5-branes and D5-branes 

(p, q)-seven-branes, 384-386 

(p, q)-strings, see bound states of 
F-strings and D-strings 

p-branes, see black branes 


542 Index 


p-forms, 63-65 
Dp-branes charge of, 197—200 
NS-NS coupling to F-string and 
NS5-brane, 198 
Op-planes charge of, 200 
R-R coupling to p-branes, 196, 
198 
R-R coupling to p-branes, 
non-Abelian, 221—222 
Yang-Mills theory and, 66 
parity 
right-handed, and T-duality, 100 
world-sheet combined with 
spacetime, 125 
world-sheet, closed strings, 54, 
165 
world-sheet, open strings, 52-54 
partition function, 87—93 
at bosonisation radius, 113-115 
black hole entropy and, 427 
of closed string on circle, 103—104 
of open string, 142-144, 326-330 
of orbifolded circle, 118 
simple computation, 92 
Pauli matrices, 283 
perfect fluid, 234, 451 
periodic time 
temperature and, 410 
phase transitions 
AdS/CFT correspondence and, 
462—464 
confining/deconfining, 462—464 
physical state conditions, see Virasoro 
constraints 
Poincaré 
form of AdS, 235, 237 
group, 72, 236, 441 
Poisson brackets 
of classical strings, 38 
replaced by commutators, 40 
Poisson resummation formula, 106, 
107 
Poisson’s equation 
seven-branes and, 378 
Pontryagin class, 214-215 


positivity of coupling 
enhançon and, 502 
instantons and, 363, 365, 393, 394, 
502 
positivity of metric 
instantons and, 363, 365, 393, 394, 
502 
positivity of tension 
enhançon and, 362, 502 
instantons and, 502 
pp-wave, 423 
and gauge/string duals, 503 
in construction of D = 5 black 
hole, 422 
primary field, 74, 79 
probing 
black hole with D-branes, 434-436 
extremal p-branes with D(p — 4)- 
branes, 345-348 
extremal six-branes with 
D2-branes, 346-348 
extremal black p-branes with 
Dp-branes, 243—246 
holographic RG flows with 
D-brane, 475-478, 487—493, 
500-502 
of ALE space by D-branes, 
282-291 
of Dp—D(p+4) system by D-brane, 
301-305 
wrapped six-branes with wrapped 
D6-brane, 356-359 
propagator 
closed string, 153 
dilaton, 146 
graviton, 146 
Pythagoras 
D-brane bound state tension 
formula and, 397-399 


quasi-primary field, 74 
quiver diagram, 284, 288 


Ramond fermions, 115, 156 
Reissner—Nordstrom, see also under 
black hole 
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embedded in string theory, 424 
extremal, see extremal Reissner— 
Nordstrom 
renormalisation group flow, 84 
AdS/CFT and, 467—471 
reparametrisation invariance 
of classical string action, 29, 31, 
36 
repulson geometry 
excision of, 360-362 
geodesic analysis, 354-356 
naked singularity and, 354 
wrapped D-branes and, 354-356 
Revolution 
First Superstring, 15, 169-170 
Second Superstring, 15, 17, 170, 
261, 508 
right-invariant one-forms, 180 
Romans’ massive supergravity, 
275 
roots 
of cubic, torus and, 380-383, 
387—390 
simple, 110 
R-R sector, 163 
R-R charge 
D-branes and, 197—199, 201 
p-branes and, 238—240 
orientifolds and, 200 


SL(2,C) invariance, 73 
fixing with 3 points, 74, 383 
SL(2, R) invariance, 73 
fixing with 3 points, 74 
SL(2, R) 
vs SL(2, Z), 368 
supergravity action and, 368-369 
SL(2, Z) 
and bound states of F-strings and 
D-strings, 257, 263, 369-371 
bound states of NS5-branes and 
D5-branes and, 375-376 
field theory duality and, 373-375 
fundamental domain and, 89, 379 


generators, see modular 
transformations 
monodromy or jump, seven- 
branes and, 376-382, 384-396 
string duality and, 263, 367—400 
torus and, 88-89 
U-duality and, 278 
scaling dimension, 79 
Schrodinger picture 
Euclidean path integral and, 410 
Schwarzian derivative, 80 
Schwarzschild, see under black hole 
mass from Euclidean action, 415 
Seiberg—Witten theory 
N = 2 D = 4 Yang-Mills, 353, 
393, 394, 502 
Coulomb branch and, 393-394, 
502 
enhancon and, 502 
from F-theory, 393-394 
torus and, 393-394 
semiclassical quantum gravity, 411—412 
signature 
Euclidean, 410, 412 
Euclidean de Sitter as sphere, 234 
Euclidean world-sheet, 47 
mostly plus convention, 2 
of lattice, Euclidean, 171-172 
of lattice, Lorenzian, 103, 106, 
176-177 
singularity 
conical, see deficit angle 
of black branes, 239, 240 
of Reissner—Nordstrom, 228 
of Schwarzschild, 228 
small instantons 
Eg x Eg, 305-306 
enhanced tensor gauge symmetry, 
305 
enhanced vector gauge symmetry, 
305 
SO(32), 305 
smeared brane, 206, 248, 295 
special conformal transformations, 72, 
441 
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spherical harmonics 
operators and, 448, 478 
spin connection, 6—69 
fermions and, 68 
Killing spinor and, 231 
spin field, 163 
spinning branes 
brane distributions from, 457 
charged black holes from, 455—459 
states 
operators and, 74-75 
spurious; spacetime gauge 
invariance and, 43—44 
vertex operator correspondence, 
48-51 
static gauge, 134, 136 
static solutions, 227 
Stefan-Boltzmann law 


AdS/CFT correspondence and, 453 


stress tensor, see energy-momentum 
tensor 
stretched D-branes, 294-300, 375 
as monopoles, 306-314 
Blons and, 308 
T-duality to fractional D-branes, 
296-300 
wrapped D-branes and, 294-300 
stretched fundamental strings, 314, 375 
string coupling 
dilaton and, 12, 60 
from eleven dimensions, 273, 395 
large N gauge theory and, 443, 
444 
world-sheet topology and, 34 
string duality 
D = 10 supergravity and, 
175-176 
D = 6 supergravity and, 186 
Eg x Eg heterotic M, 273-276 
S'O(32) heterotic > type I, 264- 
265 
dual branes and, 265-270, 
277-278 
eleven dimensional supergravity 
and, 271-273 


F-string > D-string, 262-263 
heterotic +> heterotic in D = 6, 
348 
heterotic +> type ITA in D = 6, 
186, 298, 357, 358 
heterotic e F in D = 8, 383-384, 
390-392, 399 
heterotic = M in D = 7, 399-400 
heterotic +> type ITA in D = 6, 
400 
K3 manifold and, 186, 343, 383- 
384, 399, 400 
M-theory and, 17 
SL(2, Z) and, 263, 367—400 
type IIA + M, 271-273 
type IIB + type IIB, 261-263, 
367—400 
string field theory 
and background independence, 15 
and non-perturbative issues, 15 
matrix string theory as, 407 
tachyon condensation and, 507 
string network, 371-372 
three-string junction and, 371 
string spectrum 
infinite tower of excitations, 11 
massless sector, 12 
NS-NS sector, 160 
NS-R and R-NS sectors, 163 
of heterotic string, 172 
of type II strings, 160-164 
on circle, 98 
perturbative, 11 
R-R sector, 163 
stringy cosmic string, 377 
strong coupling 
and gauge theory, 21 
fate of strings, 17, see also string 
duality 
strong/weak coupling duality 
for field theory, see field theory 
duality 
for string theory, see string 
duality 
structure constants, 108 


Index 545 


supergravity 
gauged, and anti-de Sitter, 443- 
445, 467—471 
gauged, and sphere reductions, 
443—445 
SL(2, R) and, 278 
SL(2, R) invariant form, 368-369 
ten dimensional, 174—176 
superpotential 
of supergravity, for AdS domain 
walls, 471 
supersymmetric strings 
heterotic, construction, 169-174 
type I and type II, construction, 
155-169, 201 
supersymmetry multiplets 
long, 231 
N =1in D = 10, 159 
N =1in D = 6, 341 
N =2 in D = 10, 163 
N = 2 in D = 4, 230 
N =2 in D = 6, 183 
short, 231, 255 
surface gravity 
black hole temperature and, 413 
symmetric polynomials, 213 


-angle 
in NV = 2, D = 4 Yang-Mills, 373, 
393, 494 
’t Hooft coupling, see under large N 
gauge theory 
T-duality, 19, 94-128 
action on dilaton, 129 
action on Dirac-Born-Infeld, 136 
action on R-R fields, 193 
as O(d,d + 16, Z), 177 
as O(d, d, Z), 108 
as right-handed parity, 100, 105, 
125, 192 
boundary conditions and, 
120, 125 


discovering D-branes, 119-121, 193 


discovering orientifolds, 125-126, 
193 


in background fields, 129-131, 
193 
minimum distance and, 19 
of ALE spaces, 295-296 
of black brane solutions, 246-248 
of closed strings, 99-108 
of fractional D-branes, 296-300 
of heterotic strings, 177, 194-195, 
273 
of NS5-brane, 267—268 
of NS5-branes, 295—296 
of open strings, 119-125 
of stretched D-branes, 296-300 
of tilted brane, 133-135, 205-206, 
294 
of type I superstrings, 193-194 
of type II superstrings, 192-193 
type IA vs type IB, 193, 273 
tachyon 
condensation, 220—221 
of bosonic string, 42 
removal by GSO projection, 158 
tadpole cancellation, 201, 324, 330-336 
tangent space, see frame, tangent 
Taub-NUT metric 
as moduli space metric, 348-352 
hyper-Kahler property, 349 
instanton corrections, 363, 365 
K3 wrapped six-brane and, 
363-366 
negative mass parameter, 363 
relation to Atiyah—Hitchin 
manifold, 364-366 
six-brane and, 348-352 
temperature 
from Euclidean path integral, 
410 
of black holes in AdS, 454 
of BTZ black hole, 431 
of Reissner—Nordstrom, 412 
of Reissner—Nordstr6m—Ads, 460 
of Schwarzschild, 413 
of Schwarzschild—AdS, 452, 454 
periodic time and, 410 
surface gravity and, 413 
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tension 
of bound states of NS5-branes 
and D5-branes, 376 
of D-brane; recursion relation, 132 
of D-branes in bosonic string 
theory, 142-147 
of D-branes in superstring theory, 
197—200 
of F/D-string bound state, 253, 
254, 370, 371 
of fundamental strings, 11, 32 
of O-planes in superstring theory, 
200 
of orientifold or O-plane, 148—150 
tensionless 
branes, 358-359, 362 
strings, 270, 359 
thermodynamics 
entropy from Euclidean path 
integral, 411 
first law, for black holes, 417 
free energy, 462 
Gibbs potenial, 416, 462 
Hawking—Page phase transition, 
462, 465 
of black holes, 409—414 
phase transitions in AdS/CFT, 
462—464 
potential, 411 
second law, and enhancon, 437— 
A39 
second law, for black holes, 417 
third law, for black holes, 417 
three-string junction, 255-258 
string network and, 371 
throat, see horizon, geometry near 
tilted brane 
and Born—Infeld action, 133-135 
dissolved brane and, 205-206, 294 
F-flux coupling and, 205-206, 294 
toroidal compactification 
heterotic string and, 171, 383- 
390, 399—400 
moduli space of, for bosonic 
string, 108 


moduli space of, for heterotic 
string, 177 
of bosonic strings, 104-108 
of heterotic string, 176-177 
of matrix theory, 404—408 
of superstrings, 178-179 
U-duality and, 279, 280 
torsion, 67 
torus 
compactification, see toroidal 
compactification 
F-theory and, 394-396 
fibration of K3 manifold, 383-392 
in affine coordinates, 379 
maximal, of Lie algebra, 110 
moduli space of, 88-89 
roots of cubic and, 380-383, 
387—390 
Seiberg-Witten theory and, 
393—394 
special shapes, 90 
Weierstrass form, 379-383 
transition functions, 208, 209, 211 
twisted sector 
Fayet—Iliopoulos terms and, 286 
long matrix strings and, 406 
of (R°)* /Sy orbifold, 406 
of St/Zo orbifold, 118-119 
of Tt/Zo orbifold, 181-183 


U-duality, 278-281 
bound states and, 279-281 
near horizon geometry and, 429 
non-compact Lie groups, 279, 
280 
SL(2,Z) and, 278 
toroidal compactification and, 
279, 280 
type II on T°, 278-279 
unorientable 
closed strings, 54 
open strings, 52-54 
orientifolds, see orientifolds 
world-sheet diagrams, 55-56, 57 
UV/TR connection, 143, 446, 450 
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vacuum energy, see zero point energy 
vacuum interpolation, see 
interpolating solution 
vertex operator, 48-51 
correspondence to string states, 
48 
enhanced gauge symmetry and, 
101, 102 
for R-R states, 163 
of Gur, Buv, ®, 50, 58 
of gravitino, 158, 163 
of tachyon, 50 
of vector gauge field, 51, 52 
vielbein, see frame, tangent 
Virasoro 
algebra, and stress tensor, 39, 79 
algebra, supersymmetric, 157 
central charge or extension, 41, 
44, 45, 79 
constraints, 39, 41, 157, 163 
zero mode and mass spectrum, 
40—42, 157 
volume element, 69 
volume form, 64 


wedge product, 63 
Weierstrass 
form of torus T?, 379-383 
weight vector, 110 
Wess-Zumino coupling, see p-forms, 
R-R coupling 
Weyl invariance 
of classical string action, 30, 36 
of world-sheet o-model action, 59 
Wick 
contraction, 76, 81-82 
rotation, 410 
Wilson lines 
Chan—Paton factors and, 121-123 
D-brane positions and, 121 
fractional momentum and, 121, 
122 
on a circle, 122 
SO(16) x SO(16), for heterotic 
T-duality, 194-195, 273 


world-line 
of particle, 2, 24 
world-sheet 
of string, 13, 27 
various possible topologies, 57 
world-volume 
clues to eleventh dimension, 269, 
277-278, 348 
curvature couplings, 205-223 
curvature couplings for D-branes, 
217, 220 
curvature couplings for O-planes, 
217, 220 
dynamics of D-branes, see Yang— 
Mills and action, Dirac-Born— 
Infeld 
dynamics of M2-brane, 277-278, 
466 
dynamics of M5-brane, 277-278, 
466 
dynamics of type II NS5-branes, 
268-270, 297 
Hodge duality in D=2+1, 278, 
347, 362-363 
instantons on, 208 
of D-brane, 131 
wrapped D-branes, 292-294 
D6-brane on K3, 353-366 
dual strings from, 390-392 
enhanced gauge symmetries from 
D4-branes on K3, 358-359 
enhanced gauge symmetries from 
two-branes on K3, 298, 352 
extrinsic curvature of, 360 
fractional D-brane as, 292-294 
K3-induced charge, 222-223, 
352 
K3-induced tension shift, 222—223, 
352 
on K3 manifold, 352-353 
repulson geometry and, 354-356 
six-brane as BPS monopole, 
357—359 
spacetime metric, 352-353 
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Yang-Mills 

N =1 D = 4, fixed point theory, 
480-493 

N = 2 D = 4, 392-394, 494-502 
N = 4 D = 3, 348-352, 363-366 
N = 4 D = 4, 373, 441, 472 

at finite temperature via AdS/ 
CFT, 459—464 

at large N, see large N gauge 
theory 

B-function and asymptotic 
freedom, 84 

G-function of N = 2, D = 4, 393 

G-function of N = 4, D = 4, 373, 
441 

complex coupling in D = 4, 393, 
502 

coupled to Higgs, 309 

coupling, and D-brane tension, 138 

D-brane collective coordinates as, 
123-125 
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from compactified matrix theory, 
408 

from D-brane world-volume 
action, 138 

Montonen—Olive duality, 374-375 

open strings and, 60, 123-125 

-angle in N = 2, D = 4, 373, 
393 


zero point energy, 45—46, 116, 157, 
181, 250, 262, 264 
as Casimir energy, 45 
BTZ black holes and, 431 
exponential map and, 46 
from AdS/CFT, 431, 452-453 
general formula in D = 2, 46 
of twisted sector, 118 
¢-function regularisation and, 
46 
¢-function regularisation, see zero 
point energy 


